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Abstract

In this paper, we study the gradient estimation of the second boundary value problem for a class
of Laplace equations. By constructing appropriate auxiliary functions and using the properties of
functions at maximum points, we prove the gradient estimation of the solution of the oblique de-
rivative boundary value problem for the Laplace equation, and obtain the global gradient estima-
tion of the solution of the second class boundary value problem for the Laplace equation with Du.

Keywords

Laplace Equation, Maximum Principle, Gradient Estimation

SCEF| R, HAE. Laplace 77 FE MR T BOL MR FUEUES A D], BLIRHE, 2022, 12(11): 1851-1858.
DOI: 10.12677/pm.2022.1211198


http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2022.1211198
https://doi.org/10.12677/pm.2022.1211198
http://www.hanspub.org

RIEEE, HAE

Copyright © 2022 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

TEBRATT AR ok 3 7 FE R R 2% ST Hp, FRATT R T AL 10 830 A P A7 A 1 A i L B ) 2 — o TR
A 1) AL Dirichlet 78, Neumann il BEURIAREFHm] 8, SR 17 FRATI AR Reida (L 1) R 1) A7 1 1 1)
AR CBETE T 75 ZRRAT AR SR I AN T, R MR IBE B AG T, S KA T 455 . X T BR Al T 1)
Dirichlet W@ A ) Z 5T, 1969 4F Serrin [1]5EH T Dirichlet i@ [fIfif IAZ7E M FIIE R . 2001 4F
Gibarg-Trudinger [2]55 A152] 7 F A Dirichlet i @ fif 55— B4 57 o X T~ Neumann [ @ (87 58 AH XD
FRA S, 1845 38L& F Spruck [4], Wang [5], Liebeman [6]%5 A 43545 7 4 % Neumann i
AL [7) R PRI BE A 1 o

Laplace J5 2 /2 ¢ ] S MR B i 23 77 72, B AERFAHROR I & AU G B 2 A, S i
SR e AR I T R A AR 5 B TR e R N ER A B 135 T R

2014 =, &5 3R FH AR )R 45 HY T — 2% Laplace 77 2 Neumann [ @3 fig FB6 B2 Al 11, B

Au=f(xu), FEQWN
au
5
2016 4E, [AgE[71F MRS R FEAS 2] T Laplace J7 R R A8 il AR OB FE Akt BRI
Au=f(x), QN
Dyu=w(x), f£0Q L

Z PRFERE R, ACHEW TR Laplace 77 F&RHAARE ] #3 RI 6 FE Ak T
Au=f(x,uVu), fEQWN (1.2)
Dyu=w(x), f£0Q L (1.2)
HAPQRER HFMAERXE, n>2, 0QeC’, BRHEMIIRAIE, B B-y> B, y NELNIERN
B, B NIEFWHL AL =suplu|, f.p AR XIEQXRAQ E4ERA T MRS, BIRAPAEIER
Bl L, B :

w(x), f£0Q E

|f (%2, p)+

f(xzp)+f, (x2, p)|+|fp(x,z, p)|s L, (1.3)
|'/’(X)|c3(5) <L (1.4)

A, B4 Laplace J7 RERZA fa AU (I8 AL v AR o i3 e B 24 A0 4 B e R B
ML SR EAG T, TR AL, DARBREE A TE, IS B H 4 R AL . AEIEWT T, JRA T IS
EIE R BI R E 7870 R R AR OB RO AR 5T L R B S A B BE P A T

T, AL A E AR

EEL L1 B ueC?(Q)NCY(Q) MO~ H f, o BLaHtk& L), (1.4), N

sup|Du|<C

Hor CONIERHHAMOB T n,Q, L, L, Ly, By

DOI: 10.12677/pm.2022.1211198 1852 Eiile e


https://doi.org/10.12677/pm.2022.1211198
http://creativecommons.org/licenses/by/4.0/

2. FigHENIA
FARE & UL Laplace J7 R FRitk B L Akt
HQRR A ARXE, n>2, 6QeC*, y&oQ LMsi NkmE. 4
d(x) = dist(x,0Q)
Q, ={xeQ:d(x)<u}

WIAELER > 0 d (x) e C* (B, ) - 7EQ, W, WLy =Dd, JFHy —4C*(8, ) M,
HA LT
IDy|+[D*]<C(nQ). £, P
lr|=1, > #'Dyy'=0, > y'Dy' =0, £QN

i 12
FINIL S
' =5, -7y QN
m(ch) s
ME—RYHRE S, L& NS MYy, HE i EESCN
2. ¢

1<j<n

B Du 9Vl & id y D'u, I
Duf = Y cluy,
1<i, j<n
518 2.1 HueC’(Q) AHTREALMM, WFERXEQ ccQ, A
sup|Du| < M,
o

Hof M, AT n,Q, L, L, L -
51322 %ueC?(Q)NC*(Q) NAHLME I E(L)~L2)MME. H ik HE13), (LN
sup|Dﬂyu| <C, sup|Du|+C,
oQ

Hrr C, M1 C i T n, Q, L, Ly, Ly o
3. Laplace F M- SHIAECIE £ FHEEE M1t

T HFRAT IR FEAE Vu F2M0 T 15 :

SEE 3.1 % ueC?(Q)NC(Q) WAHAMITBMAL)~1)MMH. |0 WLKMHLI), (1.4), MWLM
EEH py, 15
sup|Du| < M,
Hr CHIT n,Q, By, 145, L, Ly, Ly

AT HSCHRBI I TTE, MG GG R A B RR A, PR P AR COR AR SR B DA K R S O E SRS
B2} R e

ik 4

DOI: 10.12677/pm.2022.1211198 1853 S H


https://doi.org/10.12677/pm.2022.1211198

6 (x) = |Dwf e (3.1)
P w(x) =u(x)-w ()d » a :%ﬁuﬁ Co NIEHHHH T n,Q
H
¢(x)=logG(x)=Iog|DW|2+h(u)+g(d) (3.2
Horp
1
()= g 9(¢)=and (39)

WP (X) 7E X sILBIKRAE . LA THEIILE o ST . NI =M SR e B 3.1
& L4 x, c0Q, BATHAEY |Du|(x,) A 7t
XA G T I UE B 5 SR [ 7]k B 07 X — 2
HoX g i BT MR TE, A
— Z (|Dw| ) B +hDu+ By (3.4)

7 W|
5%
Wo=u —y,d -y =u -y
[Dwf* = [Dwf" +w} 5
W, =u, —y,d -y =u, —y(x)
Fibh, fE0Q LA
(Iouf'), =) (o), 69
e
2 (jowf) 5= X (jowf ) £+ X (w), A

I<i<n 1<i<n

=2 wawp + (c*) ww s + 3 (w?) B

1<ik,I<n 1<i kI 1<i<n

=2 Z (uk, vy l//n( ))(U|—W7|)ﬂi
(), (ue=wr*)(w -vr") B
(

uf —2Uyl//+l//2) ik

=2 ClekiWIﬁi+ Z Z(Uy_'/’)‘lkﬂkﬂi

1<ik,I<n 1<ik<n

-2 3 Mygup -2 Y () uws

1<ik<n

+ ( )uuﬂ+2z( )kl//ﬁi

1<ik,I<n 1<i,k<n

+ 3 2u,—w)u (7) B 2w, w2 Y vy

1<ik<n I<i<n 1<i<n

3.7)

DOI: 10.12677/pm.2022.1211198 1854 Eiile e


https://doi.org/10.12677/pm.2022.1211198

RIEEE, HAE

AR R TARS, A

(Dyu), = v (3.8)
(Al 1k
w8, = v (39)
5T
uB' =-u(8'), +vi (3.10)
A

(3.3), (34), (3.7)%(3.11)%5

|DW|2 Dﬂ¢(xo):(h’://+a07‘ﬁi)|Dw|2+2 > cMugy B

ieifiten
_2§J¢meug%m@wNMﬂ

+21§L§k;§n( 7*) uwp +21<Izk<n(u —y)u (#), 8
‘ahg;%ﬁ“+%g;W%

(hW+aMJ3MDW _%};j’““(ﬂ)

+21§kz§”Ckll//kUI+ls;kgn2(uy_ v)ugr p

‘lei%sncklwiu'ﬂi 23 n(yk ) us

+ 3 2y -v)u () Ao Y wp e2 Yy
(h'//+a07/ﬁ)|Dw| _21<§‘<nc U, (ﬁ)

+2 3 cyiu= 3, 2|(u,-y)[(C,sup|ul+C;)

_2S;S My r'u zl;m( 7). uyp

2L (s vz 3 ) e
+ 3 2o,y () B -2, Sp 25 pip

|‘//| 2 2
> -———||Dw|" —C, |Du
[aoﬁo (1+L1+u)2 | | 1| |

BAERFHER, B oAERFHEANRK, B ARSI 2.2 LK |Du| gt
RN BJF—AMAERBAUEBE Du| 780 K, BIAREG T, Hd CURBT n,Q, 5, L,

DOI: 10.12677/pm.2022.1211198 1855 Eiile e


https://doi.org/10.12677/pm.2022.1211198

RIEEE, HAE

H35)at, 76 x, 4, W

owf’ = 3 Ju, -~y [ (3.13)
1<k<n
IDuf = 3w+ (3.14)
1<k<n
H Cauchy A%55, w3
|Duf* <|Dw|” + 2|y’ (3.15)
A |oul” = 2ly[", (DW= |y[*, W |Du]’ <4y, BRI, HEAY®
2|V/|§°(ag) = |DLI|2 < 4|DW|2
)
|Du[* Dy (%) 2 (B, ~|wr| - 4C, )| DW= [Dw|” > 0 (3.16)
F—O7MH, @ TE Xy O EIRAE, W
D,¢(%,)<0 (3.17)
5(3.16): T V&, Fik, |Dul(x,) A 5o
& 24 x, eQ, » FATKEIEY|Du|(x,) A 7
TE Xo RULFERREARRR R, AP U (%) =0,2<i<n, u(%)=|Du[>0.
HIw(x)=u(x)—y (x)d A%
[P’ = 3 (ue~(aw), y
1<k<n
<2|Duf*+2 Y (dy);
1 (3.18)
<2puf+4 Y () [ +4 Y d2?
1<k<n 1<k<n
<C,|Duf
Horpr C, N IEWHURH T n,Q, Ly, RB(B.18) i J5 — AL, B A3 24t .
[ H A 15
|Duf* <, oW’ (3.19)
ES):d
{Dwf <[Duf <c, |owf (3.20)
4
Forbr C, 1 C KM T n, QL
Xt g RFAG
(|DW|2 ) ' 1
¢ = s—+h'u+g'7' s (3.21)
|Dw
EB ¢| = 0 ’ ﬂff’%‘
DOI: 10.12677/pm.2022.1211198 1856 Eiile e


https://doi.org/10.12677/pm.2022.1211198

RIEEE, HAE

(Iowf*) =—[owf* (h'u, +g7') (3.22)
Xt ¢ KRBT 15
0>Ag
A' Duf ———+hAu+(h"- h'2)|Du| —2h'g’ Y y'u -9+’ Y (7 ) (3.23)
|DW| 1<i<n 1<i<n
AlD
=—|I|Dwv|vz| +(h”—h'2)u12—2h’g’y1u1 g’2+gl<lz<:n(7/)

BTk ADW . Biw=u-dy, T
sow = 5| 3w - 3| % 2w, |
1<i<n ii i

<n[1<k<n 1<i<n| 1<k<n
=23 wp+2 > w(Aw),

1<i<n 1<k<n
=23 w2 Y w(au), -2 Y w (A(dy)),

1<k,i<n 1<k<n 1<k<n (324)
=2 wi+2) wD f-2% w (A(dy))

1<k,i<n 1<k<n 1<k<n
=23 we+2 wf +2f > wu,

1<k,i<n 1<k<n 1<k<n

+ fukl kz WUy, —21; w, (A(dy)),

N THRATIN (3.24) YRR — AT B
B Cauchy A%, wJ1%

23 wo=2 3 [u~(dy), ]2 ¥ ui-2 3 (dv);

1<k,i<n 1<k,i<n 1<k,i<n 1<k,i<n

Hi(1.3)f1(3.20)x%, A5
2 Z Wk ka = 2|_ Z Wk 2L2|DW|2

1<k,i<n 1<k,i<n

i Cauchy A%, (1.3)LLJ%(3.20), w75

21, 3 wu, =, ¥ (W +u?)> -1, (|DW|2+|Du|2)2—2L2C4|DW|2

1<k<n 1<k<n

2f, > WU =— > wifl- Y ud > -L[owf - 3 u}

1<k,i<n 1<k<<n 1<k,i<n 1<k,i<n

HI(L.4)=, w4
-2 w (A(dy)), =-2L, 3 w, >-2L,|Dw

1<k<n 1<k<n
AL FRAT T
AlDw" > Z uz -2 Y (dy); —(3L, +2L,C, +2L,)|Dw|’ - Z u2 > -Cy|Dwf’ (3.25)
1<k,i<n 1<k,i<n 1<k,i<n

Forb CONIEHHAKHI T n,Q, L, L .
#(3.25)1R N (3.23), 454(3.3), BATH

DOI: 10.12677/pm.2022.1211198 1857 PR H


https://doi.org/10.12677/pm.2022.1211198

RIEEE, HAE

(h” h?)uf —2h'g'y'u, —hf —g” + ¢’ Z(;f)

1<i<n
>(h"- WW ~Cyl,
L1
1+2g

Horp C N IEH BT n, Q, L, L .

BLu, FEAK, AT i
i

-Cyu,

Ibuf <c,

H CONIEH BRI T n,Q, L, L, L, .
B 34 %, e Q\Q, Ui REIA1 45 Y FBR BE A -
AH51H 2.1, FAEILUEW H 4

mmmxn:%

P BIXFEX I P Al T
LiE 3MEDL, TSR
sup|Du| < M,

Qg

Hrf C RIEREMKI T n,Q, L, L, L, 5 -
4, B4

WEFE S REEHE T FYER) Laplace A £ RAKMET x A1 u I AR B 1) AR B B2 At i, B Laplace
TR R FARHET X, u, Du IREA R R RS AL T

SE

[1] Serrn, J. (1969) The Problem of Dirichlet for Quasilinear Elliptic Differential Equations with Many Independent Va-
riables. Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences, 264,
413-496. https://doi.org/10.1098/rsta.1969.0033

[2] Gilbarg, D., Trudinger, N.S., Gilbarg, D., et al. (2001) Elliptic Partial Differential Equations of Second Order. Springer,
New York. https://doi.org/10.1007/978-3-642-61798-0

[3] Xu, J.J. (2014) Gradient Estimates for the Neumann Problem of Mean Curvature Equation. Ph.D. Thesis, University of
Science and Technology of China, Hefei.

[4] Spruck, J. (1975) On the Existence of a Capillary Surface with Prescribed Contact Angle. Communications on Pure
and Applied Mathematics, 28, 189-200. https://doi.org/10.1002/cpa.3160280202

[5] Wang, X.J. (1998) Interior Gradient Estimates for Mean Curvature Equations. Mathematische Zeitschrift, 228, 73-82.
https://doi.org/10.1007/PL 00004604

[6] Liberman, G.M. (1984) The Nonlinear Oblique Derivative Problems for Quasilinear Elliptic Equations. Nonlinear
Analysis: Theory, Methods & Applications, 8, 49-65. https://doi.org/10.1016/0362-546X(84)90027-0

[71  mge, A%1E, 174236, =i, Laplace J7 2RI A A8 AS BEAS T1[J]. BB =44, 2016, 36(3): 481-492.

DOI: 10.12677/pm.2022.1211198 1858 PR H


https://doi.org/10.12677/pm.2022.1211198
https://doi.org/10.1098/rsta.1969.0033
https://doi.org/10.1007/978-3-642-61798-0
https://doi.org/10.1002/cpa.3160280202
https://doi.org/10.1007/PL00004604
https://doi.org/10.1016/0362-546X(84)90027-0

	Laplace方程的斜导数边值问题梯度估计
	摘  要
	关键词
	The Gradient Estimation of Oblique Derivative Boundary Value Problems for Laplace Equation
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. Laplace方程斜导数边值问题的全局梯度估计
	4. 总结
	参考文献

