
Pure Mathematics nØêÆ, 2022, 12(3), 434-440

Published Online March 2022 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2022.123048

��5·ÜíN�§��È5¦)

\\\���###

�°���Æ¬x��Æ�êÆX§�°Üw

ÂvFÏµ2022c2�16F¶¹^FÏµ2022c3�18F¶uÙFÏµ2022c3�25F

Á �

©ÙÌ�é�z�Ä{nØ?1
�\ïÄ§�Ñ
(1+1) ÀÚ-¤�·Ü�6íN��Å�.§

�ÑÙ��5Å�§�)Û)§¿?Ø
�f��p�^1�"ÀÚ-¤�·ÜíN¥���Ô�

ÅóÀ§�)�5�Ú��5�§±93N�5NX���^�¥$^�z�Ä{?1O�§�

���ÍÜKdV�§§?�ÚïÄÚ?ØÙ�§��È5"

'�c

ÀÚ-¤�·ÜíN§�f)§�z�Ä{

On the Integrability of Nonlinear Mixed
Gas Equations

Yangjie Jia

Department of Mathematics, Nationalities College of Qinghai Normal University, Xining Qinghai

Received: Feb. 16th, 2022; accepted: Mar. 18th, 2022; published: Mar. 25th, 2022

Abstract

In this paper, the theory of reduced perturbation method is well investigated. The
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solitary wave model of (1+1) Bose-Fermi mixed superfluid gas is given, the analytical

solution of its nonlinear wave equation is given, and the interaction behavior of solitons

is discussed. A coupled KdV equation is obtained by calculating the two-dimensional

matter wave pulses in Bose-Fermi mixture gas, including linear and nonlinear, and

by using the reduced perturbation method under the constraint conditions of unitary

system. The integrability of the equation is further studied and discussed.

Keywords

Bose-Fermi Gas Mixture, Soliton Solution, Reductive Perturbation Technique

Copyright c© 2022 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

CAc§-1e%Eâ�uÐ¦�ÀÚ-OÏd"và (BEC) �±¢y"d�<�3¢�Ú

nØþé§?1
éõk¿Â�ïÄ [1, 2]"|^ÀÚ-OÏd"và�Gross-Pitaevskii (GP)�

§é BEC �ïÄ [3–5]"±9ÀÚ-¤�·ÜíNN�
 BEC Úf'é��f BCS và§3

é BCS-BEC �«�p�
�þ�ïÄó�§¿½Â
�
ëþ"@31975 c§Wahlquist Ú

Estabrook Äu	�©/ªXÚ9o�êL«nØïá
 1+1 ���5üz�§�òÿ(�nØ§

�Ñ
��XÚ¦)��5üz�§�5Ì¯K�k��{"TnØÌ�´ò�ïÄ�(1+1)��

È��5�©�§L���|	�©/ª 2-/ª§¦�ù
	�©/ª�¤4n�§,�Ú?³

½�³Ú���éX�	�© 1-/ª§¿�¦Ú\�	�© 1-/ª��5�	�©/ª 2-/ª�

¤#�4n�§l¤õ�Ñ�È�§� Lax L«±9���C�"��TnØ�2�A^uï

Ä(1+1)�È��5üz�§ [6, 7]"�C<�|^TnØé°Ü�c^ó�§ [8]§p���5Å

½��§ [9], �A*Ñ�§ [10]?1
�\©ÛÚïÄ"

Cc5éu�«ÍÜ KdV �§ [11]�ïÄ��<��ÊH'5§�©Ì�ïÄ
ÀÚ¤�·

ÜíN¥��Ô�ÅóÀ"�)�5Ú��53 BEC Ú BCS 9N�5NX���^�¥¼�


���áÅ�§§,�·�ò$^�z�Ä{?1O�����ÍÜ KdV�§§?�ÚïÄÚ?

ØÙ�§��È5"

2. ÄåÆ�§

¹k�þâf�ÀÚ-¤�·ÜíNXÚ§3§Ýé$��ÿ§÷vXe��ÃþjzÄåÆ

DOI: 10.12677/pm.2022.123048 435 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2022.123048


\�#

�§� [12]µ {
i~ ∂
∂t

Ψb = [− ~2

2mb
∇2 + Ub + µb(nb, ab)]Ψb,

i~ ∂
∂t

Ψp = [− ~2

2mp
∇2 + Up + µp(np, ap)]Ψp,

(1)

Ù¥ µb(nb, ab) = cb0n
rb0
b (1 + cb1n

rb1
b ) L«�´ÀÚfzÆ³§µp(np, ap) = cp0n

rp0
p (1 + cp1n

rp1
p ) ´

¤�fzÆ³§Ub = Up = 1
2
m[ω2

⊥(x2 + y2) +ω2
zz

2]L«	³§Ψb(r, t) =
√
nb(r, t)e

iφb(r,t) ´ÀÚf

�Sëþ§Ψp(r, t) =
√
np(r, t)e

iφp(r,t)´¤�f�Sëþ§nj(j = b, p)L«�´lf�Ý"

ò Ψb(r, t) =
√
nb(r, t)e

iφb(r,t) �\ª£1¤1���§§Ψp(r, t) =
√
np(r, t)e

iφp(r,t) �\

ª(2)1���§§z{�n�

∂nb

∂t
+ ~

mb
∇ · (nb,5φb) = 0,

∂φb

∂t
+ ~

2mb
[(∇φb)2 − 1√

nb
∇2√nb] + 1

~ [Ub + µb(nb, ab)] = 0,
∂np

∂t
+ ~

mp
∇ · (np,5φp) = 0,

∂φp

∂t
+ ~

2mp
[(∇φp)2 − 1√

np
∇2√np] + 1

~ [Up + µp(np, ap)] = 0,

(2)

b�âf���3äk�G³ Ub = Up = 1
2
m[ω2

⊥(x2 + y2) + ω2
zz

2] �²¥, ω⊥ �L x ¶½ y ¶�

î�ªÇ, ωz � z ���³²ªÇ"�
�BCþÃþjz, 5½ò�§|(2)�XeC�

x, y, z = az(x
′, y′, z′)

t = ω−1⊥ t′

nj = nj0n
′, (j = b, p)

a⊥ = [ ~
mω⊥

]
1
2

nj0 = N/a3⊥

µj = ~ω⊥µ′j , (j = b, p)

(3)

òù
Cþ�\�§ (2) ¥, du�G³ ωz/ω⊥ �~�, Ïd (ωz/ω⊥)2 �±��Ñ",�k:

Ub = Up =
1

2
m[ω2

⊥(x2 + y2) + ω2
zz

2](ω⊥ � ωz)

¤±�§|(2)¥�(1)ªÚ(3)ªC�µ{
∂′n′

b

∂′t′
+ [∇′ · (n′b∇′φ′b)] = 0⇐⇒ ∂nb

∂t
+ [∇ · (nb∇φb)] = 0

∂′n′
p

∂′t′
+ [∇′ · (n′p∇′φ′p)] = 0⇐⇒ ∂np

∂t
+ [∇ · (np∇θp)] = 0

(4)

(5µ∇′ = 1
az
∇), �§|(2)¥� (2) ªÚ (4) ª�duµ


∂′φ′

b

∂′t′
+ 1

2
[(∇′φ′b)2 − 1√

n′
b

∇′2
√
n′b] + 1

2
[(x′2 + y′2) + ( ωz

ω⊥
)2z2] + m

~2 a
2
zµb = 0

∂′θ′p
∂′t′

+ 1
2
[(∇′φ′p)2 − 1√

n′
p

∇′2
√
n′p] + 1

2
[(x′2 + y′2) + ( ωz

ω⊥
)2z2] + m

~2 a
2
zµp = 0

(5)

Ù¥

(az = [
~

mωz
]
1
2 =⇒ a2z = [

~
mωz

] =⇒ m

~2
a2zµj =

1

~ωz
µj = µ′j) (6)

DOI: 10.12677/pm.2022.123048 436 nØêÆ

https://doi.org/10.12677/pm.2022.123048


\�#

(5) ªC� 
∂φ′

b

∂′t′
+ 1

2
[(∇′φ′b)2 − 1√

n′
b

∇′2
√
n′b] + 1

2
[(x′2 + y′2) + ( ωz

ω⊥
)2z2] + µ′b = 0

∂θ′p
∂′t′

+ 1
2
[(∇′φ′p)2 − 1√

n′
p

∇′2
√
n′p] + 1

2
[(x′2 + y′2) + ( ωz

ω⊥
)2z2] + µ′p = 0

(7)

?�Ú�µ {
∂θb
∂t

+ 1
2
[(∇φb)2 − 1√

nb
∇2√nb] + 1

2
[(x2 + y2) + ( ωz

ω⊥
)2z2] + µb = 0

∂φp

∂t
+ 1

2
[(∇φp)2 − 1√

np
∇2√np] + 1

2
[ω

2
⊥
ω2

z
(x2 + y2) + z2] + µp = 0

(8)

¤±�§|(2)=��Xe/ªµ
∂nb

∂t
+ [∇ · (nb 5 φb)] = 0

∂φb

∂t
+ 1

2
[(∇φb)2 − 1√

nb
∇2√nb] + 1

2
(x2 + y2) + 1

2
( ωz

ω⊥
)2z2 + µb(nb, ab) = 0

∂np

∂t
+ [∇ · (np 5 φp)] = 0

∂φp

∂t
+ 1

2
[(∇φp)2 − 1√

np
∇2√np] + 1

2
(x2 + y2) + 1

2
( ωz

ω⊥
)2z2 + µp(np, ap) = 0

(9)

- { √
nj = Aj(x, y, z)Gj(z), (j = b, p)

φj = −ξt+ ϕj(x, y, z)
(10)

¿b½µ

−1

2

d2Gj
dz2

+
1

2
z2Gj = νGj (11)

� ν = 1
2
�§Gj = e−

z2

2 (���)

ò(10)§(11)ª�\�§|(9)¥§=k
∂Ab

∂t
+ ∂Ab

∂x
∂ϕb

∂x
+ ∂Ab

∂y
∂ϕb

∂y
+ 1

2
Ab(

∂2ϕb

∂x2 + ∂2ϕb

∂y2
) = 0

− 1
2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}+ µbAb = 0

∂Ap

∂t
+ ∂Ap

∂x

∂ϕp

∂x
+ ∂Ap

∂y

∂ϕp

∂y
+ 1

2
Ap(

∂2ϕp

∂x2 + ∂2ϕp

∂y2
) = 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}+ µpAp = 0

(12)

(�ª�í�¥µω⊥ � ωz, íÑ
ω2

z

ω2
⊥

(x2 + y2)→ 0) �â®�^�µ

{
µj(nj , aj) = cj0n

rj0
j (1 + cj1n

rj1
j )

nj = A2
jG

2
j , (j = b, p)

(13)

ò�§(13)�\�§|(12)¥�1���§Ú1o��§§�

− 1
2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}

+Abcb0n
rb0
b +Abcb0n

rb0
b cb1n

rb1
b = 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}

+Apcp0n
rp0
p +Apcp0n

rp0
p cp1n

rp1
p = 0

(14)

DOI: 10.12677/pm.2022.123048 437 nØêÆ

https://doi.org/10.12677/pm.2022.123048


\�#

?�Ú�µ 
− 1

2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}

+cb0A
2rb0+1
b G2rb0

b + cb0cb1A
2rb0+2rb1+1
b G2rb0+2rb1

b = 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}

+cp0A
2rp0+1
p G

2rp0
p + cp0cp1A

2rp0+2rp1+1
p G

2rp0+2rp1
p = 0

(15)

q� ν = 1
2
�§Gj = e−

z2

2 (���)§¤±þª�du
− 1

2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}

+cb0A
2rb0+1
b e−rb0z

2

+ cb0cb1A
2rb0+2rb1+1
b e−(rb0+rb1)z

2

= 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}

+cp0A
2rp0+1
p e−rp0z

2

+ cp0cp1A
2rp0+2rp1+1
p e−(rp0+rp1)z

2

= 0

(16)

éþªü>Ó¦± e−z
2

, ¿é z È© (
∫∞
−∞ e

−z2dz =
√
π) , k



− 1
2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}

+ cb0√
rb0+1

A2rb0+1
b + cb0cb1√

rb0+rb1+1
A2rb0+2rb1+1
b = 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}

+ cp0√
rp0+1

A
2rp0+1
p + cp0cp1√

rp0+rp1+1
A

2rp0+2rp1+1
p = 0

(17)

¤±�§|£17¤ÏLO��;

∂Ab

∂t
+ ∂Ab

∂x
∂ϕb

∂x
+ ∂Ab

∂y
∂ϕb

∂y
+ 1

2
Ab(

∂2ϕb

∂x2 + ∂2ϕb

∂y2
) = 0

− 1
2
(∂

2Ab

∂x2 + ∂2Ab

∂y2
) + (−ξ + 1

2
)Ab +Ab{∂ϕb

∂t
+ 1

2
[(∂ϕb

∂x
)2 + (∂ϕb

∂y
)2]}

+ cb0√
rb0+1

A2rb0+1
b + cb0cb1√

rb0+rb1+1
A2rb0+2rb1+1
b = 0

∂Ap

∂t
+ ∂Ap

∂x

∂ϕp

∂x
+ ∂Ap

∂y

∂ϕp

∂y
+ 1

2
Ap(

∂2ϕp

∂x2 + ∂2ϕp

∂y2
) = 0

− 1
2
(∂

2Ap

∂x2 + ∂2Ap

∂y2
) + (−ξ + 1

2
)Ap +Ap{∂ϕp

∂t
+ 1

2
[(∂ϕp

∂x
)2 + (∂ϕp

∂y
)2]}

+ cp0√
rp0+1

A
2rp0+1
p + cp0cp1√

rp0+rp1+1
A

2rp0+2rp1+1
p = 0

(18)

2- Aj = uj0 + ε2aj0 + ε4aj1, ϕj = εϕj0 + ε3ϕj1, (j = b, p)

ξ = ε(z − cjt)(j = b, p)§ τ = ε3t.

rþª�\�§|£18) ¥§ÏLO��n�
∂ab0
∂τ
− 1

8cb

∂3ab0
∂ξ3

+ 3cb
2ub0

ab0
∂ab0
∂ξ

= 0,

∂ap0
∂τ
− 1

8cp

∂3ap0
∂ξ3

+ 3cp
2up0

ap0
∂ap0
∂ξ

= 0.
(19)

l·�?�Ú��ÍÜ KdV�§µ
∂ab0
∂τ
− 1

8cb

∂3ab0
∂ξ3

+ 3cb
2ub0

ab0
∂ab0
∂ξ

= 0,

∂ap0
∂τ
− 1

8cp

∂3ap0
∂ξ3

+ 3cp
2up0

ap0
∂ap0
∂ξ

= 0.
(20)

DOI: 10.12677/pm.2022.123048 438 nØêÆ

https://doi.org/10.12677/pm.2022.123048


\�#

3. Ì�(Ø

�©|^��5¯K��z�Ä{Ä�nØ§Xé��5ÄåÆ�§?1©Û§�é��

5¯K�¦)�{?1?Ø¿í2 [13–16]§¼�#�ÍÜ KdV �§§ïÄ(J�¢SA^��

nØ�â"éu$�Ý��5XÚO��{�?Ø�ïÄ§JÑ#�¦)��5XÚ°()��

{§�ï#�áf�§"�e5�E��{ük���{�Ñ�í�Æ¥AO´/³5Uí�

�È�.¶�fnØ3�º�ïÄ¥®äkÐÚA^§ÏLïÄ��5�íåÅ�.��È5

�§¿(Üê��{�)Ú)Û�{�)±9yk²��/³5Uí!íÿ�ý�!ý´Jø�

U�ë��Y§´�Ø©�âÑAÚ"

Ä7�8

�°�g,�ÆÄ7(2021-ZJ-708)�8"

ë�©z

[1] Fleck Jr., J.A., Morris, J.R. and Feit, M.D. (1976) Time-Dependent Propagation of High

Energy Laser Beams through the Atmosphere. Applied Physics, 10, 129-160.

https://doi.org/10.1007/BF00896333

[2] Chowdhury, A.R. and Roy, T. (1979) Prolongation Structure and Inverse Scattering Formal-

ism for Supersymmetric Sine-Gordon Equation in Ordinary Space Time Variable. Progress of

Theoretical Physics, 62, 1790-1791. https://doi.org/10.1143/PTP.62.1790

[3] Dodd, R.K. and Fordy, A.P. (1983) The Prolongation Structures of Quasi-Polynomial Flows.

Proceedings of the Royal Society of London. A. Mathematical and Physical Sciences, 385,

389-429. https://doi.org/10.1098/rspa.1983.0020

[4] Yang, Y., Geng, L.M. and Cheng, J.P. (2021) CKP Hierarchy and Free Bosons. Journal of

Mathematical Physics, 62, 8-21. https://doi.org/10.1063/5.0057602

[5] Kalkanh, A. (1987) Prolongation Structure and Painlevé Property of the Gürses-Nutku Equa-
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