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Abstract

In this paper, we consider the coupled growth of nonlinear terms for boundary value

problems of systems of difference equations, resolve the positive solutions of boundary

value problems for a class of nonlinear difference equations. Also by using Jensen’s

inequality for nonnegative concave functions and the fixed point index theory, we

discuss the existence of positive solutions of Robin boundary value problems for a

class of second-order difference system

−∆2u(t− 1) = f(t, u, v), t ∈ [1, T ]Z,

−∆2v(t− 1) = g(t, u, v), t ∈ [1, T ]Z,

u(0) = ∆u(T ) = 0,

v(0) = ∆v(T ) = 0

where T ≥ 2 is the integer, ∆u(t) = u(t + 1) − u(t) is the forward difference operator,

f, g : [1, T ]Z × [0,∞)× [0,∞)→ [0,∞) are continuous.
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1. Úó

� Z´�ê8,é?¿ a, b ∈ Z� a < b,P [a, b]Z := {a, a+ 1, · · · , b}.

Cc5,�XlÑêÆ!ÚO!O�!>´©Û!ÄåXÚ!²LÆ!)ÔÆ�Æ�+��¯

�uÐ,�þd�©�§£ã�êÆ�.�JÑÚïÄ.~X:��5Ô���þP~¯K!«+)
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�ú,¿��õê´æ^��©�§aq��{5ïÄ.Ù¥�a´ïá Green¼êò¤ïÄ�>

�¯K=z�¦A½¼ê�m¥�f�ØÄ:,,�|^ØÄ:½n!þe)�{½ÿÀÝnØ¦

),,�a´$^©ÜnØ!C©{!�.:nØ(ÜØÄ:nØïÄ,ë�©z [1–10].

2009c, Henderson [9]3f, g, a, bäkfÍÜ�^�e,ÄuIþ�ØÄ:½n?Ø
�©X

Ú 

∆2u(n− 1) + λa(n)f(u(n), v(n)) = 0, n ∈ [1, N − 1]Z,

∆2v(n− 1) + µb(n)g(u(n), v(n)) = 0, n ∈ [1, N − 1]Z,

u(0) = βu(η), u(N) = αu(η) = 0,

v(0) = βv(η), v(N) = αv(η) = 0

�)��35,Ù¥ η ∈ [1, N − 1]Z, α, β, λ, µ > 0, N ≥ 4,� f, g, a, b�KëY.

3dÄ:þ, 2011c,© [10]ïÄ
äk���>.^��©ê��©XÚ�)��35.

2020c,3© [11]¥, Yang�<Äu�Kþà¼ê� JensenØ�ªÚØÄ:�ênØ,ïÄ


�a[�5��~�©�§| Robin>�¯K

−((u′)p−1)′ = f(t, u, v), t ∈ [0, 1],

−((v′)q−1)′ = g(t, u, v), t ∈ [0, 1],

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

�)��35,Ù¥ p, q > 1,� f, g : [0, 1]× [0,∞)× [0,∞)→ [0,∞)ëY.

Éþã©zéu,�©|^�Kþà¼ê#N��5� f, g �·ÜO�,Äu�Kþà¼ê�

JensenØ�ª(ÜØÄ:�ênØ5¼�k��O,ïÄ
Xe���©�§|Dirichlet>�¯K

−∆2u(t− 1) = f(t, u, v), t ∈ [1, T ]Z,

−∆2v(t− 1) = g(t, u, v), t ∈ [1, T ]Z,

u(0) = u(T + 1) = 0,

v(0) = v(T + 1) = 0

(1)

�)��35.

�©|�Xe: 1�!�¹A�ÐÚ(J,AO´dþà¼ê5�¤��#�Ø�ªÚ�Kþ

à¼ê�JensenØ�ª.1n!·�k�½�©ob½,$^þà¼ê5�x��5�f, g�·ÜO

�.~X, f´g�5O�,Kg´��5O�.��,3�!¥,·��Ñ
�©�Ì�(J9Ùy².

2. ý��£

�©¤^��m�:
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PE := {u(t) | u : [0, T+1]Z → R, u(0) = 0 = u(T+1)}, P := {u ∈ E | u(t) ≥ 0, t ∈ [0, T+1]Z},
K E 3�ê ‖u‖ = maxt∈[0,T+1]Z |u(t)|e�¤¢� Banach�m,� P � E þ���I.

éu?¿ (u, v) ∈ E × E,
‖(u, v)‖ := max{‖u‖, ‖v‖},

K E × E 3�ê ‖(u, v)‖e�¤¢� Banach�m.

�©XÚ (1)�du u(t) =
∑T

s=1G(t, s)f(s, u(s), v(s)), t ∈ [1, T ]Z,

v(t) =
∑T

s=1G(t, s)g(s, u(s), v(s)), t ∈ [1, T ]Z,
(2)

éu u(t), v(t) : [0, T + 1]Z → R,½Â�f A1, A2 : P × P → P, A : P × P → P × P, A1(u, v)(t) :=
∑T

s=1G(t, s)f(s, u0(s), v0(s)), t ∈ [1, T ]Z,

A2(u, v)(t) :=
∑T

s=1G(t, s)g(s, u0(s), v0(s)), t ∈ [1, T ]Z,
(3)

� A(u, v)(t) := (A1(u, v)(t), A2(u, v)(t)),Ù¥ G(t, s) := min{t, s}, s, t ∈ [1, T ]Z��5¯K −∆2u(t− 1) = h(t), t ∈ [1, T ]Z,

u(0) = ∆u(T ) = 0

���¼ê.´y,�f A1, A2, A�ëY,�§| (1)�du�f�§ (u, v) = A(u, v).

�©¦^�Ì�óäXe:

Ún 1 ( [8]) � E �¢� Banach�m, P � E ¥���I, Ω´ P þ���k.m8,�f

T : Ω ∩ P → P �ëY.e�3 x0 ∈ P \ {0},¦�

x− Tx 6= λx0, x ∈ ∂Ω ∩ P, λ ≥ 0,

K i(T,Ω ∩ P, P ) = 0.ùp i´ P þ�ØÄ:�ê.

Ún 2 ( [8]) � E�¢� Banach�m, P � E¥���I, Ω´ P þ���k.m8, 0 ∈ Ω,

�f T : Ω ∩ P → P �ëY.e

x− λTx 6= 0, x ∈ ∂Ω ∩ P, λ ∈ [0, 1],

K i(T,Ω ∩ P, P ) = 1.ùp i´ P þ�ØÄ:�ê.

Ún 3 ( [11]) � P × P ´ Banach�m (E, ‖ · ‖)���I,�f T : P × P → P × P �ëY,

e rP×P (T ) < 1,K�3 P × P þ��f I − T ��ëY_�f (I − T )−1,

(I − T )−1P×P =
∞∑
m=0

Tm,
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Ù¥, rP×P (T )��f T 3 P × P þ�Ì�».

íØ 1 ( [11]) � P × P ´ Banach�m (E, ‖ · ‖)���I,�f T : P × P → P × P �ëY,

e rP×P (T ) < 1� x, x0 ∈ P × P,÷v x ≤ Tx+ x0,K x ≤ (I − T )−1P×Px0.

Ún 4 � ω ∈ P ´ [0, T + 1]Zþ�þà¼ê,e�3 [0, T + 1]Zþ��: r,¦� ‖ω‖ = ω(r),

K

‖ω‖ < r

µ1

T∑
t=1

ω(t) sin
πt

2T + 1
. (4)

Ù¥, µ1 =
∑r

t=1 t sin πt
2T+1

> 0.

y².db���,

T∑
t=1

ω(t) sin
πt

2T + 1

=

r∑
t=1

ω(r · t
r

+ (1− t

r
) · 0) sin

πt

2T + 1
+

T∑
t=r+1

ω((T + 1) · t

T + 1
+ (1− t

T + 1
) · 0) sin

πt

2T + 1

>
ω(r)

r

r∑
t=1

t sin
πt

2T + 1
=
‖ω‖µ1

r
,

l (4)¤á.

Ún 5 ( [7]) � Ψ1 : [0,∞)→ [0,∞)´ëY�þà¼ê, Ψ2 : [1, T ]Z → [0,∞)´�½�¼ê,

e pi > 0,K

Ψ1

(∑T
i=1 piΨ2(i)∑T

i=1 pi

)
≥
∑T

i=1 piΨ1(Ψ2(i))∑T
i=1 pi

.

Ún 6 � ϕ1(t) = sin πt
2T+1

, t ∈ [1, T ]Z,K

λ1

T∑
t=1

G(t, s)ϕ1(t) = ϕ1(s), s ∈ [1, T ]Z.

Ù¥, λ1 = 4 sin2 π
4T+2

.

y². Ï� λ1

∑T
s=1G(t, s)ϕ1(s) = ϕ1(t), t ∈ [1, T ]Z. 5¿�, ��¼ê�é¡5, G(t, s) =

G(s, t), t, s ∈ [1, T ]Z.¤± λ1

∑T
s=1G(s, t)ϕ1(s) = ϕ1(t), t ∈ [1, T ]Z.Ïd(Ø¤á.

Ún 7 � ψ : [0,∞)→ [0,∞)ëY�3 [0,∞)þà,K ψüN4O.

y².é?¿� x > x2 > x1 ≥ 0,du ψþà,K

ψ(x2) ≥ ψ(x1) +
x2 − x1
x− x2

(ψ(x)− ψ(x2)),
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(Ü ψ��K5, limx→∞
ψ(x)
x
≥ 0.l ψ(x2) ≥ ψ(x1).

3. Ì�(J9y²

�©ob½µ

(H1)¼ê f, g : [1, T ]Z × [0,∞)× [0,∞)→ [0,∞)ëY;

(H2)¼êψ1, ψ2 : [0,∞)→ [0,∞)ëY,ψ1�þà¼ê,��3~êα > 2(T+1)2 sin4 π
4T+2

, c >

0,¦�

(i) f(t, x, y) ≥ ψ1(y)− c, g(t, x, y) ≥ ψ2(x)− c, t ∈ [1, T ]Z, x, y ∈ [0,∞);

(ii) ψ1(ψ2(z)) ≥ αz − c, z ∈ [0,∞);

(H3)�3~ê a1, b1, c1, d1 ≥ 0, r > 0,� rP×P (T1) < 1,k

f(t, u, v) ≤ a1u+ b1v, g(t, u, v) ≤ c1u+ d1v, x, y ∈ [0, r], t ∈ [1, T ]Z,

Ù¥,�f T1 : P × P → P × P,

T1(u, v)(t) := (

T∑
s=1

G(t, s)(a1u(t) + b1v(t)),

T∑
s=1

G(t, s)(c1u(t) + d1v(t))).

�©�Ì�(JXe:

½n 1 b½ (H1)-(H3)¤á,�§| (1)���3���).

y². PM1 := {(u, v) ∈ P×P : (u, v) = A(u, v)+λ(ω0, ω0), λ ≥ 0},Ù¥ω0(t) := (2T+1)t−t2.
e (u0, v0) ∈M1,K�3 λ0 ≥ 0,d

u0(t) =

T∑
s=1

G(t, s)f(s, u0(s), v0(s)) + λ0ω0, v0(t) =

T∑
s=1

G(t, s)g(s, u0(s), v0(s)) + λ0ω0, (5)

(Ü (2), (3)��, (u0, v0) = A(u0, v0) + λ0(ω0, ω0).

d (H1)��, ∆2u0(t− 1) ≤ 0,l u0 3 [1, T ]Z þ´þà�.Ón��, v0 3 [1, T ]Z þ�´þ

à�. (Ü (5)�,

u0(t) ≥
T∑
s=1

G(t, s)f(s, u0(s), v0(s)), v0(t) ≥
T∑
s=1

G(t, s)g(s, u0(s), v0(s)),

db½ (H2)¥� (i)�,

u0(t) ≥
T∑
s=1

G(t, s)ψ1(v0(s))− c1, v0(t) ≥
T∑
s=1

G(t, s)ψ2(u0(s))− c1, (6)
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Ïd,

u0(t) ≥
T∑
s=1

G(t, s)ψ1(
T∑
τ=1

G(s, τ)ψ2(u0(τ)))− c2. (7)

du
T∑
τ=1

G(s, τ) =
s∑

τ=1

τ +
T∑

τ=s+1

s =
(T + 1− s)s

2
,

- h(s) = (T+1−s)s
2

,K h����� T
2
,��� (T+1)2

8
.5¿� T ≥ 2,¤±

∑T
τ=1G(s, τ) ≥ 1.

d ψ1üN4OÚÚn 5��,

ψ1(
T∑
τ=1

G(s, τ)ψ2(u0(τ))) ≥ ψ1

(∑T
τ=1G(s, τ)ψ2(u0(τ))∑T

τ=1G(s, τ)

)
≥
∑T

τ=1G(s, τ)ψ1(ψ2(u0(τ)))∑T
τ=1G(s, τ)

≥ 8

(T + 1)2

T∑
τ=1

G(s, τ)ψ1(ψ2(u0(τ))),

(Ü (H2)¥� (ii)9(7)��,

u0(t) ≥ 8

(T + 1)2

T∑
s=1

G(t, s)
T∑
τ=1

G(s, τ)ψ1(ψ2(u0(τ)))− c2

≥ 8α

(T + 1)2

T∑
s=1

G(t, s)

T∑
τ=1

G(s, τ)u0(τ)− c3.

K,

u0(t) ≥
8α

(T + 1)2

T∑
s=1

G(t, s)

T∑
τ=1

G(s, τ)u0(τ)− c3. (8)

P µ2 =
∑T

t=1 sin πt
2T+1

> 0.é (8)üàÓ�¦± sin πt
2T+1

,2l t = 1� T þ¦Ú,¿dÚn 6

��,

T∑
t=1

u0(t) sin
πt

2T + 1
≥ 8α

(T + 1)2

T∑
t=1

( T∑
s=1

G(t, s)

T∑
τ=1

G(s, τ)u0(τ) sin
πt

2T + 1

)
− µ2c3

=
8α

(T + 1)2

T∑
s=1

( T∑
t=1

G(t, s) sin
πt

2T + 1

T∑
τ=1

G(s, τ)u0(τ)
)
− µ2c3

=
8α

(T + 1)2λ1

T∑
s=1

T∑
τ=1

G(s, τ) sin
πs

2T + 1
u0(τ)− µ2c3

=
8α

(T + 1)2λ1

T∑
τ=1

T∑
s=1

G(s, τ) sin
πs

2T + 1
u0(τ)− µ2c3

=
8α

(T + 1)2λ2
1

T∑
t=1

sin
πt

2T + 1
u0(t)− µ2c3.

DOI: 10.12677/pm.2022.126102 934 nØêÆ

https://doi.org/10.12677/pm.2022.126102


Ç°²

l
T∑
t=1

u0(t) sin
πt

2T + 1
≤ (T + 1)2λ2

1µ2c3
8α− (T + 1)2λ2

1

. (9)

Ún 4�,

‖u0‖ <
r

µ1

T∑
t=1

u0(t) sin
πt

2T + 1
≤ (T + 1)2rλ2

1µ2c3
µ1[8α− (T + 1)2λ2

1]
.

� u0k.,ey v0k.. dÚn 4��,

‖v0‖ <
r

µ1

T∑
t=1

v0(t) sin
πt

2T + 1
.

d (6)Ú (9)(ÜÚn 69Ún 4�í�,

(T + 1)2λ2
1µ2c3

8α− (T + 1)2λ2
1

≥
T∑
t=1

u0(t) sin
πt

2T + 1

≥
T∑
t=1

T∑
s=1

G(t, s)ψ1(v0(s)) sin
πt

2T + 1
− µ2c1

=

T∑
s=1

T∑
t=1

G(t, s)ψ1(v0(s)) sin
πt

2T + 1
− µ2c1

=
1

λ1

T∑
t=1

ψ1(v0(t)) sin
πt

2T + 1
− µ2c1

=
1

λ1

T∑
t=1

ψ1

(v0(t)
‖v0‖

· ‖v0‖
)

sin
πt

2T + 1
− µ2c1

≥ 1

λ1

ψ1(‖v0‖)
‖v0‖

T∑
t=1

v0(t) sin
πt

2T + 1
− µ2c1

>
µ1

rλ1

ψ1(‖v0‖)− µ2c1.

Ïd,

ψ1(‖v0‖) <
(T + 1)2rλ3

1µ2c3
µ1(8α− (T + 1)2λ2

1)
+
rλ1µ2c1
µ1

.

d (H2)��, limz→∞ ψ1(z) =∞,K�3 c4 > 0,¦� ‖v0‖ < c4,�M1k..

- R > sup{(u, v) : (u, v) ∈ M1},K�3 ω0 6= 0,¦� (u, v) 6= A(u, v) + λ(ω0, ω0). dÚn 1 ,

?¿ (u, v) ∈ ∂BR ∩ P × P, λ 6= 0,

i(A,BR ∩ P × P, P × P ) = 0. (10)

P M2 = {(u, v) ∈ B̄r ∩ P × P : (u, v) = λA(u, v), λ ∈ [0, 1]},ey M2 = {0}.e (u0, v0) ∈
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M2, (u0, v0) ∈ B̄r ∩ P × P, K (u0, v0) = λ0A(u0, v0). du¯K (1) �du�f�§ (u0, v0) =

A(u0, v0),(Ü (2),é,� λ0 ∈ [0, 1],

u0(t) ≤
T∑
s=1

G(t, s)f(s, u0(s), v0(s)), v0(t) ≤
T∑
s=1

G(t, s)g(s, u0(s), v0(s)),

d (H3)�,

u0(t) ≤
T∑
s=1

G(t, s)(a1u0 + b1v0), v0(t) ≤
T∑
s=1

G(t, s)(c1u0 + d1v0),

l

(u0, v0) ≤ T1(u0, v0). (11)

díØ 1Ú (10)��, u0 = v0 = 0,�M2 = {0}.dÚn 2��,éu?¿ (u, v) ∈ Br ∩ P × P, λ ∈
[0, 1], (u, v) 6= λA(u, v). K

i(A,Br ∩ P × P, P × P ) = 1. (12)

(Ü (10), (12)�,

i(A, (BR/Br) ∩ P × P, P × P ) = −1.

K A3 (BR/Br) ∩ P × P ��k��ØÄ:.

Ä7�8

I[g,�ÆÄ7�cÄ7]Ï�8(11801453, 11901464), [���c�EÄ7Oy]

Ï(20JR10RA100).
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