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Abstract

In this paper, we are concerned with the existence and multiplicity of positive solutions

for second order nonlinear differential equations boundary value problems
u′′(t)− k2u(t) + h(t)f(u(t)) = 0, 0 < t < 1,

u(0) = 0, u′(1)− g(u(1)) = b,

(P)

where b is a positive parameter, k > 0, a ∈ C([0, 1], (0,∞)), f, g ∈ C([0,∞), (0,∞)). When

f and g satisfy the proper conditions, we prove that there exists a positive number

b∗, such that (P) has zero, exactly one and at least two positive solutions according

to b > b∗, b = b∗ and 0 < b < b∗, respectively. The proof of the main results is based on

topological theory and the method of upper and lower solutions.
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1. Úó9Ì�(J

�©�	���5>.^�����©�§>�¯K u′′(t)− k2u(t) + h(t)f(u(t)) = 0, 0 < t < 1,

u(0) = 0, u′(1)− g(u(1)) = b

(1)

�)��359õ)5,Ù¥ k > 0, b´�ëê, h!fÚ g÷v:
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(H1) h ∈ [0, 1]→ (0,∞)´ëY¼ê,:�3 [0,1]�?Ûf«mþØð�";

(H2) f, g : [0,∞)→ (0,∞)´ëY¼ê;

(H3) f0 = lim
s→0+

f(s)
s

= 0, f∞ = lim
s→∞

f(s)
s

=∞, g0 = lim
s→0+

g(s)
s

= 0.

Cc5,��~�©�§ü:>�¯K�ïÄÉ�¯õÆö�'5,Ù�)��35�¼�


Nõ�Ð�(J [1–8].AO/,©z [1] $^I.��Ø ØÄ:½nïÄ
����5>�¯K u′′(t) + a(t)f(u(t)) = 0, 0 < t < 1,

u(0) = u′(1) = 0

(2)

�)��35,¿¼�Xe(J:

½n A [1] b�

(A1) f ∈ C([0,∞), [0,∞)),

(A2) a ∈ C([0, 1], [0,∞))�3 [0,1]�?Ûf«mþØð�",

(A3) f0 = lim
u→0

f(u)
u

=∞, f∞ = lim
u→∞

f(u)
u

= 0

¤á,K¯K (2)���3���).

©z [2]$^ØÄ:�ênØïÄ
>�¯K u′′(t)−Mu(t) + f(t, u(t)) = 0, 0 < t < 1,

u(0) = u(1) = 0

(3)

�)��35,Ù¥ f ∈ C([0, 1] × [0,∞), [0,∞)), M > 0´~ê.3��5� f÷v·�O�^�

�,��
¯K (3)���3���).

��5¿�´,©z [1, 2]¤ïÄ¯K�>.^�Ñ´�5�´àg�,g,�¯:3��5��

àg>.^�e,´ÄU¼��)��35(J,�)��ê´ÄÉëê b�K�?â·�¤�,�

���éda¯K�ïÄ.·�[3�àg>.^�eïá¯K (1)�)��35(J,äN/,�

©�Ì�(J´:

½n 1 b½ (H1)-(H3)¤á,K�3���ê b∗,¦�� 0 < b < b∗�,¯K (1)���3ü�

�), b = b∗�,¯K (1)���3���), b > b∗ �,¯K (1)Ø�3�).

5 1 XJ¯K (1)¥ g ≡ 0, b = 0, k = 0,K¯K (1)òz�¯K (2),g,ù´é©z [1]ó�

�ò��uÐ.

2. ý��£

-X = C[0, 1],3Ù�ê ‖u‖ = sup
t∈[0,1]

|u(t)|e�¤Banach�m.
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5¿�,¯K (1)�duÈ©�§

u(t) = ϕ(t)(b+ g(u(1))) +

∫ 1

0

G(t, s)h(s)f(u(s))ds, t ∈ [0, 1], (4)

Ù¥ϕ(t) = sinh kt
k cosh k

, G(t, s)´�A�Green¼ê

G(t, s) =


sinh kt cosh k(1−s)

k cosh k
, 0 ≤ t ≤ s ≤ 1,

sinh ks cosh k(1−t)
k cosh k

, 0 ≤ s ≤ t ≤ 1,

ùp sinhx = ex−e−x

2
, coshx = ex+e−x

2
,P

m := min
(t,s)∈[ 14 ,

3
4 ]×[

1
4 ,

3
4 ]
G(t, s), M := max

(t,s)∈[0,1]×[0,1]
G(t, s),

ζ := min
t∈[ 14 ,

3
4 ]
ϕ(t) =

sinh k
4

k cosh k
, ξ := max

t∈[0,1]
ϕ(t) =

tanh k

k
.

½Â�fT : X → X

Tu(t) = ϕ(t)(b+ g(u(1))) +

∫ 1

0

G(t, s)h(s)f(u(s))ds, t ∈ [0, 1]. (5)

P

K = {u ∈ X |u(t) ≥ 0� min
t∈[ 14 ,

3
4 ]
u(t) ≥ σ‖u‖},

Ù¥σ = min{m
M
, ζ
ξ
},KK´X¥���I.

Ún 1 b½ (H1)-(H3)¤á, T Xª (5)¤½Â,KT ´�ëY�f,¿�T (K) ⊂ K.

y² é?¿�u ∈ K,Kk

min
t∈[ 14 ,

3
4 ]
Tu(t) ≥ min

t∈[ 14 ,
3
4 ]
ϕ(t)(b+ g(u(1))) + min

t∈[ 14 ,
3
4 ]

∫ 1

0

G(t, s)h(s)f(u(s))ds

≥ ζ(b+ g(u(1))) +m

∫ 1

0

h(s)f(u(s))ds

≥ ζ

ξ
ξ(b+ g(u(1))) +

m

M

∫ 1

0

Mh(s)f(u(s))ds

≥ σ(ξ(b+ g(u(1))) +

∫ 1

0

Mh(s)f(u(s))ds)

= σ‖Tu‖,

ÏdT (K) ⊂ K.2�âArzela-Ascoli½nN´��T ´�ëY�f.

Ún 2 [9] �X´Banach�m, K´X¥���I, é?¿� r > 0, ½ÂKr = {x ∈ K :

‖x‖ < r}.b�T : Kr → K´�ëY�f,¦�éx ∈ ∂Kr,kTx 6= x,K±e(Ø¤á:
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(1)XJ ‖Tx‖ ≥ ‖x‖, x ∈ ∂Kr,@o i(T,Kr,K) = 0;

(2)XJ ‖Tx‖ ≤ ‖x‖, x ∈ ∂Kr,@o i(T,Kr,K) = 1.

3. �)��359Ø�35

½n 2 b½ (H1)-(H3)¤á, � b¿©��, ¯K (1)���3���), � b¿©��, ¯

K (1)Ø�3�).

y² Äky² b¿©��,¯K (1)���3���).�â (H1)��, L := max
t∈[0,1]

h(t), l :=

min
t∈[ 14 ,

3
4 ]
h(t).é?¿� r1 > 0,-

Kr1 = {u ∈ K : ‖u‖ < r1},

d (H3)��,�3�ê ρ1 < r1,¦� 0 ≤ u ≤ ρ1�,k f(u) ≤ 1
3ML

u,Ó�/,�3�ê ρ2 < r1,¦

� 0 ≤ u ≤ ρ2�,k g(u) ≤ k
3
u,� ρ = min{ρ1, ρ2},� 0 ≤ u ≤ ρ� b < k

3
ρ�,é?¿�u ∈ ∂Kr1 ,

Kk

Tu(t) = ϕ(t)(b+ g(u(1))) +

∫ 1

0

G(t, s)h(s)f(u(s))ds

≤ 1

k
b+

1

k
g((u(1)) +ML

∫ 1

0

f(u(s))ds

≤ 1

3
ρ+

1

3
ρ+

1

3
ρ

≤ r1,

�âÚn 2��,

i(T,Kr1 ,K) = 1.

Ï� f∞ =∞,��3 p > 0,¦��u ≥ p�, f(u) ≥ ηu,¿� η÷v

σmηl ≥ 1.

À� r2 ≥ max{ p
σ
, r1},-

Kr2 = {u ∈ K : ‖u‖ < r2},

XJu ∈ ∂Kr2 ,K

min
t∈[ 14 ,

3
4 ]
u(t) ≥ σ‖u‖ ≥ p,

é?¿�u ∈ ∂Kr2 ,Kk

Tu(t) = ϕ(t)(b+ g(u(1))) +

∫ 1

0

G(t, s)h(s)f(u(s))ds

≥
∫ 3

4

1
4

G(t, s)h(s)f(u(s))ds

≥ mησl‖u‖
≥ ‖u‖,
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ù¿�X ‖Tu‖ ≥ ‖u‖, u ∈ ∂Kr2 ,dÚn 2�

i(T,Kr2 ,K) = 0.

�âØÄ:�ê��\5�

i(T,Kr2 \Kr1 ,K) = −1.

ùL²T 3Kr2 \Kr1¥k��ØÄ:,=¯K (1)��k���).

5¿�, ϕ´¯K  u′′(t)− k2u(t) = 0, 0 < t < 1,

u(0) = 0, u′(1) = 1

�).u´¯K (1)��)��=� v = u− (b+ g(u(1)))ϕ´¯K v′′ − k2v + hf(v + (b+ g(u(1)))ϕ) = 0, 0 < t < 1,

v(0) = 0, v′(1) = 0

(6)

��K).

�u´¯K (1)�),K v = u− (b+ g(u(1)))ϕ´¯K (6)�),dÚn 1��

inf
t∈[ 14 ,

3
4 ]
v(t) ≥ σ‖v‖,

 inf
t∈[ 14 ,

3
4 ]
ϕ(t) ≥ ζ

ξ
‖ϕ‖ ≥ σ‖ϕ‖, u´

inf
t∈[ 14 ,

3
4 ]
v + (b+ g(u(1)))ϕ ≥ σ(‖v‖+ (b+ g(u(1)))‖ϕ‖)

≥ σ‖v + (b+ g(u(1)))ϕ‖.

- f̃(t) = inf
t≤s

f(s),Kk

v(t) =

∫ 1

0

G(t, s)h(s)f(v + (b+ g(u(1)))ϕ(s))ds

≥
∫ 3

4

1
4

G(t, s)h(s)f(v + (b+ g(u(1)))ϕ(s))ds

≥ ml
∫ 3

4

1
4

f(v + (b+ g(u(1)))ϕ(s))ds

≥ mlf̃(σ‖v + (b+ g(u(1)))ϕ‖),

?
f̃(δ‖v + (b+ g(u(1)))ϕ‖)
‖v + (b+ g(u(1)))ϕ‖

≤ f̃(δ‖v + (b+ g(u(1)))ϕ‖)
‖v‖

≤ 1

ml
,
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d (H2)9 f̃�½Â� lim
s→∞

f̃(s)
s

=∞,Ïd,�3κ > 0,¦� ‖v+ (b+ g(u(1)))ϕ‖ ≤ κ,� b´k.�.

4. þ)Úe)

�!ÏL½Â¯K (1)�þe),�31o!¥��¯K (1)�õ��).

½Â 1 α ∈ C2[0, 1]´¯K (1)�þ),XJα÷v α′′(t)− k2α(t) + h(t)f(α(t)) ≤ 0, 0 < t < 1,

α(0) ≥ 0, α′(1)− g(α(1)) ≥ b.

β ∈ C2[0, 1]´¯K (1)�e),XJβ÷v β′′(t)− k2β(t) + h(t)f(β(t)) ≥ 0, 0 < t < 1,

β(0) ≤ 0, β′(1)− g(β(1)) ≤ b.

Ún 3 b½ (H1)-(H3)¤á,�αÚβ©O´¯K (1)�þ)Úe),�kβ(t) ≤ α(t),K¯

K (1)���3��)u÷v

β(t) ≤ u(t) ≤ α(t), t ∈ [0, 1].

y²�Ä9Ï¯K u′′(t)− k2u+ h(t)f∗(u(t)) = 0, 0 < t < 1,

u(0) = 0, u′(1)− g∗(u(1)) = b
(7)

Ù¥

f∗(u(t)) =


f(α(t)), u(t) > α(t),

f(u(t)), α(t) ≤ u(t) ≤ β(t),

f(β(t)), u(t) < β(t),

g∗(u(t)) =


g(α(t)), u(t) > α(t),

g(u(t)), α(t) ≤ u(t) ≤ β(t),

g(β(t)), u(t) < β(t).

¯¢þ,�y²¯K (1)�3��)u,�kβ(t) ≤ u(t) ≤ α(t), t ∈ [0, 1],�Iy²¯K (7)�3

)u�÷vT^�.

dª (5)��,¯K (7)�duÈ©�§

u(t) = ϕ(t)(b+ g∗(u(1))) +

∫ 1

0

G(t, s)h(s)f∗(u(s))ds, t ∈ [0, 1],
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½Â�fT ∗ : X → X

T ∗u(t) = ϕ(t)(b+ g∗(u(1))) +

∫ 1

0

G(t, s)h(s)f∗(u(s))ds, t ∈ [0, 1],

du f∗, g∗´ëY¼ê,N´�y, T ∗´�ëY�f,�

B = {u ∈ X : β(t) ≤ u(t) ≤ α(t), t ∈ [0, 1]},

w,B´X¥�k.48,K | f∗(u(t)) |≤ max
u(t)∈B

| f(u(t)) |,Ïd f∗k.,Ón, g∗k.,lT ∗´

k.�f,�â SchauderØÄ:½n, T ∗kØÄ:u,=u´¯K (7)�).

eyu(t) ≤ α(t).��é,
 t0 ∈ [0, 1],ku(t0) > α(t0),-ω(t) = α(t) − u(t),e¡©o«�

/?Ø.

(i)é?¿� t ∈ [0, 1],b�Ñkω(t) < 0,d�,

f∗(u(t)) = f(α(t)), g∗(u(t)) = g(α(t)),

Ïd

ω′′(t) = α′′(t)− u′′(t)

≤ k2α(t)− h(t)f(α(t))− k2u(t)− h(t)f∗(u(t))

≤ 0,

,��¡

ω(0) = α(0)− u(0) ≥ 0,

ω′(1) = α′(1)− u′(1) ≥ b+ g(α(1))− b− g∗(u(1)) = 0,

�â4���n, ω(t0) ≥ 0, t0 ∈ [0, 1],ù�b�gñ.

(ii)� 0 < a < 1÷vω(a) = 0,b�ω(t) < 0, t ∈ [a, 1],Kk

ω′′(t) ≤ 0, ω(a) = 0, ω′(1) ≥ 0,

ù� (i)aq���gñ,lkω(t) ≥ 0.

(iii)� 0 < a < 1÷vω(a) = 0,b�ω(t) < 0, t ∈ [0, a),Kk

ω′′(t) ≤ 0, ω(0) ≥ 0, ω′(a) ≥ 0,

Ón,���gñ.

(iv)� 0 < a, b < 1÷vω(a) = 0, ω(b) = 0,�ω(t) < 0, t ∈ [a, b],Kk

ω′′(t) ≤ 0, ω(a) = 0, ω′(b) ≥ 0,
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aq/,d«�/e½kω(t) ≥ 0.

éuu(t) ≥ β(t), t ∈ [0, 1],^Ó���{�y�,ùpØ3Kã.u´¯K (7)�)u÷v

β(t) ≤ u(t) ≤ α(t), t ∈ [0, 1],

�â f∗, g∗�½Â´�u´¯K (1)�). �

5. õ)59Ì�(J�y²

�
��¯K (1)��),�Bå�,�!ob�

(H4) f(u) = 0, g(u) = 0, u < 0.

Ún 4 b½ (H1)-(H3)¤á,�I ⊂ (0,∞)�;f«m,e b ∈ I,K�3~ê m̃ > 0,¦�¯

K (1)�¤k)u÷v ‖u‖ ≤ m̃.

y²:� {un}´¯K (1)�Ã.)S�,�ÙéA� {bn} ∈ I.dÚn 1�, un ∈ K,Ï� f∞ =

∞,K�3~ê q > 0,�u ≥ q�, f(u) ≥ ηu,Ù¥ η > 0÷v

ησ

∫ 3
4

1
4

G(
1

2
, s)h(s)ds ≥ 2,

qÏn→∞�, ‖un‖ → ∞,K�3N,�n > N ,�k

min
t∈[ 14 ,

3
4 ]
un(t) ≥ σ‖un‖ ≥ q,

l

un(
1

2
) ≥

∫ 3
4

1
4

G(
1

2
, s)h(s)f(un(s))ds

≥ η
∫ 3

4

1
4

G(
1

2
, s)h(s)un(s)ds

≥ ησ
∫ 3

4

1
4

G(
1

2
, s)h(s)‖un‖

≥ 2‖un‖,

w,ù´��gñ,·K�y. �

Ún 5 PΓ = { b > 0 |¯K (1)��k���) },� sup Γ = b∗, KΓk.,¿� b∗ ∈ Γ.

y² d½n 2��, Γ´k.�.� {bn} ∈ Γ�÷v

bn → b∗, n→∞,
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w, {bn}´k.�,dÚn 4� bnéAu¯K (1)�)unk.,(Ü�fT �;5´� b∗ ∈ Γ. �

é ε > 0,�u∗´éAu b∗�¯K (1)�).-

f̃(u(t)) =


f(u∗(t) + ε), u(t) > u∗(t) + ε,

f(u(t)), −ε ≤ u(t) ≤ u∗(t) + ε,

f(−ε), u(t) < −ε,

g̃(u(t)) =


g(u∗(t) + ε), u(t) > u∗(t) + ε,

g(u(t)), −ε ≤ u(t) ≤ u∗(t) + ε,

g(−ε), u(t) < −ε,

½Â

T̃ u(t) = ϕ(t)(b+ g̃(u(1))) +

∫ 1

0

G(t, s)h(s)f̃(u(s))ds, t ∈ [0, 1], (8)

�

Ω = {u ∈ X : −ε < u(t) < u∗(t) + ε, t ∈ [0, 1]}.

Ún 6 b½ (H1)-(H4)¤á, �¿©���ê ε, ¦�é?¿�u ∈ C[0, 1]�÷v T̃ u = u,

� 0 < b < b∗�,ku ∈ Ω.

y²: dª (8)��, u ≥ 0.e¡y²u ≤ u∗ + ε.�â f���ëY5,� 0 < ε < ε0�,�3

�ê c,¦� cL ≤ k2,Kk
|f(u∗ + ε)− f(u∗)| < cε,

u´

(u∗ + ε)′′ = (u∗)′′

= k2u∗ − hf(u∗)

= k2(u∗ + ε)− hf(u∗ + ε) + h(f(u∗ + ε)− f(u∗))− k2ε

≤ k2(u∗ + ε)− hf(u∗ + ε) + (cL− k2)ε

≤ k2(u∗ + ε)− hf(u∗ + ε),

,��¡,

(u∗ + ε)′(1) = b∗ + g(u∗(1)) ≥ b+ g(u∗(1)),

l, u∗ + ε´¯K (1)�þ),dÚn 3��u ≤ u∗ + ε. �

½n 1�y² ½n 2¿�X b > b∗�,¯K (1)Ø�3�).duu∗Ú 0©O´¯K (1)�þ

)Úe),�âÚn 3��,�3¯K (1))ub�÷v 0 ≤ ub ≤ u∗.Ïd,� 0 < b ≤ b∗�,¯K (1)

�3���),d	 ub ∈ Ω.e¡ïá� 0 < b < b∗�¯K (1)�1���).
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�B(ub, R1)´X¥±ub�¥%,R1��»�¥,é¿©��R1,d T̃ é b3;«mþ�k.

�

deg(I − T̃ , B(ub, R1), 0) = 1,

XJ�3u ∈ ∂Ω,¦� T̃ u = u,Kk f = f̃ , g = g̃,d�, u´¯K (1)�1��).�� T̃ u 6= u, u ∈
∂Ω,K deg(I − T̃ ,Ω, 0)û½.Ún 6L², T̃ 3B(ub, R1) \ Ω¥vkØÄ:,dÿÀÝ��Ø5�

deg(I − T,Ω, 0) = deg(I − T̃ ,Ω, 0) = 1.

,��¡,dÚn 4�,¯K (1)�¤k)3 b�;«mþÑkk�.,�é¿©��R2k

deg(I − T,B(0, R2), 0) = d, (d�~ê)

Ï� b > b∗�,¯K (1)Ø�3),l d = 0,u´

deg(I − T,B(0, R2) \ Ω, 0) = −1,

ùL²� 0 < b < b∗�,¯K (1)�31���). �

Ä7�8
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