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Abstract

This paper is devoted to studying the global existence of solutions to initial value

problem of the three-dimensional stochastic primitive equations, which are a basic sys-

tem that is usually used to describe the dynamic behavior of the atmospheric and the

oceanic flows. Firstly, by using the Littlewood-Paley theory and Bony para-product de-

composition technique, we establish a new bilinear estimation for the Stokes-Coriolis-

Stratification semigroup. Then, by establishing the boundedness estimations for solu-

tions of the corresponding stochastic linear initial value problem, and combining the

superposition principle and Banach’s fixed point theorem, we prove the global exis-

tence and uniqueness of mild solutions to the three-dimensional stochastic primitive

equations with small initial values and small random external forces in the Fourier-

Besov space frame. Our main result is a generalization of the global existence of the

solutions for the initial value problem of the classical three-dimensional primitive e-

quations under the stochastic case.
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1. Úó9Ì�(J

�©Ì�ïÄXen��Å���§|Ð�¯K§Ú)��N�35:
du+ (Ke3 × u− ν∆u+ (u · ∇)u+∇p)dt = gθe3dt+ hdW, (x, t, ω) ∈ R3 × (0,∞)× Ω,

dθ + ((u · ∇)θ − µ∆θ)dt = −N 2u3dt+ ldW, (x, t, ω) ∈ R3 × (0,∞)× Ω,

divu = 0, (x, t, ω) ∈ R3 × (0,∞)× Ω,

u|t=0 = u0, θ|t=0 = θ0, (x, ω) ∈ R3 × Ω,

(1.1)
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Ù¥��¼ê u = (u1, u2, u3), p� θ ©OL«6N��Ý|,ØåÚ§Ý(�Ý),�~ê ν, µÚ g

©OL«Ê5Xê,*ÑXêÚå. K ∈ R´ Coriolisëê,Ù�7 R3¥ü �þ e3 = (0, 0, 1)^

=���Ý���, Ke3 × u=�¤¢� Corioliså; N > 0´�(ëê,½L« Brunt-VäisäläÅ

ª,Ù�x©��A�rf.� gθe3 �L BoussinesqCqe�CÄ��2å.W ´½Â3VÇ�m
(Ω,F , (Ft)t≥0,P)¥�©F�ËA�m Hþ�Ã���Î.WienerL§,¿�b�W �L«�
W =

∑
j≥1 fjWj(t),Ù¥ {Wj}j≥1 ´�x�pÕá�¢� Brownian$Ä, {fj}j≥1 ´ H ��|�

�Ä. hdW Ú ldW ©OL«�Å	å,Ï~^u)ºê�±9²��Ø(½5. u0Ú θ0©OL«�

½�Ð©�ÝÚÐ©§Ý.�§| (1.1)Ï~�^5£ã�íÚ°��/¥Ôn6N��ºÝ6Ä.

� N = 0, K = 0� θ ≡ 0�,�§| (1.1)òz�n��Å Navier-Stokes�§|,ÙÏ~�

^5£ã6N�ë6y�,�ë�©z [1–3].â·�¤�,'un��Å Navier-Stokes�§|�1

��ïÄ(J�J�� BensoussanÚ Temam3©z [4]¥mM5ó�.��, HolzÚ Ziane3©

z [5]¥y²
¦5D(ek.«�þ���Ún��Å Navier-Stokes�§|'u H1Ð�r)½

´»)�ÛÜ�3��5,¿y²
���/e)��N�35.�C,Ú|~�ÇÚÜÍ�Ç3©

z [6]¥¼�
��9�p�Ý��Å Navier-Stokes�§|'u�.�m Ḃ
d
p−1
p,r (Rd)¥�Ð��Û

Ür)��3��5.

� N = 0� θ ≡ 0�,�§| (1.1)òz�n�Ø�Ø �Å Navier-Stokes-Coriolis�§|.�

C,��u�Ç3�Ð�Ú��Å	å�b�^�e,©O3 Besov�mÚ Fourier-Besov�m�µ

ee¼�
n��Å Navier-Stokes-Coriolis�§|Ð�¯K�§Ú)��N�35,äN��©

z [7,8]. Dong3©z [9]¥y²
½ LévyD(e��^=ü ¥¡þ��Å Navier-Stokes�§

|r)��35Ú��5.

�N = 0� K = 0�,�§| (1.1)òz�n��Å Boussinesq�§|. Ferrario3©z [10]¥

ÄgïÄ
\5D(=�^u�Ý|����Å Boussinesq�§|,¿��
ÙÐ>.¯K)��

35Ú��5,±9�A�+�ØCÿÝ.ÆÆ��ÇÚHy(�¬3©z [11]¥ïÄ
\5D(

eäÜ©Ê5����Å Boussinesq�§|Ð�¯K��N·½5.�C,Ú|~�ÇÚÜÍ�Ç

3©z [12]¥�Ä
¦5D(e Tdþ� Boussinesq�§|Ð�¯K´»)�ÛÜ�35.¿�,3

�½��K5b�^�e,?�Ú¼�
�òzD(e�§| (1.1)´»)��N�35.

Éþã©z�éu,�©ò3 Fourier-Besov�m¥ïÄn��Å���§|Ð�¯K (1.1))

��N�35. 3�ÑÌ�(J�c,·�k50��
Ä�Vg.

½Â 1.1 éu�½�VÇ�m (Ω,F ,P, (Ft)t≥0),¡¼ê f : Ω→ R3 ´ Ft (t ≥ 0)�ÿ�,X

J

f−1(U) := {ω ∈ Ω; f(ω) ∈ U} ∈ Ft

é¤k�m8 U ∈ R3 (½�d/,é¤k� Borel8 U ∈ R3)¤á.

½Â 1.2( [13]) éu�½�VÇ�m (Ω,F ,P, (Ft)t≥0),¡ [0, T ]× R3 × Ωþ� Ft ·A�©
ÙL§ f ´ÌS�ÿ�,XJé?¿ t ∈ [0, T ], f(w, t, ·) ∈ Ft ×B[0, t].

½Â 1.3 éu�½�VÇ�m (Ω,F ,P, (Ft)t≥0),�Mt � Ft ��� σ �ê,eé ∀ t ≥ 0,
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v(·, ·, w) ∈ L4(0, T ;FḂ
− 1

2 + 3
p′

p,r )
⋂
Mt�

v(t) = TK,N (t)v0 −
∫ t

0
TK,N (t− τ)P∇̃ · (v(τ)⊗ v(τ))dτ +

∫ t
0
TK,N (t− τ)PGdW. (1.2)

K¡ v´�§| (1.1)�§Ú),Ù¥�f PÚ ∇̃±9�+ {TK,N (t)}t≥0�½Â�1�!ý��£.

$^ Littlewood-PaleynØÚ Bony�È©)E|,ÏLïá'u Stokes-Coriolis-Stratification

�+�#�V�5�O,±9ïá�A�Å�5Ð�¯K)�k.5�O,(ÜU\�n±9ØÄ

:½n,·�3�Ð�Ú��Å	å�b�^�e,y²
n��Å���§|Ð�¯K (1.1)3

Fourier-Besov�m¥§Ú)��N�35Ú��5.�©�Ì�(JXe:

½n 1.4 éu�½�VÇÄ (Ω,F ,P, (Ft)0≤t≤T ,W), -ÙþÏ"� E. � r ∈ [2,∞],

(u0, θ0) ∈ L̃4(Ω;FḂ
1
2
2,r(R3))´F0�ÿ�,¿��é?¿�T > 0, (h, l) ∈ L̃4(Ω; L̃4(0, T ;FḂ

1
2
2,r))

⋂
MT .

K�3~ê ε > 0±9�VÇ�ÅCþ8 Ω̃,¦��

(1 + T )‖(h, l)‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

+ ‖(u0, θ0)‖
L̃4(Ω;FḂ

1
2
2,r)
≤ ε

�,é?¿� ω ∈ Ω̃,�§| (1.1)�3���§Ú) (u, θ)(ω, ·, ·) ∈ L̃4(0, T ;FḂ1
2,r(R3)).

5º 1.5 ½n 1.4´é©z [14]¥'u²;���§|)��N�35(J3�Å�/e�

í2. �©Ù{Ü©SüXe:31�!¥,·�ò�Ñ Littlewood-PaleynØ±9� Fourier-Besov

�m�'�¼ê�m�½Â,¿�Ñ Stokes-Coriolis-Stratification�+ {TK,N (t)}t≥0 �½Â.31

n!¥,$^ Littlewood-PaleynØ±9 Bony�È©)E|�,ïá Stokes-Stratification�+3

Fourier-Besov�mþ�V�5�O, ±9�A�Å�5¯K�k.5�O.3���!·��Ñ½

n 1.4�y².

3�©¥, F (f)Ú f̂ þL« f 'u�mCþ�Fp�C�, F−1L«�A�Fp�_C�.

2. ý��£

Äk,0� Littlewood-PaleynØÚ Bony�È©)nØ±9�àg Fourier-Besov�m�'�

¼ê�m�½Â.äN�ë�;Í [15, 16].

�S (R3)� Schwartz�m, S ′(R3)��O2Â¼ê�m, ψ, ϕ ∈ S (R3)´»�¼ê,9 ψ̂Ú

ϕ̂÷ve�5�:

supp ϕ̂ ⊂ B := {ξ ∈ R3 : |ξ| ≤ 4

3
},

supp ψ̂ ⊂ C := {ξ ∈ R3 :
3

4
≤ |ξ| ≤ 8

3
},

� ∑
j∈Z

ϕ̂(2−jξ) = 1, ∀ξ ∈ R3 \ {0}.
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- ψj(x) := 23jψ(2jx), ϕj(x) := 23jϕ(2jx),KàgªÇÛÜz�f ∆j Úàg$ª�ä�f Sjf �

©O½Â�

∆jf := ϕj ∗ f, Sjf = ψj ∗ f ∀j ∈ Z, f ∈ S ′(R3).

-S ′
h(R3) := S ′(R3)/P[R3],Ù¥ P[R3]�½Â3 R3þ��Nõ�ª¤�¤��5�m.

¯¤±�,3S ′
h(R3)¥kXe©)¤á:

f =
∑
j∈Z

∆jf, Sjf =
∑

j′≤j−1

∆j′f,

¿�ªÇÛÜz�f ∆j Ú$ª�ä�f Sj þ� Lp � Lp ��5�f.d	, Littlewood-Paley©

)÷v±eA���5�:

∆j∆kf = 0, |j − k| ≥ 2,

Ú

∆j(Sk−1f∆kf) = 0, |j − k| ≥ 5.

Ún 2.1( [16]) � 1 ≤ p ≤ q ≤ ∞, r ∈ (0, R), j ∈ Z.Ké?¿�õ�I γ ∈ Z3
+

⋃
{0},±e

�O¤á:

(1)e suppf̂ ⊂ {ξ ∈ R3 : |ξ| ≤ R2j}, K ‖(iξ)γ f̂‖Lq ≤ C2j|γ|+3j( 1
q−

1
p )‖f̂‖Lp ;

(2)e suppf̂ ⊂ {ξ ∈ R3 : r2j ≤ |ξ| ≤ R2j}, K ‖f̂‖Lp ≤ C2−j|γ| sup|α|=|γ| ‖(iξ)αf̂‖Lp .

½Â 2.2 (1)� s ∈ R, 1 ≤ p, r ≤ ∞,àg Fouier-Besov�m FḂs
p,r(R3)½Â�

FḂs
p,r(R3) :=

{
f ∈ S ′

h(R3) : ‖f‖FḂsp,r =
∥∥∥{2js‖∆̂jf‖Lpξ

}
j∈Z

∥∥∥
lr
<∞

}
.

(2)é?¿� 0 < T ≤ ∞,� s ∈ R, 1 ≤ δ, p, r ≤ ∞, Chemin-Lerner.�m L̃δ(0, T ;FḂs
p,r(R3))

½Â��m C((0, T ];FḂs
p,r(R3))3�ê

‖f‖L̃δ(0,T ;FḂsp,r) :=
∥∥∥{2js‖∆̂jf‖Lδ(0,T ;Lpξ(R3))

}
j∈Z

∥∥∥
lr

e���z�m.

½Â 2.3 é?¿� 0 < T ≤ ∞,� s ∈ R, 1 ≤ p, r, δ, ρ ≤ ∞, Bochner.� Chemin-Lerner

.�m L̃ρ(Ω; L̃δ(0, T ;FḂs
p,r(R3)))½Â�

L̃ρ(Ω; L̃δ(0, T ;FḂs
p,r(R3))) :=

{
f ∈MT : f(ω, t) ∈ S ′

h(R3),P− a.s,�

‖f‖L̃ρ(Ω;L̃δ(0,T ;FḂsp,r)) =
∥∥∥{2js[E(‖∆̂jf‖Lδ(0,T ;Lpξ(R3)))

ρ]
1
ρ

}
j∈Z

∥∥∥
lr
<∞

}
.

��,�Ñ�§| (1.1)��dÈ©�§Ú Stokes-Coriolis-Stratification�+ {TK,N}t≥0 �½
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Â.

� µ = ν = 1, v := (u1, u2, u3,
√
gθ/N ), v0 := (u0

1, u
0
2, u

0
3,
√
gθ0/N ), ∇̃ := (∂1, ∂2, ∂3, 0),

N := N√g,Ð�¯K (1.1)�=��Xe�d¯K: dv + (Qv + Sv + ∇̃p)dt = −(v · ∇̃)vdt+GdW, (x, t, ω) ∈ R3 × (0,∞)× Ω,
∇̃ · v = 0, (x, t, ω) ∈ R3 × (0,∞)× Ω,
v|t=0 = v0, (x, ω) ∈ R3 × Ω,

(2.1)

Ù¥ G := (h,
√
gl/N ),

Q :=


−∆ 0 0 0

0 −∆ 0 0

0 0 −∆ 0

0 0 0 −∆

 , S :=


0 −K 0 0

K 0 0 0

0 0 0 −N
0 0 N 0

 . (2.2)

d [17]��,¯K (2.1)��5z¯K¤)¤� Stokes-Coriolis-Stratification�+ {TK,N (t)}t≥0

�äNL��:

TK,N (t)f := F−1

[
cos(
|ξ|′

|ξ|
t)e−|ξ|

2tM1(ξ)f̂ + sin(
|ξ|′

|ξ|
t)e−|ξ|

2tM2(ξ)f̂ + e−|ξ|
2tM3(ξ)f̂

]
, (2.3)

Ù¥ ξ = (ξ1, ξ2, ξ3) ∈ R3, |ξ| =
√
ξ2

1 + ξ2
2 + ξ2

3 , |ξ|′ =
√
N2ξ2

1 +N2ξ2
2 +K2ξ2

3 ,

M1(ξ) =


K2ξ23
|ξ|′2 0 −N2ξ1ξ3

|ξ|′2
KNξ2ξ3
|ξ|′2

0 K2ξ23
|ξ|′2 −N2ξ2ξ3

|ξ|′2 −KNξ1ξ3|ξ|′2
−K

2ξ1ξ3
|ξ|′2 −K

2ξ2ξ3
|ξ|′2

N2(ξ21+ξ22)

|ξ|′2 0
KNξ2ξ3
|ξ|′2 −KNξ1ξ3|ξ|′2 0 N2(ξ21+ξ22)

|ξ|′2

 , (2.4)

M2(ξ) =


0 − Kξ

2
3

|ξ||ξ|′
Kξ2ξ3
|ξ||ξ|′

Nξ1ξ3
|ξ||ξ|′Kξ23

|ξ||ξ|′ 0 −Kξ1ξ3|ξ||ξ|′
Nξ2ξ3
|ξ||ξ|′

−Kξ2ξ3|ξ||ξ|′
Kξ1ξ3
|ξ||ξ|′ 0 −N(ξ21+ξ23)

|ξ||ξ|′
−Nξ1ξ3
|ξ||ξ|′ −Nξ2ξ3

|ξ||ξ|′
N(ξ21+ξ23)

|ξ||ξ|′ 0

 , (2.5)

M3(ξ) =


N2ξ22
|ξ|′2 −N2ξ1ξ2

|ξ|′2 0 −KNξ2ξ3|ξ|′2

−N2ξ1ξ2
|ξ|′2

N2ξ21
|ξ|′2 0 KNξ1ξ3

|ξ|′2

0 0 0 0

−KNξ2ξ3|ξ|′2
KNξ1ξ3
|ξ|′2 0 K2ξ23

|ξ|′2

 . (2.6)

���J�´,N´�y,é ξ ∈ R3, Ml(ξ) (l = 1, 2, 3)�z��"©þM l
jk(ξ) (j, k = 1, 2, 3, 4)÷

v |M l
jk(ξ)| ≤ max{2, |K|

N
, N|K|} (j, k = 1, 2, 3, 4).

½Â HelmholtzÝK�f P := (Pjk)4×4,Ù¥

Pjk :=

{
δjk +RjRk, 1 ≤ j, k ≤ 3,
δjk, Ù¦,
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Ù¥ δjk L« KroneckerÎÒ, {Rj}1≤j≤3L« RieszC�. d Duhamel�n,�§| (1.1)�duX

eÈ©�§:

v(t) = TK,N (t)v0 −
∫ t

0
TK,N (t− τ)P∇̃ · (v(τ)⊗ v(τ))dτ +

∫ t
0
TK,N (t− τ)PGdW. (2.7)

3. V�5�OÚ�Å�O

�
?n�§|¥�é6�, ·�I�3�A�¼ê�m¥ïá'u Stokes-Coriolis-

Stratification�+�V�5�O.�d,·�k5ïá�A�¦È{K.

Ún 3.1[¦È{K] � 2 ≤ p ≤ ∞, 1 ≤ r ≤ ∞,K�3~ê C1 > 0¦�

‖v1v2‖
L̃2(0,∞;FḂ

−1+ 3
p′

p,r )
≤ C1‖v1‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
.

y² d½Â 2.2±9 Bony�È©)E|��,¤á

‖v1v2‖
L̃2(0,∞;FḂ

−1+ 3
p′

p,r )
=
∥∥∥{2j(−1+ 3

p′ )‖ϕjF (v1v2)‖L2(0,∞;Lpξ)

}
j∈Z

∥∥∥
lr

≤
∥∥∥∥{2j(−1+ 3

p′ )

∥∥∥∥ ∑
|k−j|≤4

ϕj(ψkv̂1 ∗ ϕkv̂2)

∥∥∥∥
L2(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

+

∥∥∥∥{2j(−1+ 3
p′ )

∥∥∥∥ ∑
|k−j|≤4

ϕj(ψkv̂2 ∗ ϕkv̂1)

∥∥∥∥
L2(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

+

∥∥∥∥{2j(−1+ 3
p′ )

∥∥∥∥ ∑
k≥j−2

∑
|k−k′|≤1

ϕj(ϕkv̂1 ∗ ϕk′ v̂2)

∥∥∥∥
L2(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

=: I1 + I2 + I3.

éu I1,�½ j,(ÜÚn 2.1,��

2j(−1+ 3
p′ )

∥∥∥∥ ∑
|k−j|≤4

ϕj(ψkv̂1 ∗ ϕkv̂2)

∥∥∥∥
L2(0,∞;Lpξ)

≤ C2j(−1+ 3
p′ )

∑
|k−j|≤4

∥∥‖ψkv̂1‖L1
ξ
‖ϕkv̂2‖Lpξ

∥∥
L2(0,∞)

≤ C2j(−1+ 3
p′ )

∑
|k−j|≤4

∥∥∥∥ ∑
k′≤k−2

23k′(1− 1
p )‖ϕk′ v̂1‖Lpξ‖ϕkv̂2‖Lpξ

∥∥∥∥
L2(0,∞)

≤ C2j(−1+ 3
p′ )

∑
|k−j|≤4

∑
k′≤k−2

23k′(1− 1
p )‖ϕk′ v̂1‖L4(0,∞;Lpξ)‖ϕkv̂2‖L4(0,∞;Lpξ)

≤ C2j(−1+ 3
p′ )

∑
|k−j|≤4

∥∥∥{2k
′(− 1

2 + 3
p′ )‖ϕk′ v̂1‖L4(0,∞;Lpξ)

}∥∥∥
lr(k′≤k−2)

∥∥{2
1
2k
′}∥∥

lr′ (k′≤k−2)
‖ϕkv̂2‖L4(0,∞;Lpξ)

≤ C‖v1‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )

∑
|k−j|≤4

2k(− 1
2 + 3

p′ )‖ϕkv̂2‖L4(0,∞;Lpξ)2
(j−k)(−1+ 3

p′ ).

DOI: 10.12677/pm.2022.128148 1352 nØêÆ

https://doi.org/10.12677/pm.2022.128148


o w

3dÄ:þ,2$^ YoungØ�ª,��

I1 ≤ C‖v1‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
.

Ón��,¤á

I2 ≤ C‖v1‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
.

e¡�O I3,éu�½� j,��

2j(−1+ 3
p′ )

∥∥∥∥ ∑
k≥j−2

∑
|k−k′|≤1

ϕj(ϕkv̂1 ∗ ϕk′ v̂2)

∥∥∥∥
L2(0,∞;Lpξ)

≤ C2j(−1+ 3
p′ )

∑
k≥j−2

∑
|k−k′|≤1

∥∥ϕj(ϕkv̂1 ∗ ϕk′ v̂2)
∥∥
L2(0,∞;Lpξ)

≤ C2j(−1+ 3
p′ )

∑
k≥j−2

∑
|k−k′|≤1

∥∥‖ϕk′ v̂2‖L1
ξ
‖ϕkv̂1‖Lpξ

∥∥
L2(0,∞)

≤ C2j(−1+ 3
p′ )

∑
k≥j−2

∑
|k−k′|≤1

∥∥23k′(1− 1
p )‖ϕk′ v̂2‖Lpξ‖ϕkv̂1‖Lpξ

∥∥
L2(0,∞)

≤ C2j(−1+ 3
p′ )

∑
k≥j−2

∑
|k−k′|≤1

23k′(1− 1
p )‖ϕk′ v̂2‖L4(0,∞;Lpξ)‖ϕkv̂1‖L4(0,∞;Lpξ)

≤ C2j(−1+ 3
p′ )

∑
k≥j−2

∥∥{2k
′(− 1

2 + 3
p′ )‖ϕk′ v̂2‖L4(0,∞;Lpξ)

}∥∥
lr(|k−k′|≤1)

∥∥{2
1
2k
′}∥∥

lr′ (|k−k′|≤1)
‖ϕkv̂1‖L4(0,∞;Lpξ)

≤ C‖v2‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )

∑
k≥j−2

2k(− 1
2 + 3

p )‖ϕkv̂1‖L4(0,∞;Lpξ)2
(j−k)(−1+ 3

p′ ).

3dÄ:þ,$^ YoungØ�ª,��

I3 ≤ C‖v1‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
.

nþ��,�3 C1 > 0¦�

‖v1v2‖
L̃2(0,∞;FḂ

−1+ 3
p′

p,r )
≤ C1‖v1‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
,

=(Ø�y. �

Ún 3.2[V�5�O] � 2 ≤ p ≤ ∞, 1 ≤ r ≤ ∞,K�3~ê C2 > 0,¦�∥∥∥∥∫ t

0

TK,N (t− τ)P∇̃(v1 ⊗ v2)(τ)dτ

∥∥∥∥
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )

≤ C2‖v1‖
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )
‖v2‖

L̃4(0,∞;FḂ
− 1

2
+ 3
p′

p,r )
.
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y² dÚn 2.1ÚÚn 3.1,��∥∥∥∥∫ t

0

TK,N (t− τ)P∇̃(v1 ⊗ v2)(τ)dτ

∥∥∥∥
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )

=

∥∥∥∥{2j(−
1
2 + 3

p′ )

∥∥∥∥∫ t

0

ϕjF [TK,N (t− τ)P∇̃(v1 ⊗ v2)(τ)]dτ

∥∥∥∥
L4(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

≤ C
∥∥∥∥{2j(−

1
2 + 3

p′ )

∥∥∥∥∫ t

0

ϕje
−(t−τ)22k

F [∇̃(v1 ⊗ v2)(τ)]dτ

∥∥∥∥
L4(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

≤ C
∥∥∥∥{2j(−

1
2 + 3

p′ )
∥∥e−(t−τ)22k∥∥

L
4
3 (0,∞)

∥∥ϕjF [∇̃(v1 ⊗ v2)(t)]
∥∥
L2(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr

≤ C
∥∥∥∥{2j(−2+ 3

p′ )‖ϕjF [∇̃(v1 ⊗ v2)(t)]‖L2(0,∞;Lpξ)

}
j∈Z

∥∥∥∥
lr)

≤ C
∥∥∇̃(v1 ⊗ v2)

∥∥
L2(0,∞;FḂ

−2+ 3
p′

p,r )

≤ C
∥∥(v1 ⊗ v2)

∥∥
L2(0,∞;FḂ

−1+ 3
p′

p,r )

≤ C
∥∥v1

∥∥
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )

∥∥v2

∥∥
L̃4(0,∞;FḂ

− 1
2
+ 3
p′

p,r )
,

=(Ø�y. �

,��¡,�
��¯K (1.1))��N�35,dU\�n,·��ÄXe�Å�5Ð�¯K{
dβ +Qβdt+ Sβdt = GdW, (x, t, ω) ∈ R3 × (0,∞)× Ω,

β|t=0 = v0, (x, ω) ∈ R3 × Ω.
(3.1)

w,,�5¯K (3.1)�)�N�3���.¯¢þ,ÏLé¯K (3.1)��ÒüàÓ�'u�mCþ

� FourierC�,�����)�äNL�/ª.

e¡, ·�ïá�Å�5¯K (3.1)3 Fourier-Besov�mµee�k.5�O.

Ún 3.3 - r ∈ [2,+∞].� v0´ F0�ÿ�,� v0 ∈ L̃4(Ω;FḂ
1
2
2,r(R3)),©ÙL§ G´ÌS�

ÿ�,� G ∈ L̃4(Ω; L̃4(0, T ;FḂ
1
2
2,r(R3))).K¯K (3.1)�) β ∈ L̃4(Ω; L̃4(0, T ;FḂ1

2,r(R3))),�÷v

‖β‖L̃4(Ω;L̃4(0,T ;FḂ1
2,r)) ≤ C3

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
. (3.2)

y² é¯K (3.1)ü>Ó�'u�mCþ� FourierC�,,�Ó¦ ϕj ,��

d(ϕj β̂) = −[|ξ|2(ϕj β̂) + S(ϕj β̂)]dt+ (ϕjĜ)dW. (3.3)

Äk,é ‖ϕj β̂‖2L2 ¦^ Itôúª,��

d‖ϕj β̂‖2L2 = d〈ϕj β̂, ϕj β̂〉
= 2〈d(ϕj β̂), ϕj β̂〉+ 〈d(ϕj β̂), d(ϕj β̂)〉
= 2〈ϕj β̂,−[|ξ|2(ϕj β̂) + S(ϕj β̂)]dt+ (ϕjĜ)dW〉+ ‖ϕjĜ‖2L2dt

= (−2‖| · |ϕj β̂‖2L2 + ‖ϕjĜ‖2L2)dt+ 2〈ϕj β̂, ϕjĜ〉dW, (3.4)
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Ù¥ 〈·, ·〉L« L2(R3)SÈ.

,�,é (‖ϕj β̂‖2L2 + ε)2¦^ Itôúª,Ù¥ ε > 0,¿(Ü (3.4)ª,��

d(‖ϕj β̂‖2L2 + ε)2 = 2(‖ϕj β̂‖2L2 + ε)[(−2‖| · |ϕj β̂‖2L2 + ‖ϕjĜ‖2L2)dt+ 2〈ϕj β̂, ϕjĜ〉dW]

+ 4〈ϕj β̂, ϕjĜ〉2dt. (3.5)

�ÄÊ�S�

τn =

{
inf{t ≥ 0 : ‖ϕj β̂‖L2 > n}, {t : ‖ϕj β̂‖L2 > n} 6= Ø,
T, {t : ‖ϕj β̂‖L2 > n} = Ø,

Ù¥ n = 1, 2, 3, · · · .3 [0, t] (t ≤ min{T, τn})þé (3.5)ªÈ©,,�é¤�(J�Ï",��

E(‖ϕj β̂‖2L2 + ε)2 −E(‖ϕj v̂0‖2L2 + ε)2

= 2E

∫ t

0

(‖ϕj β̂‖2L2 + ε)‖ϕjĜ‖2L2dτ − 4E

∫ t

0

(‖ϕj β̂‖2L2 + ε)‖| · |ϕj β̂‖2L2dτ

+ 4E

∫ t

0

〈ϕjĜ, ϕj β̂〉2dτ + 4E

∫ t

0

(‖ϕj β̂‖2L2 + ε)〈ϕj β̂, ϕjĜ〉dW
=: J1 + J2 + J3 + J4.

�e5�g�O J1, J2, J3, J4.¯¢þ,�I�O J1, J3, J4,Ï� J2´·�¤I��/ª.

J1 = 2E

∫ t

0

(‖ϕj β̂‖2L2 + ε)‖ϕjĜ‖2L2dτ

≤ C2E sup
τ∈[0,t]

(‖ϕj β̂‖2L2 + ε)

∫ t

0

‖ϕjĜ‖2L2dτ

≤ CεE sup
τ∈[0,t]

(‖ϕj β̂‖2L2 + ε)2 + CεtE

∫ t

0

‖ϕjĜ‖4L2dτ.

¿�,

J3 ≤ CεE sup
τ∈[0,t]

‖ϕj β̂‖4L2 + CεtE

∫ t

0

‖ϕjĜ‖4L2dτ.

d	,d Burkholder-Davis-GundyØ�ªÚ YoungØ�ª,��

J4 = 4E

∫ t

0

(‖ϕj β̂‖2L2 + ε)〈ϕj β̂, ϕjĜ〉dW

≤ CE sup
τ ′∈[0,t]

∣∣∣∣ ∫ τ ′

0

(‖ϕj β̂‖2L2 + ε)〈ϕj β̂, ϕjĜ〉dW
∣∣∣∣

≤ CE

(∫ t

0

|(‖ϕj β̂‖2L2 + ε)〈ϕj β̂, ϕjĜ〉|2dτ
) 1

2

≤ CE

(∫ t

0

(‖ϕj β̂‖2L2 + ε)2‖ϕj β̂‖2L2‖ϕjĜ‖2L2dτ

) 1
2

≤ CE sup
τ∈[0,t]

(‖ϕj β̂‖2L2 + ε)‖ϕj β̂‖L2

(∫ t

0

‖ϕjĜ‖2L2dτ

) 1
2

≤ CεE sup
τ∈[0,t]

[(‖ϕj β̂‖2L2 + ε)‖ϕj β̂‖L2 ]
4
3 + CεtE

∫ t

0

‖ϕjĜ‖4L2dτ.
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(Ü J1, J2, J3Ú J4��O,ÏL'u ε→ 0�4�,��

E sup
t∈[0,T∧τn]

‖ϕj β̂‖4L2 + E

∫ T∧τn

0

‖| · |ϕj β̂‖2L2‖ϕj β̂‖2L2dτ

≤ CE‖ϕj v̂0‖4L2 + C(1 + (T ∧ τn))E

∫ T∧τn

0

‖ϕjĜ‖4L2dτ. (3.6)

?�Ú,d v0 Ú G�b�^��� (3.6)ª¥� E supt∈[0,T∧τn] ‖ϕj β̂‖4L2 ����� nÃ'�~ê

��.Ïd,- n→∞,��� limn→∞ τn = T, P− a.s..2�âÚn 2.1,¤á

E sup
t∈[0,T ]

‖ϕj β̂‖4L2 + 22jE

∫ T

0

‖ϕj β̂‖4L2dτ ≤ CE‖ϕj v̂0‖4L2 + C(1 + T )E

∫ T

0

‖ϕjĜ‖4L2dτ. (3.7)

Ïd,

22jE

∫ T

0

‖ϕj β̂‖4L2dτ ≤ CE‖ϕj v̂0‖4L2 + C(1 + T )E

∫ T

0

‖ϕjĜ‖4L2dτ.

éþªü>Ó¦ 2
1
2 j ,,�� lr �ê,¤á

‖β‖L̃4(Ω;L̃4(0,T ;FḂ1
2,r)) ≤ C3

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
,

=y�(Ø¤á. �

5º 3.4 d (3.7)ª����

E sup
t∈[0,T ]

‖ϕj β̂‖4L2 ≤ CE‖ϕj v̂0‖4L2 + C(1 + T )E

∫ T

0

‖ϕjĜ‖4L2dτ.

éþªü>Ó¦ 2
1
2 j ,,�� lr �ê,�¼�¯K (3.1)�) β ∈ L̃4(Ω; L̃∞(0, T ;FḂ

1
2
2,r(R3))),¿�

3Ún 3.3�^�e,¤á

‖β‖
L̃4(Ω;L̃∞(0,T ;FḂ

1
2
2,r))
≤ C4

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
.

Ún 3.5 3Ún 3.3�b�^�e,K�3���VÇ8Ü Ω̃¦�¯K (3.1)�) β(ω, ·, ·) ∈
L̃4(0, T ;FḂ1

2,r(R3)),¿�é?¿� ω ∈ Ω̃,¤á

‖β(ω, ·, ·)‖L̃4(0,T ;FḂ1
2,r) ≤ C5

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
,

Ù¥~ê C5 > 0.

y² �Ä8Ü

Ω′ :=
{
ω : ‖β(ω, ·, ·)‖L̃4(0,T ;FḂ1

2,r) > C5

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]}
, (3.8)
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Ù¥~ê C5 > 0�½. dÚn 3.3Ú TchebychevØ�ª,��

P(Ω′) ≤ E‖β(ω, ·, ·)‖4
L̃4(0,T ;FḂ1

2,r)
C−4

5

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]−4

≤ (C3C
−1
5 )4.

� Ω̃ = Ω\Ω′� C5 > C3,K��

P(Ω̃) = 1−P(Ω′) ≥ 1− (C3C
−1
5 )4 > 0.

K(Ø�y. �

4. ½n1.4�y²

½n 1.4�y² ½Â)N� ΨÚ)�m Z ©O�

Ψ(v)(t) := β −B(v, v)

Ú

Z :=
{
v ∈ L̃4(0, T ;FḂ1

2,r(R3)) : ‖v‖L̃4(0,T ;FḂ1
2,r) ≤ 2ε

}
,

Ù¥ ε > 0�½,

β = TK,N (t)v0 +

∫ t

0

TK,N (t− τ)PGdW,

±9

B(v, v) =

∫ t

0

TK,N (t− τ)P∇̃ · (v(τ)⊗ v(τ))dτ.

Kò¦)¯K (1.1) =��ÏéN� Ψ(v) �ØÄ:. �d, ·�ò�y�3 ε > 0, ¦� Ψ ´r

Banach�m Z N�� Z �Ø N�.

Äk,dÚn 3.2��,¤á

‖B(v, v)‖Z ≤ C3‖v‖Z‖v‖Z . (4.1)

qdÚn 3.5��,�3�VÇ�Å8Ü Ω̃,¦�é?¿� ω ∈ Ω̃,¤á

‖β‖Z ≤ C5

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
.

Ïd,é?¿� v ∈ Z,¤á

‖Ψ(v)‖Z ≤
∥∥∥TK,N (t)v0 +

∫ t

0

TK,N (t− τ)PGdW
∥∥∥
Z

+ ‖B(v, v)‖Z
≤ C5

[
‖v0‖

L̃4(Ω;FḂ
1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))

]
+ C2‖v‖2Z .
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,	,daq�L§��,éu?¿� v1, v2 ∈ Z,¤á

‖Ψ(v1)−Ψ(v2)‖Z =
∥∥∥∫ t

0

TK,N (t− τ)P∇̃ ·
[
[v1(τ)⊗ (v1 − v2)(τ)] + [(v1 − v2)⊗ v2(τ)]

]
dτ
∥∥∥
Z

≤ C2(‖v1‖Z + ‖v2‖Z)‖v1 − v2‖Z .

y�v
�� ε,¦�

0 < ε < min
{ 1

4C2

, 1
}
,

¿�b�é?¿� T > 0, v0 ∈ L4(Ω;FḂ
1
2
2,r(R3))Ú G ∈ L4(Ω; L̃4(0, T ;FḂ

1
2
2,r(R3)))�÷v

‖v0‖
L̃4(Ω;FḂ

1
2
2,r)

+ (1 + T )‖G‖
L̃4(Ω;L̃4(0,T ;FḂ

1
2
2,r))
≤ ε

C5

.

K��

‖Ψ(v)‖Z ≤ ε+ 4C2ε ·min
{ 1

4C2

, 1
}
≤ 2ε,

¿�

‖Ψ(v1)−Ψ(v2)‖Z ≤
1

2
‖v1 − v2‖Z .

KdBanachØ N��n��,¯K (1.1)�3����N§Ú) (u, θ)(ω, ·, ·) ∈ L̃4(0, T ;FḂ1
2,r(R3)),

�÷v

‖(u, θ)‖L̃4(0,T ;FḂ1
2,r) ≤ 2ε.

�
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with Stable Lévy Noise. Journal of Mathematical Analysis and Applications, 489, Article ID: 124182.

https://doi.org/10.1016/j.jmaa.2020.124182

[10] Ferrario, B. (1997) The Bénard Problem with Random Perturbations: Dissipativity and Invariant Measures.

Nonlinear Differential Equations and Applications, 4, 101-121. https://doi.org/10.1007/PL00001407

[11] Pu, X. and Guo, B. (2011) Global Well-Posedness of the Stochastic 2D Boussinesq Equations with Partial

Viscosity. Acta Mathematica Scientia. Series B. English Edition, 31, 1968-1984.

https://doi.org/10.1016/S0252-9602(11)60375-5

[12] Du, L. and Zhang, T. (2020) Local and Global Existence of Pathwise Solution for the Stochastic Boussinesq

Equations with Multiplicative Noises. Stochastic Processes and their Applications, 130, 1545-1567.

https://doi.org/10.1016/j.spa.2019.05.011

[13] Santo, M. and Tegegn, T. (2016) Harmonic Analysis Tools for Stochastic Magnetohydrodynamics Equations

in Besov Spaces. International Journal of Modern Physics, 30, Article ID: 1640025.

https://doi.org/10.1142/S0217979216400257

[14] Sun, J. and Cui, S. (2019) Sharp Well-Posedness and Ill-Posedness in Fourier-Besov Spaces for the Viscous

Primitive Equations of Geophysics. Nonlinear Analysis: Real World Applications, 48, 445-465.

https://doi.org/10.1016/j.nonrwa.2019.02.003

[15] Bahouri, H., Chemin, J.-Y. and Danchin, R. (2011) Fourier Analysis and Nonlinear Partial Differential

Equations. In: Grundlehren der Mathematischen Wissenschaften, Vol. 343, Springer-Verlag, Berlin, Hei-

delberg. https://doi.org/10.1007/978-3-642-16830-7

[16] Triebel, T. (1983) Theory of Function Spaces, Monographs in Mathematics. Birkhäuser Verlag, Basel.

https://doi.org/10.1007/978-3-0346-0416-1

[17] Iwabuchi, T., Mahalov, A. and Takada, R. (2017) Global Solutions for the Incompressible Rotating Stably

Stratified Fluids. Mathematische Nachrichten, 290, 613-631. https://doi.org/10.1002/mana.201500385

DOI: 10.12677/pm.2022.128148 1359 nØêÆ

https://doi.org/10.1016/j.nonrwa.2019.103048
https://doi.org/10.1007/s10114-018-7482-2
https://doi.org/10.1016/j.jmaa.2020.124182
https://doi.org/10.1007/PL00001407
https://doi.org/10.1016/S0252-9602(11)60375-5
https://doi.org/10.1016/j.spa.2019.05.011
https://doi.org/10.1142/S0217979216400257
https://doi.org/10.1016/j.nonrwa.2019.02.003
https://doi.org/10.1007/978-3-642-16830-7
https://doi.org/10.1007/978-3-0346-0416-1
https://doi.org/10.1002/mana.201500385
https://doi.org/10.12677/pm.2022.128148

	1 引言及主要结果
	2 预备知识
	3 双线性估计和随机估计
	4 定理1.4的证明

