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Abstract

We are concerned with existence of positive solutions for the second order semi-

positone problem 
−u′′(t) = λh(t)f(u(t)), t ∈ (0, 1),

αu(0)− βu′(0) = 0, c(u(1))u(1) + δu′(1) = 0,

(P)

where λ is a positive parameter, α, δ > 0, β ≥ 0, c ∈ C([0,∞), [0,∞)), h ∈ C([0, 1], [0,∞)),

f ∈ C([0,∞),R) and f > −M (M > 0), f∞ := lim
u→∞

f(x)
x

=∞. By using fixed point theorem

of Krasnoselskii, we prove that there exists λ0 > 0 such that (P) has a positive solution

for 0 < λ < λ0.
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1. Úó

���©�§ Sturm-Liouville>�¯K´�a­��¯K,Úå
NõÆö�2�'5,¿®

²¼�
�
�35(J [1–14]'X, WangÚ Erbe [13] ïÄ
Xe�� Sturm-Liouville>�¯K u′′(t) + a(t)g(u(t)) = 0, t ∈ (0, 1),

αu(0)− βu′(0) = 0, γu(1) + δu′(1) = 0,

(1.1)

Ù¥ α, β, γ, δ ≥ 0� γβ +αγ +αδ > 0, g ∈ C([0,∞), [0,∞)). a ∈ C([0, 1], [0,∞))�3 [0, 1]�?

¿f«mþØð�". WangÚ Erbe$^Iþ�ØÄ:½n,ïá
Xe(J:
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½n A ( [13],½n 1) e g÷ve�^� :

lim
u→0

max
t∈[0,1]

g(t, u)

u
= 0, lim

u→∞
min
t∈[0,1]

g(t, u)

u
= +∞

½

lim
u→0

min
t∈[0,1]

g(t, u)

u
= +∞, lim

u→∞
max
t∈[0,1]

g(t, u)

u
= 0,

K¯K (1.1)���3���).

3#N f �K���/e,éu����/, Anuradha� [14]$^Iþ�ØÄ:½nïÄ
�

� Sturm-Liouville>�¯K −u
′′(t) = λf(t, u(t)), t ∈ (r,R),

au(r)− bu′(r) = 0, cu′(R) + du′(R) = 0,

(1.2)

Ù¥ λ��ëê,¿�:

(A1) a, b, c, d ≥ 0� ac+ ad+ bc > 0;

(A2) f : [r,R]× [0,∞)→ RëY� f(t, u) > −M (M > 0), t ∈ [r,R];

(A3) f∞ = lim
x→∞

f(x)
x

=∞.

¦�ïá
Xe(J:

½n B ( [14],½n 2.1) e (A1)–(A3)¤á,� λ > 0�¿©��,¯K (1.2)���3���

). ��5¿�´,©z [13]¤ïÄ¯K¥��5� f �K,©z [14]�,ïÄ
��¯K��Î´

�5>.^�.g,�¯:���5� f ����/�>.^����5�¯K (P)´Ä�3�)?

Ïd,�©�Ä  −u
′′(t) = λh(t)f(u(t)), t ∈ (0, 1),

αu(0)− βu′(0) = 0, c(u(1))u(1) + δu′(1) = 0

(1.3)

�)��35.·�ob½ : (H1) λ > 0��ëê,α, δ > 0, β ≥ 0�~ê; (H2) c : [0,∞)→ [0,∞)

ëY, h : [0, 1] → [0,∞)ëY,�3 [0, 1]�?¿f«mØð�"; (H3) f : [0,∞) → RëY� f ÷

v f(s) > −M (M > 0); �©�Ì�(JXe: ½n 1.1 b� (H1)–(H3)� (A3)¤á,K�3~ê

λ0 > 0¦�� 0 < λ < λ0�,¯K (1.3)���3���) uλ,�� λ→ 0+�, uλ →∞.

2. ý��£

-�m X := C[0, 1], Ù3�ê ‖u‖∞ = max
t∈[0,1]

|u(t)| e�¤ Banach �m, L1(0, 1) 3�ê

‖y‖1 =
∫ 1

0
|y(t)|dte�¤ Banach�m.

Ún 2.1 [15] -E�Banach�m,P �E¥�I, T : P → P ��ëY�f.b� h ∈ E, h 6= 0
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��3�ê r, R, r 6= R¦�

(a)e y ∈ P ÷v y = θTy, θ ∈ [0, 1],K ‖y‖∞ 6= r;

(b)e y ∈ P ÷v y = Ty + ξh, ξ ≥ 0,K ‖y‖∞ 6= R.

K T �3ØÄ: y,� min{r,R} < ‖y‖∞ < max{r,R}. Ún 2.2 - ω÷v −ω
′′(t) = m(t), t ∈ (0, 1),

αω(0)− βω′(0) = 0, γω(1) + δω′(1) = 0,

Ù¥ γ > 0�~ê, m ∈ L1[0, 1], m(t) ≥ 0, t ∈ (0, 1),� ρ := γβ + γα+ αδ > 0. K

ω(t) ≥ ‖ω‖∞σ, t ∈ [0, 1],

Ù¥

σ = min{ δ

δ + γ
,

β

α+ β
}.

y²N´y²

ω(t) =

∫ 1

0

G(t, s)ω(s)ds := Lω(t),

Ù¥

G(t, s) =


(γ+δ−γt)(β+αs)

ρ
, 0 ≤ s ≤ t ≤ 1,

(β+αt)(γ+δ−γs)
ρ

, 0 ≤ t ≤ s ≤ 1.

w,, G(t, s) ≥ 0, t ∈ [0, 1].- ‖ω‖∞ = ω(τ), τ ∈ [0, 1].¯¢þ

G(t, s)

G(τ, s)
≥ G(t, s)

G(s, s)
≥


δ

δ+γ
, 0 ≤ s ≤ t ≤ 1,

β
α+β

, 0 ≤ t ≤ s ≤ 1.

Ïd

ω(t) =

∫ 1

0

G(t, s)

G(τ, s)
G(τ, s)ω(s)ds ≥ ‖ω‖∞σ.

Ún 2.3 - k ∈ L1(0, 1),� k ≥ 0,- u ∈ C1[0, 1] ∩ C2(0, 1)÷v −u
′′(t) ≥ −k, t ∈ (0, 1),

αu(0)− βu′(0) ≥ 0, γu(1) + δu′(1) ≥ 0.

- ϕ := β+α
α

,b� ‖u‖∞ > 2ϕ(1 + 1
σ

)‖k‖1,K u(t) ≥ 0�

u(t) ≥ σ

2
‖u‖∞, t ∈ [0, 1].
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y²- ν0(t)�¯K  −ν
′′(t) = −k, t ∈ (0, 1),

αν(0)− βν′(0) = 0, γν(1) + δν′(1) = 0

���),K

−ν0(t) =

∫ 1

0

G(t, s)k(s)ds

=

∫ t

0

(γ + δ − γt)(β + αs)

ρ
k(s)ds+

∫ 1

t

(β + αt)(γ + δ − γs)
ρ

k(s)ds

≤
∫ 1

0

(γ + δ − γt)(β + αt)

ρ
ds‖k‖1

≤ (γ + δ)(β + α)

γβ + γα+ αδ
‖k‖1

≤ (β + α)

α
‖k‖1.

Ïd

−ν0(t) ≤ ϕ‖k‖1.

- y(t) = u(t)− ν0(t),k  −y
′′(t) ≥ 0, t ∈ (0, 1),

αy(0)− βy′(0) ≥ 0, γy(1) + δy′(1) ≥ 0.

dÚn 2.2��

y(t) ≥ ‖y‖∞σ, t ∈ [0, 1],

¤±

u(t) = y(t) + ν0(t)

≥ ‖y‖∞σ − ϕ‖k‖1

= ‖u− ν0‖∞σ − ϕ‖k‖1

≥ (‖u‖∞ − ‖ − ν0‖∞)σ − ϕ‖k‖1

≥ (‖u‖∞ − ϕ(1 +
1

σ
)‖k‖1)σ

≥ σ

2
‖u‖∞, t ∈ (0, 1).
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3. Ì�(J�y²

½n 1.1�y² - λ > 0,é v ∈ X k Lλv = u,Ù¥ u� −u
′′(t) = λh(t)f(ṽ(t)), t ∈ (0, 1),

αu(0)− βu′(0) = 0, γvu(1) + δu′(1) = 0

�).�- γv = c(|v(1)|), σ(t) = min{ δ
δ+γv

β
α+β
}

ṽ(t) = max{v(t), σ(t)}.

dÚn 2.2��

u(t) = λ

∫ 1

0

Gv(t, s)h(s)f(ṽ(s))ds,

Ù¥

Gv(t, s) =


(γv+δ−γvt)(β+αs)
αδ+γvβ+γvα

, 0 ≤ s ≤ t ≤ 1,

(β+αt)(γv+δ−γvs)
αδ+γvβ+γvα

, 0 ≤ t ≤ s ≤ 1.

½Â X ¥�I

P = {u ∈ X | u(t) ≥ σ

2
||u||∞, t ∈ [0, 1]}.

e u ∈ P ,(ÜÚn 2.3��

Lλu(t) = λ

∫ 1

0

G(t, s)h(s)f(ṽ(s))ds

≥ λ
∫ 1

0

G(t, s)

G(s, s)
G(s, s)h(s)f(ṽ(s))ds

≥ σ||Lλu||∞

≥ σ

2
||Lλu||∞, t ∈ [0, 1].

Ïd Lλ(P ) ⊂ P .ey LλëY.

Äk,� S ⊂ C[0, 1]�k.8,K�3�ê B,¦�é?¿� v ∈ S k ||v||∞ ≤ B.d f �ëY

5�,�3 D > 0,k

f(v) ≤ D, v ∈ S.

- vn ∈ S � vn → v,K

un = Lλvn, u = Lλv.

d.�KF¥�½n��,�3~ê N > 0,k

|Gvn(t, s)−Gv(t, s)| ≤ N |γvn − γv|.
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Ï�

|f(ṽn(s))− f(ṽ(s))| → 0, n→∞, s ∈ [0, 1],

|Lλvn − Lλv| = |λ
∫ 1

0

Gvn(t, s)h(s)f(ṽn(s))ds− λ
∫ 1

0

Gv(t, s)h(s)f(ṽ(s))ds|

≤ λ(

∫ 1

0

|Gvn(t, s)−Gv(t, s)|h(s)|f(ṽn(s))|ds+

∫ 1

0

Gv(t, s)h(s)|f(ṽn(s))− f(ṽ(s))|ds)

< λ(

∫ 1

0

N |γvn − γv|h(s)|f(ṽn(s))|ds+

∫ 1

0

Gv(t, s)h(s)|f(ṽn(s))− f(ṽ(s))|ds),

¤±

|Lλvn − Lλv| → 0, n→∞,

� Lλvn → Lλv.¤± Lλ�ëY5�y.ey Lλ´;�f.

éu v ∈ S k

||Lλv|| ≤ D
∫ 1

0

Gv(s, s)h(s)ds,

Ïd, Lλ : C[0, 1]→ C[0, 1]��k..é?¿ t1, t2 ∈ [0, 1] (t1 < t2)k

|Lλv(t1)− Lλv(t2)| = |λ
∫ 1

0

Gv(t1, s)h(s)f(ṽ(s))ds− λ
∫ 1

0

Gv(t2, s)h(s)f(ṽ(s))ds|

≤ λD
∫ 1

0

|Gv(t1, s)−Gv(t2, s)|h(s)ds.

d G(t, s)ëY5��, Lλ�ÝëY.d Arzèla-Ascoli½n�, Lλ : C[0, 1]→ C[0, 1]��ëY�f.

- a > 1k

f(z) > 0, z ≥ a.

d f �ëY5��

|f(z)| ≤M, z ∈ (0, a). (3.1)

Ïd

|f(z)| ≤ (M + f̂(max{z, a}), z > 0, (3.2)

Ù¥

f̂(x) = sup
a≤z≤x

f(z), x ≥ a.

b� λ < a
2(c1+c2f(a))

,Ù¥

c1 =
(α+ β)M

α

∫ 1

0

h(s)ds, c2 =
(α+ β)

α

∫ 1

0

h(s)ds.

DOI: 10.12677/pm.2022.128150 1376 nØêÆ

https://doi.org/10.12677/pm.2022.128150


�ZJ

eyÚn 2.2�b�é Lλ¤á.

(a)�3 rλ > 0,e u ∈ P ÷v

u = θLλu, θ ∈ [0, 1],

K ||u||∞ 6= rλ. ¯¢þ,- u ∈ P ÷v u = θLλu, θ ∈ [0, 1],K

u(t) = θλ

∫ 1

0

Gu(t, s)h(s)f(ũ(s))ds, t ∈ [0, 1].

Ï� a > 1, σ < 1,d (3.2)��

|f(u)| ≤M + f̂(max{u, a}),

� Gu(t, s) ≤ α+β
α
, t ∈ (0, 1).Ïd

u(t) ≤ λα+ β

α
(M + f̂(max{u, a})

∫ 1

0

h(s)ds

≤ λ(c1 + c2f̂(max{||u||∞, a})), t ∈ [0, 1].

=
||u||∞

c1 + c2f̂(max{||u||∞, a}
≤ λ. (3.3)

Ï�
a

(c1 + c2f(a))
> 2λ,

(Ü (A4),K�3 rλ > a¦�
rλ

c1 + c2f̂(rλ)
= 2λ. (3.4)

d (3.3), (3.4)� ||u||∞ 6= rλ�

rλ →∞, λ→ 0.

(b)�3 Rλ > 0,éu u ∈ P k
u = Lλu+ ξ, ξ ≥ 0.

K ||u||∞ 6= Rλ.¯¢þ,- u ∈ P ÷v u = Lλu+ ξ, ξ ≥ 0,K

u(t)− ξ = λ

∫ 1

0

Gu(t, s)h(s)f(ũ(s))ds.

Ï� u(t)− ξ÷v  −u
′′(t) = λh(t)f(u(t)), t ∈ (0, 1),

u(0)− βu′(0) = ξ ≥ 0, γvu(1) + δu′(1) = γvξ ≥ 0.
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- k(t) = Mh(t), t ∈ [0, 1].d (3.1)��

h(t)f(ũ(t)) ≥ −Mh(t) = −k(t), t ∈ [0, 1].

dÚn 2.3��

u(t) ≥ (||u||∞ − ϕ(1 +
1

σ
)||k||1)σ, t ∈ [0, 1].

b� ||u||∞ > max{2ϕ(1 + 1
σ

), 2
σ
},K

u(t) ≥ (||u||∞ −
||u||∞

2
)σ

=
σ||u||∞

2
, t ∈ [0, 1].

� s ∈ Λ = [1
4
, 3

4
]k

Gu(t, s) ≥
(δ + 1

4
γ)( 1

4
α+ β)

(δ + γ)(α+ β)
≥ (4 + γ)(1 + 4β)

16(1 + γ)(1 + β)
≥ 1

16
.

Ïd

u(t) = λ

∫ 1

0

Gu(t, s)h(s)f(ũ(s))ds

≥ λ
∫

Λ

Gu(t, s)h(s)f(ũ(s))ds+ λ

∫
Λc

Gu(t, s)h(s)f(ũ(s))ds

≥ λ(
1

16
f̌(
||u||∞

2
σ)

∫
Λ

h(s)ds− (α+ β)

α
M ||k||1),

Ù¥ f̌(x) = inf
z≥x

f(z).¯¢þ

1
16
f̌( ||u||∞

2
σ)

∫
Λ
h(s)ds− (α+β)

α
K||k||1

||u||∞
≤ 1

λ
. (3.5)

(Ü (A3), (3.5)��,�3 Rλ > 1� ||u||∞ < Rλ,Ïd (b)¤á.

Ïd,dÚn 2.1��,¯K (1.3)�3���) uλ(t),� λ→ 0�

uλ(t)→∞, t ∈ [0, 1].

4. A^

~ �Ä¯K  −u
′′(t) = λt2(u2(t)− 1), t ∈ (0, 1),

u(0)− u′(0) = 0, u3(1) + u′(1) = 0

(4.1)
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)��35,Ù¥ λ > 0.

) ùp� f(u) = u2(t)− 1, α = β = δ = 1, h(t) = t2, c(u(1)) = u2(1).

éu¯K (4.1)
ó, (H1), (H2)w,¤á,Ï� lim
u→∞

f(u)
u

= ∞� f(u) > −1, u ∈ [0,∞),K f

÷v (H3), (A3).

�â½n 1.1,�3~ê λ∗ > 0,¦�� 0 < λ∗ < λ0�,¯K (4.1)�3���) uλ,� λ→ 0+

�, uλ →∞.

Ä7�8

I[g,�ÆÄ7]Ï�8(1OÒ: 12061064).
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