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Abstract

In this paper, the problem of time periodic solutions for the Boussinesq equation with
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strong damping is studied. When the periodic external force has some small property,

the existence and uniqueness of the time-periodic solutions for the Boussinesq equation

with Strong damping are proved by spectral analysis of the solution operator and the

principle of compression mapping. Moreover, the period of the solution is the same

as that of the external force term.
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1. Úó

�©ïÄ
Xe�r{Z� Boussinesq�§3�	å�^e�m±Ï)��3��5

utt −∆u+ ∆2u−∆ut = ∆f(u) + ∆ϕ(x, t), x ∈ Rn, t > 0, (1.1)

Ù¥ u = u(x, t)´��¼ê§� u→ 0�, f(u) = O(|u|σ), σ > 2´���ê§−∆ut´r{Z�§

	å� ϕ(x, t)´±Ï� T ��m±Ï¼ê"

1834 c§=IEEó§� Russel [1]�@uy�áÅy�§§´�«3DÂL§¥U
�±

Å/ÚÅ�ØC�fY�Å§�ü��áÅ-E�§§�U
p�Bß¿�±�5�Å/Ú�Ý"

Russelßÿ�áÅ´6N$Ä����)§�¦vklnØþ�Ñy²"1872 c§{IêÆ[

Boussinesq [2]3ïÄfY�¥�Å���5DÂ�§�3
Ü©ç����\�Ý§b�
°.

´Y²¡§·Y�Ý��uY�gd¡ÌÝ§�:�Y²���Ý´'uY��~ê§ç���

�Ý�Y�¥�5'X§í�Ñ
Xe�§µ

utt − uxx + αuxxxx = β(u2)xx, x ∈ R, (1.2)

ùp α, β ´�6u6N�ÝÚ�Å�A��Ý�~ê"²L?�Ú©Û§Boussinesq uy
�

§(1.2)äkAÏ�1Å)(=�áÅ)§ùé�áÅy��Ñ
�Æ�)º§�5<�¡�§(1.2)�

Boussinesq�§"

Cc5§NõêÆÔnó�öé Boussinesq�§ Cauchy¯KÐm
ïÄ"éu)�ÛÜ�3
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5�ïÄ§·��±ë�©z [3–5]"BonaÚ Sach [3]3 Hs(s > 1
2
)�m¥y²)�ÛÜ�35"

Farah [4]3Hs(s > − 1
4
)�m¥y²
)�ÛÜ�35"KishimotoÚ Tsugawa [5]3Hs(s > − 1

2
)

�m¥y²
)�ÛÜ·½5"éu�Ð�)��N�35�ïÄ§·��±ë�©z [3, 6–9]"

BanaÚ Sach [3]3�áfÅ�NC��
T�§�N)"Linares [6]U?
 BanaÚ Sach [3]�

<�(J§3�Ð�^�ey²
T�§)��N�35"TsutsumiÚMatahasi [7]ò¯K=z

���5 Schrödinger�§XÚ3�Ð�^�eïá
T�§�N)"Liu [8]|^�§�ÚÑ�

AÚUþÅð3�Ð�^�ey²
T�§)��N�35§ChoÚOzawa [9]|^�§�ÚÑ

�AÚ Besove�mEâ3�Ð�^�ey²
T�§�)��N�35"éu�Ð�)��»

Ú�N�35�ïÄ§·��±ë�©z [10–12]"éuf)��N�35ïÄ§·��±ë�©

z [12, 13]"

Boussinesq�§´£ã
f�ÃÊ6�2ÂÅÄ�§§y¢.¥6N�SÜ��Þå´

Ø�;��§Varlamov [14]31994 cJÑ
�r{Z� Boussinesq�§

utt − uxx + αuxxxx − γutxx = β(f(u))xx, x ∈ R, (1.3)

Ù¥ γ > 0´Ê5Xê§−γutxx´r{Z�"

�r{Z� Boussinesq�§ Cauchy¯KÓ�áÚ
�þ�êÆÔnó�ö�,�" Varlam-

ov [14]y²
T�§)�ÛÜ�35"Wang [15]|^�+nØ±9 Fourier�m¥�Uþ�O�

{y²
�Ð�)��N·½5Ú��m1�"LiuÚWang [16]|^ Green¼êÚUþ�O�{

y²
�Ð�)��N·½5ÚÅ:�O"�C§LiuÚWang [17]3�Ñ�§�ÑÑ�A�/e

=|^�§�ÚÑ�Ay²
�Ð�)��N·½5ÚÃÊ4�"LiuÚWang [18]|^�§�Ú

ÑÚÑÑÍÜ�Ay²
�Ð�)��N·½5Ú��m1�"Xu, Luo, ShenÚ Huang [19]y²


�Ð�)��»ÚAÏ^�e)��N·½5"

�m±Ï)��35¯K´��5uÐ�§ïÄ¥�Ä����¯K"�C§Wang Ú

Li [20]ïÄ
Xe�f{Z� Beam�§

utt −∆u+ ∆2u− ut = ∆f(u) + ∆ϕ(x, t), x ∈ Rn, t > 0, (1.4)

Ù¥−ut ´f{Z�, ��5� f(u) = O(u2), u → 0. ¦�3±Ï	åäk,«�5�y²
T�

§�m±Ï)�3��5Ú½5§¿�T�m±Ï)�±Ï	å�äk�Ó�±Ï"�8c�

�§éu�r{Z� Boussinesq�m±Ï)��35¯K�ïÄ�´�x�"

ÉWangÚ Li [20]�éu§�©�Ä
�r{Z� Boussinesq�§�m±Ï)¯K§·�ò

¿©|^�§¥r{Z�¤�)�ÑÑ�A3 Fourier�m¥ïá��¼ê�Å:�O§l��

)�f3 L2 µee'u�m�P~5�§��|^Ø N��nïáT�§3�	å�^e�m

±Ï)��3��5"

�©�(�SüXeµ1�!´ÚóÜ©§Ì�0�¯K�ïÄ�µÚïÄyG"1�!´

ý��£§Ì�0��©Ñy�ÎÒÚ�
Ä:�£"1n!·�|^��¼ê3 Fourier�m�

Å:�Oïá)�f�P~�O"1o!·�|^Ø N��ny²
r{Z Boussinesq�§�

m±Ï)��3��5"1Ê!´�©�(Ø"
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2. ý��£

3�©¥, RL«¢ê8, ZL«�ê8, Z+ L«��ê8. Rn L« n�îAp��m. C L

«~ê, §3ØÓ�/���ØÓ. A . B L«A 6 CB, A & B L«A > CB. ∂ L«¦��f, ∆

L«Laplace�f.

½Â 2.1. [21] ¼ê g� FourierC�½ÂXe

ĝ(ξ) = Fg(ξ) =

∫
Rn

g(x)e−ixξdx.

¼ê g� Fourier_C�½ÂXe

f(x) = F−1ĝ(x) = (2π)−n
∫
Rn

ĝ(ξ)eixξdξ.

½Â 2.2. [21] � k ∈ Z+, 1 6 p 6∞, ½Â��ê Sobolev�m�

W k,p(Rn) = {u ∈ Lp(Rn) : ∂αu ∈ Lp(Rn),∀|α| 6 k},

Ù�ê�

‖u‖Wk,p(Rn) =



( ∑
|α|6k

‖∂αu‖pLp

) 1
p

, 1 6 p <∞,

max
|α|6k

‖∂αu‖L∞ , p =∞.

AO/, � p = 2�, W k,2(Rn)´ Hilbert�m, ·�P� Hk(Rn).

Ún 2.1. [21] (Plancherel ½n)

é?¿ g ∈ L1(Rn) ∩ L2(Rn), Kk ĝ ∈ L2(Rn), ¿�÷v

‖ĝ‖L2 = ‖g‖L2 .

Ún 2.2. (Hausdorff-Young Ø�ª)

� 1 6 p 6 2, 1
p

+ 1
p′

= 1, e g ∈ Lp(Rn), Kkĝ ∈ Lp′(Rn)�÷ve�Ø�ª

‖ĝ‖Lp′ 6 ‖g‖Lp .

Ún 2.3. [21](òÈ. YoungØ�ª)

� 1 6 p, q,m 6∞÷v 1
p
+ 1
q

= 1+ 1
m
,Kéu?¿�u ∈ Lp(Rn), v ∈ Lq(Rn),ku∗v ∈ Lm(Rn),

¿�÷v

‖u ∗ v‖Lm 6 ‖u‖Lp‖v‖Lq .
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Ún 2.4. [21] (Hölder Ø�ª)

e 1 6 p, q 6∞÷v 1
p

+ 1
q

= 1, é?¿ u ∈ Lp, v ∈ Lq, Kkuv ∈ L1, �÷vØ�'X

‖uv‖L1 6 ‖u‖Lp‖v‖Lq .

Ún 2.5. [20]e f = f(u)´��1w¼ê�÷v f(u) = O(|u|1+α), u → 0, Ù¥ α > 1´

���ê"u ∈ L∞ �÷v ‖u‖L∞ 6 M0, ùp M0 ´����~ê§� 1 6 p, q, r 6 ∞�÷v
1
r

= 1
p

+ 1
q
, k ∈ Z+, K·���Xe�O

‖∂kxf(u)‖Lr 6 C‖u‖Lp‖∂kxu‖Lq‖u‖α−1L∞ .

?�Ú§·�����

‖∂kx(f(u1)− f(u2))‖Lr 6 C
{

(‖∂kxu1‖Lp + ‖∂kxu2‖Lp)‖u1 − u2‖Lq

+ (‖u1‖Lq + ‖u2‖Lq)‖∂kx(u1 − u2)‖Lp

}
(‖u1‖L∞ + ‖u2‖L∞)

α−1
.

e¡·��â Duhamel�n¦Ñ�§(1.1)�È©L�ª§é�§(1.1)� FourierC���

ûtt + |ξ|2û+ |ξ|4û+ |ξ|2ût = −|ξ|2(f̂(u) + ϕ̂), (2.1)

Ù�5Ü©éA�A��§�

λ2 + |ξ|2λ+ |ξ|2 + |ξ|4 = 0, (2.2)

¦)��

λ(|ξ|) = −1

2
|ξ|2 ± iw(|ξ|), w(|ξ|) = |ξ|

√
1 +

3

4
|ξ|2. (2.3)

d Duhamel�n��

u(t) = G(x, t− s) ∗ ut(s) +H(x, t− s) ∗ u(s) +

∫ t

s

G(x, t− τ) ∗∆(f(u) + ϕ)dτ, t > s, (2.4)

ùp

Ĝ(ξ, t) =
eλ+(ξ)t − eλ−(ξ)t

λ+(ξ)− λ−(ξ)
, (2.5)

Ĥ(ξ, t) =
λ+(ξ)eλ−(ξ)t − λ−(ξ)eλ+(ξ)t

λ+(ξ)− λ−(ξ)
. (2.6)

ò(2.5)Ú(2.6)ªé�mCþ t¦�§·���
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∂tĜ(ξ, t) =
λ+(ξ)

λ+(ξ)− λ−(ξ)
eλ+(ξ)t − λ−(ξ)

λ+(ξ)− λ−(ξ)
eλ−(ξ)t, (2.7)

∂tĤ(ξ, t) =
λ+λ−(ξ)

λ+(ξ)− λ−(ξ)

(
eλ−(ξ)t − eλ+(ξ)t

)
. (2.8)

3. )�f�P~�O

ù��!ïá)�f�P~�O"·�Ú\��1w��ä¼ê§-

χ(ξ) =

{
1, |ξ| < r,

0, |ξ| > 2r,

Ù¥ 0 < r < 1´��~ê"·�½Â

f̂l = χ(ξ)f̂(ξ), f̂h = (1− χ(ξ))f̂(ξ).

@o

fl = χ(D)f(x), fh = (1− χ(D))f(x),

Ù¥�f χ(D) = F−1[χ(ξ)].

Ún 3.1. éu¼ê Ĝ(ξ, t), ∂tĜ(ξ, t), Ĥ(ξ, t), ∂tĤ(ξ, t), ·�kXe�O

|Ĝl(ξ, t)| 6 C
1

|ξ|
e−c|ξ|

2t, |Ĝh(ξ, t)| 6 C 1

|ξ|2
e−c|ξ|

2t, (3.1)

|∂tĜl(ξ, t)| 6 Ce−c|ξ|
2t, |∂tĜh(ξ, t)| 6 Ce−c|ξ|

2t, (3.2)

|Ĥl(ξ, t)| 6 Ce−c|ξ|
2t, |Ĥh(ξ, t)| 6 Ce−c|ξ|

2t, (3.3)

|∂tĤl(ξ, t)| 6 C|ξ|e−c|ξ|
2t, |∂tĤh(ξ, t)| 6 C|ξ|2e−c|ξ|

2t. (3.4)

y² � |ξ| 6 r < 1�§d(2.3)ª±9 TaylorÐmúª§·���

w(|ξ|) = |ξ|
√

1 +
3

4
|ξ|2 = |ξ|+O(|ξ|3). (3.5)

w(|ξ|)−1 =

(
|ξ|
√

1 +
3

4
|ξ|2
)−1

=
1

|ξ|
− 3

8
|ξ|+O(|ξ|3). (3.6)
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1

λ+(ξ)− λ−(ξ)
=

1

2iw(|ξ|)
=

1

2i
(

1

|ξ|
− 3

8
|ξ|+O(|ξ|3)). (3.7)

λ+(ξ)

λ+(ξ)− λ−(ξ)
=
− 1

2
|ξ|2 + iw(|ξ|)
2iw(|ξ|)

=
1

2
− 1

4i
|ξ|2(w(|ξ|))−1

=
1

2
− 1

4i
|ξ|2( 1

|ξ|
− 3

8
|ξ|+O(|ξ|3))

=
1

2
− 1

4i
(|ξ|+O(|ξ|3)). (3.8)

λ−(ξ)

λ+(ξ)− λ−(ξ)
=
− 1

2
|ξ|2 − iw(|ξ|)
2iw(|ξ|)

= −1

2
− 1

4i
|ξ|2(w(|ξ|))−1

= −1

2
− 1

4i
|ξ|2( 1

|ξ|
− 3

8
|ξ|+O(|ξ|3))

= −1

2
− 1

4i
(|ξ|+O(|ξ|3)). (3.9)

λ+λ−(ξ)

λ+(ξ)− λ−(ξ)
=

1
4
|ξ|4 + (w(|ξ|))2

2iw(|ξ|)
=

1

2i

(
w(|ξ|)) +

1

4
|ξ|4(w(|ξ|))−1

)
=

1

2i

(
(|ξ|+O(|ξ|3)) +

1

4
|ξ|4( 1

|ξ|
− 3

8
|ξ|+O(|ξ|3))

)
=

1

2i

(
|ξ|+O(|ξ|3)

)
. (3.10)

� |ξ| > r�§d(2.3)ª±9 TaylorÐmúª§·���

w(|ξ|) = |ξ|
√

1 +
3

4
|ξ|2 =

√
3

2
|ξ|2

(
1 +

4

3

1

|ξ|2

) 1
2

=

√
3

2
|ξ|2 +

√
3

3
+O(

1

|ξ|2
). (3.11)

w(|ξ|)−1 =

(√
3

2
|ξ|2
√

1 +
4

3

1

|ξ|2

)−1
=

2
√

3

3

1

|ξ|2

(
1 +

4

3

1

|ξ|2

)− 1
2

=
2
√

3

3

1

|ξ|2
+O(

1

|ξ|4
). (3.12)

1

λ+(ξ)− λ−(ξ)
=

1

2iw(|ξ|)
=

1

2i

(
2
√

3

3

1

|ξ|2
+O(

1

|ξ|4
)

)
. (3.13)

λ+(ξ)

λ+(ξ)− λ−(ξ)
=
− 1

2
|ξ|2 + iw(|ξ|)
2iw(|ξ|)

=
1

2
− 1

4i
|ξ|2(w(|ξ|))−1

=
1

2
− 1

4i
|ξ|2(2

√
3

3

1

|ξ|2
+O(

1

|ξ|4
))

=
1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
)). (3.14)
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λ−(ξ)

λ+(ξ)− λ−(ξ)
=
− 1

2
|ξ|2 − iw(|ξ|)
2iw(|ξ|)

= −1

2
− 1

4i
|ξ|2(w(|ξ|))−1

= −1

2
− 1

4i
|ξ|2(2

√
3

3

1

|ξ|2
+O(

1

|ξ|4
))

= −1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
)). (3.15)

λ+λ−(ξ)

λ+(ξ)− λ−(ξ)
=

1
4
|ξ|4 + (w(|ξ|))2

2iw(|ξ|)
=

1

2i

(
w(|ξ|)) +

1

4
|ξ|4(w(|ξ|))−1

)
=

1

2i

(
(

√
3

2
|ξ|2 +

√
3

3
+O(

1

|ξ|2
)))

+
1

4
|ξ|4(2

√
3

3

1

|ξ|2
− 4
√

3

9

1

|ξ|4
+O(

1

|ξ|6
))
)

=
1

2i

(
2
√

3

3
|ξ|2 +

2
√

3

9
+O(

1

|ξ|2
)

)
. (3.16)

�âþãO�(J§·�ïá Green¼ê�Å:�O"� |ξ| 6 r < 1�§·���

|Ĝl(ξ, t)| =
∣∣∣ 1

λ+(ξ)− λ−(ξ)
(eλ+(ξ)t − eλ−(ξ)t)

∣∣∣
=
∣∣∣ 1

2i

(
1

|ξ|
− 3

8
|ξ|+O(|ξ|3)

)
e−

1
2 |ξ|

2t(eitw(|ξ|) − e−itw(|ξ|))
∣∣∣

6 C
1

|ξ|
e−c|ξ|

2t. (3.17)

|∂tĜl(ξ, t)| =
∣∣∣ λ+(ξ)

λ+(ξ)− λ−(ξ)
eλ+(ξ)t − λ−(ξ)

λ+(ξ)− λ−(ξ)
eλ−(ξ)t

∣∣∣
=
∣∣∣ (1

2
− 1

4i
(|ξ|+O(|ξ|3))

)
e−

1
2 |ξ|

2teitw(|ξ|)

−
(
−1

2
− 1

4i
(|ξ|+O(|ξ|3))

)
e−

1
2 |ξ|

2te−itw(|ξ|)
∣∣∣

6 Ce−c|ξ|
2t. (3.18)

|Ĥl(ξ, t)| =
∣∣∣ λ+(ξ)

λ+(ξ)− λ−(ξ)
eλ−(ξ)t − λ−(ξ)

λ+(ξ)− λ−(ξ)
eλ+(ξ)t

∣∣∣
=
∣∣∣ (1

2
− 1

4i
(|ξ|+O(|ξ|3))

)
e−

1
2 |ξ|

2te−itw(|ξ|)

−
(
−1

2
− 1

4i
(|ξ|+O(|ξ|3))

)
e−

1
2 |ξ|

2teitw(|ξ|)
∣∣∣

6 Ce−c|ξ|
2t. (3.19)
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|∂tĤl(ξ, t)| =
∣∣∣ λ+(ξ)λ−(ξ)

λ+(ξ)− λ−(ξ)

(
eλ−(ξ)t − eλ+(ξ)t

) ∣∣∣
=
∣∣∣ 1

2i

(
|ξ|+O(|ξ|3)

)
e−

1
2 |ξ|

2t
(
eitw(|ξ|) − e−itw(|ξ|)) ∣∣∣

6 C|ξ|e−c|ξ|
2t. (3.20)

� |ξ| > r�§·���

|Ĝh(ξ, t)| =
∣∣∣ 1

λ+(ξ)− λ−(ξ)
(eλ+(ξ)t − eλ−(ξ)t)

∣∣∣
=
∣∣∣ 1

2i

(
2
√

3

3

1

|ξ|2
+O(

1

|ξ|4
)

)
e−

1
2 |ξ|

2t(eitw(|ξ|) − e−itw(|ξ|))
∣∣∣

6 C
1

|ξ|2
e−c|ξ|

2t. (3.21)

|∂tĜh(ξ, t)| =
∣∣∣ λ+(ξ)

λ+(ξ)− λ−(ξ)
eλ+(ξ)t − λ−(ξ)

λ+(ξ)− λ−(ξ)
eλ−(ξ)t

∣∣∣
=
∣∣∣(1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
))

)
e−

1
2 |ξ|

2teitw(|ξ|)

−

(
−1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
))

)
e−

1
2 |ξ|

2te−itw(|ξ|)
∣∣∣

6 Ce−c|ξ|
2t. (3.22)

|Ĥh(ξ, t)| =
∣∣∣ λ+(ξ)

λ+(ξ)− λ−(ξ)
eλ−(ξ)t − λ−(ξ)

λ+(ξ)− λ−(ξ)
eλ+(ξ)t

∣∣∣
=
∣∣∣(1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
))

)
e−

1
2 |ξ|

2te−itw(|ξ|)

−

(
−1

2
− 1

4i
(
2
√

3

3
+O(

1

|ξ|2
))

)
e−

1
2 |ξ|

2teitw(|ξ|)
∣∣∣

6 Ce−c|ξ|
2t. (3.23)

|∂tĤ(ξ, t)| =
∣∣∣ λ+(ξ)λ−(ξ)

λ+(ξ)− λ−(ξ)

(
eλ−(ξ)t − eλ+(ξ)t

) ∣∣∣
=
∣∣∣ 1

2i

(
2
√

3

3
|ξ|2 +

2
√

3

9
+O(

1

|ξ|2
)

)
e−

1
2 |ξ|

2t
(
eitw(|ξ|) − e−itw(|ξ|)) ∣∣∣

6 C|ξ|2e−c|ξ|
2t. (3.24)

nþ¤ã§Ún 3.1¤á" �
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e¡·�|^Ún 3.1ïá)�f�P~�O"

Ún 3.2. � 1 6 p 6 2, k, j, l��K�ê§0 6 j 6 k, k + l − 2 > 0, Kke��O

‖∂kxG(x, t) ∗ f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)−1

2 − k−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+l−2x f‖L2 . (3.25)

‖∂kx∂tG(x, t) ∗ f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)

2 − k−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+lx f‖L2 . (3.26)

‖∂kxH(x, t) ∗ f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)

2 − k−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+lx f‖L2 . (3.27)

‖∂kx∂tH(x, t) ∗ f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)

2 − k+1−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+2+l

x f‖L2 . (3.28)

‖∂kxG(x, t) ∗∆f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)

2 − k+1−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+lx f‖L2 . (3.29)

‖∂kx∂tG(x, t) ∗∆f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)

2 − k+2−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+l+2

x f‖L2 . (3.30)

y² éu ∂kxG(x, t) ∗ f , d Plancherel½n��

‖∂kxG(x, t) ∗ f‖2L2 =

∫
Rn

|ξ|2k|Ĝl(ξ, t)|2|f̂ |2dξ +

∫
Rn

|ξ|2k|Ĝh(ξ, t)|2|f̂ |2dξ

= I1 + I2. (3.31)

éuI1, - 1 6 p 6 2, 1
p

+ 1
p′

= 1, 2
p′

+ 1
q

= 1, d(3.1)§HölderØ�ª±9 Hausdorff-YoungØ�ª

��

I1 6
∫
|ξ|62r

|ξ|2k|Ĝl(ξ, t)|2|f̂ |2dξ 6 C
∫
|ξ|62r

|ξ|2k
∣∣∣ 1

|ξ|
e−c|ξ|

2t
∣∣∣2|f̂ |2dξ

6 C

(∫
|ξ|62r

∣∣∣|ξ|2(k−1−j)e−c|ξ|2t∣∣∣qdξ) 1
q

(∫
|ξ|62r

∣∣∣|ξ|2j |f̂ |2∣∣∣ p′2 dξ) 2
p′

6 C(1 + t)−(n(
1
p−

1
2 )−1)−(k−j)‖∂jxf‖2Lp , (3.32)

éu I2, d(3.1)��

I2 6 C
∫
|ξ|>r
|ξ|2k|Ĝh(ξ, t)|2|f̂ |2dξ 6 C

∫
|ξ|>r
|ξ|2k

∣∣∣ 1

|ξ|2
e−c|ξ|

2t
∣∣∣2|f̂ |2dξ

6 C
∫
|ξ|>r
|ξ|2(k−2)e−c|ξ|

2t|f̂ |2dξ 6 C
∫
|ξ|>r
|ξ|2(k−2)|ξ|2le−c|ξ|

2t|f̂ |2dξ

6 Ce−ct
∫
|ξ|>r
|ξ|2(k+l−2)|f̂ |2dξ 6 Ce−ct‖∂k+l−2x f‖2L2 . (3.33)
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d(3.32)Ú(3.33)��

‖∂kxG(x, t) ∗ f‖L2 6 C(1 + t)−
n( 1

p
− 1

2
)−1

2 − k−j
2 ‖∂jxf‖Lp + Ce−ct‖∂k+l−2x f‖L2 . (3.34)

Ù{�ªy²L§aq§ùpØ2�ã§ÏdÚn3.2¤á" �

4. �m±Ï)��3��5

½n 4.1. � n > 3Úm > n
2
Ñ��ê§ϕ ∈ C([0, T ];L1) ∩ C([0, T ];Hm)´±Ï� T ��m

±Ï¼ê§-

E0 = sup
06t6T

(‖ϕ‖L1 + ‖ϕ‖Hm) ,

K�3��¿©���~ê δ0 > 0, � E0 < δ0 �§�§ (1.1) �3���m±Ï) uper ∈
C([0, T ];Hm) ∩ C1([0, T ];Hm−2), ¿�÷v

sup
06t6T

(‖uper(t)‖Hm + ‖upert (t)‖Hm−2) 6 CE0.

y² 1�Ú§b��§(1.1)�3��) uper ∈ C([0, T ];Hm) ∩ C1([0, T ];Hm−2),·�òy²

uper Ò´�m±Ï)"·�½ÂXe/ª�È©�§µ

uper(t) = G(t− s) ∗ upert (s) +H(t− s) ∗ uper(s) +

∫ t

s

G(t− τ) ∗∆[f(uper) + ϕ](τ)dτ. (4.1)

Ù¥ ϕ´±Ï� T ��m±Ï¼ê"d)�È©L�ª(2.4)��§(4.1)´�§(1.1)9Ð�^�

t = s : u0 = uper(s), u1 = upert (s) (4.2)

�)"-(4.1)¥s = −kT, k ∈ N, Kk

uper(t) = G(t+ kT ) ∗ upert (−kT ) +H(t+ kT ) ∗ uper(−kT )

+

∫ t

−kT
G(t− τ) ∗∆[f(uper) + ϕ](τ)dτ. (4.3)

� n > 3�§-Ún3.2¥(3.25)ªµp = 1, j = 0, l = 0, ·���

‖G(t+ kT ) ∗ g‖Hm 6 C(1 + t+ kT )−
n−2
4 (‖g‖L1 + ‖g‖Hm) . (4.4)

Ï� L2 ∩ L13 L2¥È�§� k →∞�§é?¿ g ∈ Hm, d (4.4)��

‖G(t+ kT ) ∗ g‖Hm → 0. (4.5)

aq�§� n > 1�§-Ún3.2¥(3.27)ªµp = 1, j = 0, l = 0, ·���
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‖H(t+ kT ) ∗ g‖Hm 6 C(1 + t+ kT )−
n
4 (‖g‖L1 + ‖g‖Hm) . (4.6)

Ï� L2 ∩ L13 L2¥È�§é?¿ g ∈ Hm, � k →∞�§d (4.6)��

‖H(t+ kT ) ∗ g‖Hm → 0. (4.7)

d(4.5)Ú(4.7)��§� k →∞�§é(4.3)�4���

uper(t) =

∫ t

−∞
G(t− τ) ∗∆[f(uper) + ϕ](τ)dτ. (4.8)

·��EXe/ª�N�µ

N(uper(t)) =

∫ t

−∞
G(t− τ) ∗∆[f(uper) + ϕ](τ)dτ. (4.9)

b�N� N �3��ØÄ: uper1 (t), Kk N(uper1 )(t) = uper1 (t), - uper2 (t) = uper1 (t+ T ), d(4.9)±

9 ϕ(t+ T ) = ϕ(t)��

uper2 (t) = uper1 (t+ T ) = N(uper1 (t+ T ))

=

∫ t+T

−∞
G(t+ T − (τ + T )) ∗∆[f(uper1 ) + ϕ](τ + T )dτ.

=

∫ t

−∞
G(t− τ) ∗∆[f(uper2 ) + ϕ](τ)dτ.

= N(uper2 )(t). (4.10)

d(4.10)��§u2(t)�´N� N �ØÄ:§dØÄ:���5��

uper1 (t) = uper2 (t) = uper1 (t+ T ), (4.11)

Ïd uper1 (t)´±Ï� T ��m±Ï¼ê"

1�Ú§·�|^Ø N��ny²¹Ê5Boussinesq�§(1.1)�3��)uper ∈ C([0, T ];Hm)∩
C1([0, T ];Hm−2). ·�k½Â

E0 = sup
06t6T

(‖ϕ‖L1 + ‖ϕ‖Hm) .

2�E��T��Ýþ�m

X = {uper ∈ C([0, T ];Hm) ∩ C1([0, T ];Hm−2) : ‖uper‖X 6 ρ},

Ù¥ ρ´���~ê§Ú?�ê

‖ · ‖X = sup
06t6T

(‖uper‖Hm + ‖upert ‖Hm−2) ,
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½ÂÝþ d = ‖uper1 − uper2 ‖X , dIOz�{�� (X, d)´��Ýþ�m§ë�©z [17]"

·��y�§(1.1))��3��5§�Iy²(4.9)¥�N� N 3Ýþ�mX ¥�3��ØÄ

:"�	N�

N(uper(t)) =

∫ t

−∞
G(t− τ) ∗ 4[f(uper) + ϕ](τ)dτ. (4.12)

·�Äky² N : X → X. é?¿ uper ∈ X, � k,m ´�ê�÷v 0 6 k 6 m, -Ú

n3.2¥(3.29)ªµp = 1, j = 0, l = 0, dÚn2.5±9 sobolev i\½n Hm ↪→ L∞(m > n
2
), ·

���

‖∂kxN(uper(t))‖L2 6
∫ t

−∞
‖∂kxG(t− τ) ∗∆[f(uper) + ϕ](τ)‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2 ‖f(uper)‖L1dτ + C

∫ t

−∞
e−c(t−τ)‖∂kxf(uper)‖L2dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2 ‖ϕ‖L1dτ + C

∫ t

−∞
e−c(t−τ)‖∂kxϕ‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

(
‖f(uper)‖L1 + ‖∂kxf(uper)‖L2

)
dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

(
‖ϕ‖L1 + ‖∂kxϕ‖L2

)
dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

(
‖uper‖σ−1L∞ ‖uper‖L2 + ‖uper‖σ−1L∞ ‖∂kxuper‖L2

)
dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

(
‖ϕ‖L1 + ‖∂kxϕ‖L2

)
dτ

6 C
(
‖uper‖σX + sup

06t6T
(‖ϕ‖L1 + ‖ϕ‖Hm)

)∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2 dτ

6 C‖uper‖σX + CE0. (4.13)

aq�§é?¿ uper ∈ X, � k̃,m´�ê�÷v 0 6 k̃ 6 m− 2, -Ún3.2¥(3.30)ªµp = 1, j =

0, l = 0, dÚn2.5±9 sobolevi\½n Hm ↪→ L∞(m > n
2
), ·���

‖∂k̃x∂tN(uper(t))‖L2 6
∫ t

−∞
‖∂k̃x∂tG(t− τ) ∗∆[f(uper) + ϕ](τ)‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2 ‖f(uper)‖L1dτ + C

∫ t

−∞
e−c(t−τ)‖∂k̃+2

x f(uper)‖L2dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2 ‖ϕ‖L1dτ + C

∫ t

−∞
e−c(t−τ)‖∂k̃+2

x ϕ‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2

(
‖f(uper)‖L1 + ‖∂k̃+2

x f(uper)‖L2

)
dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2

(
‖ϕ‖L1 + ‖∂k̃+2

x ϕ‖L2

)
dτ
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6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2

(
‖uper‖σ−1L∞ ‖uper‖L2 + ‖uper‖σ−1L∞ ‖∂k̃+2

x uper‖L2

)
dτ

+ C

∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2

(
‖ϕ‖L1 + ‖∂k̃+2

x ϕ‖L2

)
dτ

6 C
(
‖uper‖σX + sup

06t6T
(‖ϕ‖L1 + ‖ϕ‖Hm)

)∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2 dτ

6 C‖uper‖σX + CE0. (4.14)

d(4.13)Ú(4.14)��

‖N(uper)‖X 6 C‖uper‖σX + CE0. (4.15)

Ï� σ > 2, ·�� ρ = 4CE0, � E0¿©��§Kk

‖N(uper)‖X 6 C‖uper‖σX + CE0 6 2CE0 6 ρ. (4.16)

d(4.16)��, N : X → X.

��·�y² N ´Ø N�§é?¿ uper1 , uper2 ∈ X, d(4.9)��

[N(uper1 )−N(uper2 )](t) =

∫ t

−∞
G(t− τ) ∗∆[f(uper1 )− f(uper2 )](τ)dτ. (4.17)

� k,m ´�ê�÷v 0 6 k 6 m, -Ún3.2¥(3.29) ªµp = 1, j = 0, l = 0, dÚn2.5 ±9

sobolevi\½n Hm ↪→ L∞(m > n
2
), ·���

‖∂kx [N(uper1 )−N(uper2 )](t)‖L2

6
∫ t

−∞
‖∂kxG(t− τ) ∗∆

[
f(uper1 )− f(uper2 )

]
(τ)‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2 ‖
[
f(uper1 )− f(uper2 )

]
(τ)‖L1dτ

+ C

∫ t

−∞
e−c(t−τ)‖∂kx

[
f(uper1 )− f(uper2 )

]
(τ)‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

{
‖f(uper1 )− f(uper2 )‖L1 + ‖∂kx

[
f(uper1 )− f(uper2 )

]
(τ)‖L2

}
dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2

{
(‖uper1 ‖L∞ + ‖uper2 ‖L∞)σ−2(‖uper1 ‖L2 + ‖uper2 ‖L2)‖uper1 − uper2 ‖L2

+ (‖uper1 ‖L∞ + ‖uper2 ‖L∞)σ−2
[
(‖∂kxu

per
1 ‖L2 + ‖∂kxu

per
2 ‖L2)‖uper1 − uper2 ‖L∞

+ (‖uper1 ‖L∞ + ‖uper2 ‖L∞)‖∂kx [uper1 − uper2 ]‖L2

]}
dτ

6 C (‖uper1 ‖X + ‖uper2 ‖X)
σ−1 ‖uper1 − uper2 ‖X

∫ t

−∞
(1 + t− τ)−

n
4−

k+1
2 dτ

6 C (‖uper1 ‖X + ‖uper2 ‖X)
σ−1 ‖uper1 − uper2 ‖X . (4.18)

DOI: 10.12677/pm.2023.135122 1186 nØêÆ

https://doi.org/10.12677/pm.2023.135122


ÂÓ

aq�§� k̃,m´�ê�÷v 0 6 k̃ 6 m − 2, -Ún3.2¥(3.30) ªµp = 1, j = 0, l = 0, dÚ

n2.5±9 sobolevi\½n Hm ↪→ L∞(m > n
2
)��

‖∂k̃x∂t[N(uper1 )−N(uper2 )](t)‖L2

6
∫ t

−∞
‖∂k̃x∂tG(t− τ) ∗∆

[
f(uper1 )− f(uper2 )

]
(τ)‖L2dτ

6 C
∫ t

−∞
(1 + t− τ)−

n
4−

k̃+2
2 ‖
[
f(uper1 )− f(uper2 )

]
(τ)‖L1dτ

+ C

∫ t

−∞
e−c(t−τ)‖∂k̃+2

x

[
f(uper1 )− f(uper2 )

]
(τ)‖L2dτ

6 C (‖uper1 ‖X + ‖uper2 ‖X)
σ−1 ‖uper1 − uper2 ‖X . (4.19)

d(4.18)Ú(4.19)��

‖[N(uper1 )−N(uper2 )](t)‖X 6 C (‖uper1 ‖X + ‖uper2 ‖X)
σ−1 ‖uper1 − uper2 ‖X

6 Cρσ−1‖uper1 − uper2 ‖X . (4.20)

5¿� σ > 2, ρ = 4CE0, � E0¿©��§d(4.20)��

‖[N(uper1 )−N(uper2 )](t)‖X 6
1

2
‖uper1 − uper2 ‖X . (4.21)

¤± N ´ X ¥�Ø N�§dØ N��n��§N� N �3��ØÄ: uper ∈ X, ¤±�

§(1.1)�3���m±Ï) uper ∈ C([0, T ];Hm) ∩ C1([0, T ];Hm−2). Ïd½n4.1¤á" �

5. (Ø

�©ïÄ
�r{Z� Boussinesq�§3�±Ï	å�^e�m±Ï)��3��5§·�

�ïÄ�{Ì�´|^
r{Z��5�ÑÑ�A�¼� Green¼ê�Å:�O, lïá)�f

3 L2 µee�P~�O§¿|^P~�Oïá�m±Ï)��3��5§¿�T�m±Ï)��

±Ï	åäk�Ó�±Ï"·�5¿�§r{Z Boussinesq�§�äkÚÑ�A§ÚÑ�A3 Lp

µee¬�)�mP~"Ïd·�F"�±3 Lp µeeÓ��ÄÑÑ�A�ÚÑ�A�5��m

P~§l��#��m±Ï)�3��5"
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