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Abstract

In this paper, we consider the long-time dynamical behavior of solutions for the clas-
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sical reaction diffusion equation with time-dependent memory kernel when nonlinear

term adheres to subcritical growth in the time-dependent space H1
0 (Ω)×L2

µt
(R+;H1

0 (Ω)).

Under the new theorical framework, the well-posedness and the regularity of the so-

lution, the existence of the time-dependent global attractors are proved by using the

delicate integral estimation method and decomposition technique.
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1. Úó

�©ïÄ
äk�m�6PÁØ�²;�A*Ñ�§ÄåXÚ�)���mÄåÆ1�

∂tu−∆u−
∫ ∞

0

kt(s)∆u(t− s)ds+ f(u) = g, (x, t) ∈ Ω× (τ,+∞), (1.1)

u(x, t)|∂Ω = 0, t ∈ (τ,+∞), u(x, τ) = uτ (x, t), x ∈ Ω, t ∈ (−∞, τ ]. (1.2)

Ù¥ Ω ⊂ R3��k1w>.�k.�.

b��m�6¼êkt(s)´�K�,à�,�Ú�.¿�� κ(t) =
∫∞

0
µt(s)ds, ∀s ∈ R+, t ∈ R.é

²w µt(s) = −∂sκt(s).?�Ú,b�N� (t, s) 7→ µt(s) : R× R+ 7→ R+.÷veã^�:

(H1)éu?¿�½� t ∈ R,N� s 7→ µt(s)´�K�,�O�,ýéëY�Ú�.½Â

κ(t) =

∫ ∞
0

µt(s)ds, inf
t∈R

κ(t) > 0.

(H2)éu?¿ τ ∈ R,�3��ëY¼êKτ : [τ,∞)→ R+,¦�

µt(s) 6 Kτ (t)µτ (s), ∀t > τ, a.e. s ∈ R+.

(H3)éuz���½� s > 0,N� t 7→ µt(s)éu¤k� t ∈ R´���,¿�éu?¿�;
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8 K ⊂ R× R+,k

(t, s) 7→ µt(s) ∈ L∞(K), (t, s) 7→ ∂tµt(s) ∈ L∞(K).

(H4)�3 δ > 0¦�

∂tµt(s) + ∂sµt(s) + δκ(t)µt(s) 6 0, ∀t ∈ R+, a.e. s ∈ R+.

b�	å� g ∈ L2(Ω),���5� f ∈ C1(R)÷v f(0) = 0,¿�÷v:

|f ′(u)| 6 C(1 + |u|p−1), ∀u ∈ R, f ′(u) > C1, (1.3)

Ù¥ 1 6 p 6 3, C1 > 0, C ´���~ê.¿�� f ÷vÑÑ5^�

lim inf
|u|→∞

f ′(u) > −λ1, (1.4)

3ùp, λ1 > 0 ´î��� Dirichlet �f�1�A��, � A = −∆ �½Â� D(A) =

H2(Ω) ∩H1
0 (Ω).w,,�â (1.4)��±e'X:�3 0 < θ < 1Ú�~ê cf ,k

〈F (u), 1〉 > − 1
2
(1− θ)‖u‖21 − cf , (1.5)

〈f(u), u〉 > 〈F (u), 1〉 − 1
2
(1− θ)‖u‖21 − cf , (1.6)

Ù¥ F (u) =
∫ u

0
f(s)ds.

��§ (1.1)Ø�¹PÁ�� (=ht ≡ 0),�§ (1.1)K�²;�A*Ñ�§,T�§36NåÆ

Ú9D�+�¥kX2��A^,�©z [1–3].Cc5,kNõÆöÑ3l¯'u�²;*Ñ�§)

���m1��ïÄ [4–11]9�'©z.~X,©z [5]��ö3��5��g�.�êO��^�

e,y²
�²;*Ñ�§;�áÚf��35.©z [6]¥,3g£�/eéu��5�÷v�.

�êO�,�	å�áu�m H−1(Ω)�,?Ø
�ÛáÚf��35;3�g£�/e,�	å�

áu�m L2
b(R;L2(Ω))�,?Ø
�êáÚfÚ��áÚf��35.

��§�¹�m�6PÁ� (=Ï~�PòPÁ�,PÁØ¼êØ�6u t)�, (1.1)£ã
9

63PòPÁK�eÓa�,�½�Ú��Ó5�Ê�59D�N¥�D�L§.ù«Ü¤�.

5
u [12] ColemanÚ Gurtinïá�®²�<2��É��PÁ�96nØµe.©z [8]��

ö3	å�=áu H−1(Ω)Ú L2(Ω),��5���.�êO��y²
�²;*Ñ�§�Ûá

Úf��35±9�K5.©z [9]¥,���5� f ÷v?¿�õ�ªO�^��,3ÿÀ�m

H1
0 (Ω) ∩H2(Ω)× L2

µ(R+;H1
0 (Ω) ∩H2(Ω))¥y²
ráÚf��35.


��§�¹�m�6PÁ� (=PÁ��6u t)�,L«Ê�5á��Ê5�X�m�6²

¬Åì��,=ÑyPzy�,X��,��á�,ù¦�·��ïÄé�C�E,
k�.�m�6

PÁØ��3��O�5
��5�(J.Äk,duPÁØ¼ê�6u�m,½ÂCþ ηt ��m

�ê�± ØÓ.Ùg,^u¹k��m�6PÁ���§�²;�{Ú�©Ø�ªÃ{?1�§

(1.1)�ÑÑ5�OÚ)L§�;5�y.�
�Ñ±þ(J,·�/Ï©z [13, 14]�*:,3#�
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nØµee,|^È©�O�{±9©)Eâ¤õ�Ñ
�O�y²L§¥�¢�5JK,��


)�·½5,?
y²
�m�6�ÛáÚf��35.

3���Øã¥,�
{Bå�,½Â C �?¿��~ê.

�©(�Xe:�©31�!¥§£�
�
ý��£,�¹�
�m½ÂÚXÚ�Ä�(J.

31n!¥,y²
�m�6PÁ.²;�A*Ñ�§)�·½5Ú�K5.31o!¥,y²
�

m�6PÁ.²;�A*Ñ�§�m�6�ÛáÚf��35.

2. ý��£

/Ï©z [14]�*:,·�½Â�§ (1.1)�#�{¤Cþ

ηt(s) =

{ ∫ s
0
u(t− r)dr, 0 < s 6 t− τ,

ητ (s− t+ τ) +
∫ t−τ

0
u(t− r)dr, s > t− τ.

(2.1)

- µt(s) = −∂skt(s)� kt(∞) = 0,K¯K (1.1),¯K (1.2)�±=z�XÚ

∂tu−∆u−
∫∞

0
µt(s)∆η

t(s)ds+ f(u) = g . (2.2)

�AÐ->.^�� 
u(x, t) = 0, x ∈ ∂Ω, t > τ,

ηt(x, s) = 0, (x, s) ∈ ∂Ω× R+, t > τ,

u(x, t) = uτ (x, t), x ∈ Ω, t 6 τ,

ητ (x, s) = ητ (x, s), (x, s) ∈ Ω× R+.

(2.3)

Ù¥ u(·)÷v±e^�:�3�~êRÚ % 6 δ,¦�∫ ∞
0

e−%s‖∇u(−s)‖2ds 6 R.

e¡ò¦^ PataÚ Squassina [15]¥�ÎÒ,� A = −∆�½Â�D(A) = H1
0 (Ω)∩H2(Ω).�

Ä Hilbert;i\�mx Vs = D(A
s
2 ),¿D��A�SÈÚ�ê

〈u, v〉s = 〈A s
2u,A

s
2 v〉, ‖u‖s = ‖A s

2u‖, ∀s ∈ R, ∀u, v ∈ D(A
s
2 ),

Ù¥ 〈·, ·〉Ú ‖ · ‖� L2(Ω)�SÈÚ�ê,@o, H = L2(Ω), V1 = H1
0 (Ω), V2 = H1

0 (Ω) ∩H2(Ω).

w,,éu?¿� s1 > s2,k;i\ D(A
s1
2 ) ↪→ D(A

s2
2 ),±9éu¤k� s ∈ [0, n

2
),këYi

\ D(A
s
2 ) ↪→ L

2n
n−2s (Ω).

éuz��½��m tÚz�� σ ∈ R,�âPÁÚ µt(·)�b�,^ L2
µt

(R+;Vσ)L« Hilbert
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�m,½ÂXePÁ�m

Mσ
t = L2

µt
(R+;Vσ) = {ξt : R+ → Vσ |

∫ ∞
0

µt(s)‖ξt(s)‖2σds < +∞},

¿D��A�SÈÚ�ê

〈ηt, ξt〉Mσ
t

=

∫ ∞
0

µt(s)〈ηt(s), ξt(s)〉σds,

‖ξt‖2Mσ
t

=

∫ ∞
0

µt(s)‖ξt(s)‖2σds.

y3·�Ú\ Hilbert�mx

Hσt = Vσ−1 ×Mσ
t ,

�A��ê

‖z‖2Hσt = ‖(u, ηt)‖2Hσt = ‖u‖2σ−1 + ‖ηt‖2Mσ
t
.

AO/,Ht = H0
t .

�â (H2),éu?¿� ηt ∈Mσ
τ �z� t > τ ,

‖ηt‖2Mσ
t
6 Kτ (t)‖ηt‖2Mσ

τ
, (2.4)

�këYi\,

Mσ
τ ↪→Mσ

t ,

l
,

Hστ ↪→ Hσt .

�^3Mσ
t þ��5�f Tt½ÂXe

Ttηt = −∂sηtÙ½Â� D(Tt) = {ηt ∈Mσ
τ |∂sηt ∈Mσ

t , η
t(0) = 0}.

K�â (H1),éz��½� t,¼ê s 7→ µt(s)´A�??���,�∂sµt(s) 6 0.a' [14],·�

k

〈Ttηt, ηt〉Mσ
t

= 1
2

∫∞
0
∂sµt(s)‖ηt(s)‖2σds 6 0, ∀ηt ∈ D(Tt). (2.5)

w, Tt´ÑÑ�f.¯¢þ, Tt´�mMσ
t þ�m²£�+�Ã¡��f,w,

Tτ ⊂ Tt . (2.6)

� {Tt}t>τ ´�� tO\/i\.
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d (2.1)ª,��

∂tη
t(s) = −∂sηt(s) + u(t) = Ttηt + u(t). (2.7)

e¡�Ä�(Jò^5y²¯K (2.2), (2.3)éA�)�;5ÚÑÑ5.

Ún 2.1 [9, 16] �X,BÚ Y ´n� Banach�m.éu T > 0,XJ X ↪→↪→ B ↪→ Y ,�

W = {u ∈ Lp([0, T ];X)|∂tu ∈ Lr([0, T ];Y )}, r > 1, 1 6 p <∞,

W1 = {u ∈ L∞([0, T ];X)|∂tu ∈ Lr([0, T ];Y )}, r > 1.

@o,

W ↪→↪→ Lp([0, T ];B), W1 ↪→↪→ C([0, T ];B).

Ún 2.2 [3, 13, 17] b� µ ∈ C1(R+) ∩ L1(R+)´���K¼ê,¿�÷v:XJ�3 s0 ∈ R+,

¦�éu¤k� s > s0,kµ(s) = 0¤á.d	,� B0, B1, B2 ´ Banach�m,Ù¥ B0, B1 ´g�

�,�÷v

B0 ↪→↪→ B1 ↪→ B2.

XJ C ⊂ L2
µ(R+;B1)÷v

(i) C 3 L2
µ(R;B0) ∩H1

µ(R+;B2)k.;

(ii) sup
η∈C
‖η(s)‖2B1

6 h(s), ∀s ∈ R+, h(s) ∈ L1
µ(R+),

@o C 3 L2
µ(R+;B1)�é;.

Ún 2.3 [18]� (M, d)´Ýþ�m,� U(t, τ)´M ¥� LipschitzëYÄ�L§,=éu·�

�~ê C ÚK ÙÕáumi, τ Ú tk

d(U(t, τ)m1, U(t, τ)m2) 6 CeK(t−τ)d(m1,m2),

é�
 ν1, ν2 > 0Ú L1, L2 > 0,k

distM (U(t, τ)M1, U(t, τ)M2) 6 L1e−ν1(t−τ),

distM (U(t, τ)M2, U(t, τ)M3) 6 L2e−ν2(t−τ),

@o

distM (U(t, τ)M1, U(t, τ)M3) 6 Le−ν(t−τ),

Ù¥ν = ν1ν2
K+ν1+ν2

� L = CL1 + L2.

Ún 2.4 [5] (È©. GronwallØ�ª) �τ ∈ R´�½�, Λ : [τ,+∞) → R´��ëY¼ê,
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éu,
 ε > 0±9?¿� b > a > τ ,±eÈ©Ø�ª¤á:

Λ(b) + 2ε

∫ b

a

Λ(y)dy 6 Λ(a) +

∫ b

a

q1(y)Λ(y)dy +

∫ b

a

q2(y)dy,

Ù¥ q1, q2 > 0� qi ∈ L1
loc[τ,+∞)(i = 1, 2)÷v,�3 c1, c2 > 0,¦�

∫ b

a

q1(y)dy 6 ε(b− a) + c1, sup
t>τ

∫ t+1

t

q2(y)dy 6 c2,

@o

Λ(t) 6 ec1
[
|Λ(τ)|e−ε(t−τ) +

c2e
ε

1− e−ε

]
, ∀t > τ.

X [7, 9, 11, 19]¥¤ã,·�Ú\
±e'u�m�6ÄåXÚ�VgÚÄ��(J,^uïÄ)�

�ÏÄåÆ.

½Â 2.5 � Xt ´�xD��m,éuVëê�fx {U(t, τ) : Xτ → Xt, τ 6 t, τ ∈ R}e÷v
Xe5�:

(i)éu?¿� τ ∈ R, U(τ, τ) =Id´ Xtþ�ð�N�;

(ii)éu?¿� t > s > τ, τ ∈ R,k U(t, s)U(s, τ) = U(t, τ),

K¡ U(t, τ)´��L§.

� Xt´D��mx,éuz� t ∈ R, Xt� R-¥deª½Â:

Bt(R) = {z ∈ Xt|‖z‖Xt 6 R}.

·�^ distXt(A,B)L«l8Ü A ⊂ Xt�8Ü B ⊂ Xt� Hausdorff�ål:

distXt(A,B) = sup
x∈A

distXt(x,B) = sup
x∈A

inf
y∈B
‖x− y‖Xt .

½Â 2.6 x C = {Ct}t∈R¥�k.8 Ct ⊂ Xt�¡���k.,XJ�3��~ê R > 0,¦�

Ct ⊂ Bt(R), ∀ t ∈ R.

½Â 2.7 ��k.xBt = {Bt(R0)}t∈R ¡�´'uL§ U(t, τ)��m�6áÂ8,XJéu

z� R > 0, �3�� t0 = t0(R) 6 t� R0 > 0¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0).

�§Pk���m�6áÂ8�,K¡L§ U(t, τ)´ÑÑ�.

½Â 2.8 ��x A = {At}t∈R ,XJ A÷v±e5�:

(i)éu?¿� t ∈ R,z�� At3 Xt¥Ñ´;�;
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(ii) A´.£áÚ�,§´��k.�,¿�éuz����k.8x C = {Ct}t∈R,k

lim
τ→−∞

distXt(U(t, τ)Cτ , At) = 0;

¤á.K¡§´'uL§ U(t, τ)��m�6áÚf.

½Â 2.9 [8, 19]XJ U(t, τ)´ìC;�,=8 K��,

K = {K = {Kt}t∈R|z�Kt3 Xt¥; , K´.£áÚf }

@o�m�6áÚf A�3�k A = {At}t∈R.AO/, A´���.

½Â 2.10 éu��¼ê t → Z(t),� Z(t) ∈ Xt ´L§ U(t, τ)�k.��;� (CBT),��

=�

(i) sup
t∈R
‖Z(t)‖Xt <∞;

(ii) Z(t) = U(t, τ)Z(τ),∀ τ 6 t, τ ∈ R.

½Â 2.11 �m�6áÚf A = {At}t∈RØC,XJéu¤k� τ 6 t,

U(t, τ)Aτ = At.

½Â 2.12 [7, 9, 11]XJ�m�6áÚf A = {At}t∈R ´ØC�,@o§�¹L§ U(t, τ)�¤

k��k.;��8Ü CBT,�Ò´`,

A = {Z|t→ Z(t) ∈ Xt¿� Z(t)´L§ U(t, τ)� CBT}.

3. )�·½5Ú�K5

�
��)�ÑÑ�OÚ·½5,·�I�y²±eÐÚ(J.

Ún 3.1 �

Γ(u, ητ ) = 3(t− τ)2κ(τ)‖u‖2L∞([τ,T ];Vσ) + 2‖ητ‖2Mσ
τ
.

@o,·�k ηt ∈Mσ
τ ⊂Mσ

t �

‖ηt‖2Mσ
τ
6 Γ(u, ητ ), ∀ t ∈ [τ, T ],

�

‖ηt‖2Mσ
t
6 Γ(u, ητ )Kτ (t) ∈ L1([τ, T ]).

Ún 3.2 XJ ητ ∈ D(Tτ ),@o ηt ∈ D(Tτ ),éuz�t ∈ [τ, T ], ηt ∈W 1,∞([τ, T ];Mσ
τ ) �
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Ø�ª

∂tη
t = Tτηt + u(t)

3Mσ
τ ¥¤á.

y² ¦^ ητ ∈ D(Tτ ) ⊂Mσ
τ ,·���

∂sη
t(s) =

 u(t− s), s 6 t− τ,

∂sητ (s− t+ τ), s > t− τ,
(3.1)

∂tη
t(s) =

 u(t)− u(t− s), s 6 t− τ,

u(t)− ∂sητ (s− t+ τ), s > t− τ.
(3.2)

d (2.1)ª��

ηt(0) = 0.

d	,Ï� µτ (·)´�O�,� ητ ∈ D(Tτ ) ⊂Mσ
τ ,·�k

‖∂sηt‖2Mσ
τ

=
∫ t−τ

0
µτ (s)‖u(t− s)‖2σds+

∫∞
t−τ µτ (s)‖∂sητ (s− t+ τ)‖2σds

6 κ(τ)‖u‖2L∞([τ,T ];Vσ) + ‖∂sητ‖2Mσ
τ
.

(3.3)

Ïd, ∂sη
t ∈Mσ

τ ,=, ηt ∈ D(Tτ ).

�þã�O�q,·�k

ess sup
t∈[τ,T ]

‖∂tηt‖Mσ
τ
<∞.

A^Ún 3.1·�uy ηt ∈W 1,∞([τ, T ];Mσ
τ ).

d (3.1)ªÚ (3.2)ª,k

∂tη
t = Tτηt + u(t)

3Mσ
τ ¤á.

5º 3.3 duMσ
τ ⊂Mσ

t ,d (2.6)ª�,éu?¿�½� t,k

∂tη
t = Ttηt + u(t) (3.4)

3�mMσ
t þ¤á.

5º 3.4 � η ∈ D(Tτ ),d (2.4)Ú (3.3)ª��

‖∂sηt‖2Mσ
t
6 Ξ(u, ητ )Kτ (t), ∀ t ∈ [τ, T ], (3.5)

Ù¥ Ξ(u, ητ ) = κ(τ)‖u‖2L∞([τ,T ];Vσ) + ‖∂sητ‖2Mσ
τ
.

Ún 3.5 b� u ∈ C([τ, T ];Vσ)¿� ητ ∈ C1(R+, Vσ)∩D(Tτ ).@o,éu¤k� τ 6 a 6 b 6 T ,
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keãØ�ª¤á:

‖ηb‖2Mσ
b
−
∫ b
a

∫∞
0

(∂tµt(s) + ∂sµt(s))‖ηt(s)‖2σdsdt 6 ‖ηa‖2Mσ
a

+ 2
∫ b
a
〈u(t), ηt〉Mσ

t
dt . (3.6)

Ún 3.6 éu¤k� τ 6 a 6 b 6 T ,eã�O¤á

‖ηb‖2Mσ
b

+ δ
∫ b
a
κ(t)‖ηt(s)‖2Mσ

t
dsdt 6 ‖ηb‖2Mσ

b
−
∫ b
a

∫∞
0

(∂tµt(s) + ∂sµt(s))‖ηt(s)‖2σdsdt

6 ‖ηa‖2Mσ
a

+ 2
∫ b
a
〈u(t), ηt〉Mσ

t
dt

. (3.7)

½Â 3.7 éu?¿� T > τ ∈ R,� g ∈ L2(Ω),� zτ = (uτ , ητ ) ∈ H1
τ ,XJ

(i) u(t) ∈ L∞([τ, T ];V1), ηt ∈ L∞([τ, T ];M1
t );

(ii)¼ê ηt÷vª (2.1) ;

(iii)éuz� φ ∈ V1 �a.e. t ∈ [τ, T ],

〈∂tu, φ〉+ 〈u, φ〉1 +

∫ ∞
0

µt(s)〈ηt(s), φ〉1ds+ 〈f(u), φ〉 = 〈g, φ〉.

�¡ z(t) = (u(t), ηt)´¯K (2.2), (2.3)3«m [τ, T ]þ�f).

½n 3.8(·½5Ú�K5) � (1.3), (1.4)ª¤á,� g ∈ L2(Ω).� (H1)-(H4)¤á�,éz�

T > τ ∈ R,�Ð� z(τ) ∈ H1
τ � ‖z(τ)‖H1

τ
6 R1,K3«m [τ, T ]¯K (2.2), (2.3)�3��f)

z(t) = (u(t), ηt),÷v

sup
t>τ
‖z(t)‖2H1

t
+

∫ t

τ

‖u(r)‖2dr +

∫ t

τ

κ(r)‖ηr‖2M1
r
dr +

∫ t

τ

‖∂tu(r)‖21dr 6 Q,

?�Ú, (i)�Ð� z(τ) ∈ H2
τ � ‖z(τ)‖H2

τ
6 R2,K3«m [τ, T ]þ,�3r),k

sup
t>τ
‖z(t)‖2H2

t
+

∫ t

τ

‖u(r)‖22dr +

∫ t

τ

κ(r)‖ηr‖2M2
r
dr +

∫ t

τ

‖∂tu(r)‖21dr 6 Q̄,

¤á. (ii)�3S� {zn(τ)} ∈ H2
τ ,¦� zn(τ) → z(τ) ∈ H1

τ ,�Ð� z(τ) ∈ H1
τ � ‖z(τ)‖H1

τ
6 R1,

K3«m [τ, T ]þ,k

sup
t>τ
‖z(t)‖2H1

t
+

∫ t

τ

‖u(r)‖2dr +

∫ t

τ

κ(r)‖ηr‖2M1
r
dr +

∫ t

τ

‖∂tu(r)‖21dr 6 Q,

ùp R1Ú R2þ�~ê, Q = max{Q0, Q3, Q4}. Q̄ = max{Q̄0, Q̄3, Q̄4}.d	,

‖z1(t)− z2(t)‖2H1
t
6 CeC(R,λ1)(t−τ)‖z1(τ)− z2(τ)‖2H1

τ
, t ∈ [τ, T ],

ùp z1(t), z2(t)´¯K (2.2), (2.3)�ü�),Ð� z1τ = (u1τ , η1τ ), z2τ = (u2τ , η2τ ).
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y² ò�§ (2.2)¦± u,·�k

d
dt

(‖u‖2) + 2‖u‖21 + 2〈u, ηt〉M1
t

+ 2〈f(u), u〉 − 2〈g, u〉 = 0. (3.8)

�â (1.4)ª,·�k

−2〈f(u), u〉 6 2(1− θ)‖u‖21 + 4cf ,

ùp, θ ∈ (0, 1).N´��

2〈g, u〉 6 θ‖u‖21 +
1

λ1θ
‖g‖2.

·�½Â

N(t) = ‖u‖2.

@o
d
dt
N(t) + θ‖u‖21 + 2〈u, ηt〉M1

t
6 1

λ1θ
‖g‖2 + 4cf := Q0. (3.9)

é (3.9)ª3 [τ, t]þÈ©,·�k

N(t) + θ
∫ t
τ
‖u(r)‖21dr + 2

∫ t
τ
〈u, ηr〉M1

r
dr 6 N(τ) +Q0(t− τ), ∀t > τ. (3.10)

A^½n 3.6,·�k

N(t) + ‖ηt‖2M1
t

+ θ
∫ t
τ
‖u(r)‖21dr −

∫ t
τ

∫∞
0

(∂tµt(s) + ∂sµt(s))‖ηr(s)‖21dsdr

6 N(τ) + ‖ητ‖2M1
τ

+Q0(t− τ), ∀t > τ.
.

½Â

N (t) = N(t) + ‖ηt‖2M1
t
.

@o

‖z(t)‖2H1
t
6 N (t) 6 (1 + 1

λ1
)‖z(t)‖2H1

t
. (3.11)

Ïd,

N (t) + θ
∫ t
τ
‖u(r)‖21dr −

∫ t
τ

∫∞
0

(∂tµt(s) + ∂sµt(s))‖ηr(s)‖21dsdr 6 N (τ) +Q0(t− τ). (3.12)

¿�X,

sup
t>τ
‖z(t)‖2H1

t
+
∫ t
τ
‖u(r)‖21dr +

∫ t
τ
κ(r)‖ηr‖2M1

r
dr 6 C(R, T, ‖g‖, θ, δ, λ1, cf ) := Q1 . (3.13)

aq/��

sup
t>τ
‖z(t)‖2H2

t
+
∫ t
τ
‖u(r)‖22dr +

∫ t
τ
κ(r)‖ηr‖2M2

r
dr 6 C(R, T, ‖g‖, θ, δ, λ1, cf ) := Q̄ . (3.14)

DOI: 10.12677/pm.2023.135150 1466 nØêÆ

https://doi.org/10.12677/pm.2023.135150


o�A§�à

�Ð� z(τ) ∈ H2
τ�,ò�§ (2.2)¦± −∆u,·�k

d
dt

(‖u‖21) + 2‖u‖22 + 2〈u, ηt〉M2
t

+ 2〈f(u),−∆u〉 − 2〈g,−∆u〉 = 0. (3.15)

d (1.3)ª,·�k

−2〈f(u),−∆u〉 = −2
∫

Ω
f ′(u)|∇u|2dx 6 2C1‖u‖21. (3.16)

w,,

2〈g,−∆u〉 6 ‖u‖22 + ‖g‖2.

½Â

N1(t) = ‖u‖21.

@o
d
dt
N1(t) + ‖u‖22 + 2〈u, ηt〉M2

t
6 2C1‖u‖21 + ‖g‖2. (3.17)

é (3.17)ª3 [τ, t]þÈ©,·�k

N1(t) +
∫ t
τ
‖u‖22dr + 2

∫ t
τ
〈u, ηr〉M2

r
dr 6 N1(τ) + 2C1

∫ t
τ
‖u(r)‖21dr + ‖g‖2(t− τ). (3.18)

du½n 3.6,·���

N1(t) +
∫ t
τ
‖u‖22dr + ‖ηt‖2M2

t
+ δ

∫ t
τ
κ(r)‖ηr‖2M2

r
dr

6 N1(τ) + ‖ητ‖2M2
τ

+ 2C1

∫ t
τ
‖u(r)‖21dr + ‖g‖2(t− τ), ∀t > τ.

(3.19)

½Â

N1(t) = N1(t) + ‖ηt‖2M2
t
.

@o

‖z(t)‖2H2
t
6 N1(t) 6 (1 +

1

λ1

)‖z(t)‖2H2
t
.

Ïd,

N1(t) +

∫ t

τ

‖u‖22dr + δ

∫ t

τ

κ(r)‖ηr‖2M2
r
dr 6 N1(τ) + 2C1

∫ t

τ

‖u(s)‖21ds+ ‖g‖2(t− τ), ∀t > τ.

A^ GronwallØ�ª,·�íäÑ

sup
t>τ
‖z(t)‖2H2

t
+
∫ t
τ
‖u‖22dr +

∫ t
τ
κ(r)‖ηr‖2M2

r
dr

6 C(‖z(τ)‖H2
τ
, T, ‖g‖, θ, δ, λ1, C1, cf ) := Q2.

(3.20)

ò�§ (2.2)¦± ∂tu
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‖∂tu‖2 = −〈u, ∂tu〉 −
∫ ∞

0

µt(s)〈∆ηt(s), ∂tu〉ds− 〈f(u), ∂tu〉+ 〈g, ∂tu〉.

dª (1.3),·�k

|〈f(u), ∂tu〉| 6 ‖f(u)‖‖∂tu‖ 6 C(1 + ‖u(t)‖p1)‖∂tu‖.

d (H1)��∣∣∣∣−∫ ∞
0

µt(s)〈∆ηt(s), ∂tu〉ds
∣∣∣∣ 6 ‖∂tu‖∫ ∞

0

µt(s)‖∆ηt(s)‖ds

6 ‖∂tu‖
(∫ ∞

0

µt(s)ds

) 1
2
(∫ ∞

0

µt(s)‖ηt(s)‖22ds

) 1
2

6 ‖∂tu‖
√
κ(t)‖ηt‖M2

t
.

@o

‖∂tu‖2 6 C(‖u(t)‖2 + 1 + ‖u(t)‖p1 +
√
κ(t)‖ηt‖M2

t
+ ‖g‖)‖∂tu‖

6 C(1 +Q
1
2
0 +Q

p
2
1 +

√
κ(t)‖ηt‖M2

t
+ ‖g‖)‖∂tu‖

6 1
2
‖∂tu‖21 + C(R, T, cf , ‖g‖, θ, δ, λ1)(1 + κ(t)‖ηt‖2M2

t
)

= 1
2
‖∂tu‖2 +Q3(1 + κ(t)‖ηt‖2M2

t
), ∀t ∈ [τ, T ].

(3.21)

Ïd, ∫ t
τ
‖∂tu(s)‖2ds 6 2Q3(1 +

∫ t
τ
κ(s)‖ηs‖2M2

s
ds) 6 Q4. (3.22)

� {wn}´ L2(Ω)�IO��Ä,�3 V1¥IO��,¿� −∆wj = λjwj , j = 1, 2, · · · .� {ζn}
´ L2

µt
(R+;V1)�IO��Ä,�3 L2

µt
(R+;V1)¥IO��,¿� −∆ζj = λjζj , j = 1, 2, · · · .éu

z� n ∈ N,k��f�m½ÂXe:

Hn = span{w1, · · · , wn} ⊂ V1, Mn = span{ζ1, · · · , ζn} ⊂ L2
µt

(R+;V1).

Pn : V1 → HnL«3 Hnþ���ÝK, Qn : L2
µt

(R+;V1)→MnL«3Mnþ���ÝK.

Ð©^� zτ = (uτ , ητ )Cqu��S� {zτn = (uτn , ητn)} ⊂ H2
t ,Ù¥

uτn = Pnuτ → uτ in V1, (3.23)

ητn = Qnητ → ητ in M1
t . (3.24)

éz� n ∈ N,� zn = (un, η
t
n)�¯K (2.2), (2.3)�%C).Ù¥ un = Σn

j=1T
n
j (t)wj ,

Tnj ∈ C1([τ, T ])¿� ηtn = Σn
j=1Λnj (t)ζj , Λnj ∈ C1([τ, T ]).¤±éz�Á�¼ê ψ ∈ Hn,¿�z�

t ∈ [τ, T ], zn = (un, η
t
n))û
eã¯K:

〈∂tun, ψ〉+ 〈un, ψ〉1 +
∫∞

0
µt(s)〈ηtn(s), ψ〉1ds+ 〈f(un), ψ〉 = 〈g, ψ〉, (3.25)
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¿�

ηtn(s) =


∫ s

0
un(t− r)dr, 0 < s 6 t− τ,

ητn(s− t+ τ) +
∫ t−τ

0
un(t− r)dr, s > t− τ.

(3.26)

b� ψ ∈ Hm ´�½�. @oéz� n > m, ·�k (3.25) ª¤á.� (3.25) ª¦± ϕ ∈
C∞0 ([τ, T ])¿�3 [τ, T ]þ'u (3.25)ª?1È©,·�uy∫ T

τ
ϕ〈∂tun(r), ψ〉dr +

∫ T
τ
ϕ〈un(r), ψ〉1dr

+
∫ T
τ
ϕ
∫∞

0
µr(s)〈ηrn(s), ψ〉1dsdr +

∫ T
τ
ϕ〈f(un), ψ〉dr =

∫ T
τ
ϕ〈g, ψ〉dr.

(3.27)

é²w,S� {zn},�O� (3.13), (3.20), (3.22)´¤á�.@o,

∂tun3 L2([τ, T ];H)k. ;

un3 L∞([τ, T ];V2)k. ;

un3 L2([τ, T ];V2)k. ;

ηtn3 L∞([τ, T ];M2
t )k. .

Ï� ‖f(un)‖
L

1+ 1
p
6 C(1 + ‖un‖p1) 6 C,·�íäÑ

f(un)3 L1+ 1
p (Ω)k. .

|^ Galerkin%C) zn = (un, η
t
n),·����3��| z = (u, ηt),¦�(7���f�)

∂tun → ∂tu� L2([τ, T ];H1)fÂñ ; (3.28)

un → u� L∞([τ, T ];V2)f∗ Âñ ; (3.29)

un → u� L2([τ, T ];V2)fÂñ ; (3.30)

ηtn → qt� L∞([τ, T ];M2
t )f∗ Âñ ; (3.31)

f(un)→ f(u)� L1+ 1
p (Ω)fÂñ . (3.32)

A^Ún 2.1,·��±l (3.28)Ú (3.29)¥¼�

un → u� C([τ, T ];V1), (3.33)

¿�Å:Âñ
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un(x, t)→ u(x, t) a.e.� Ω× [τ, T ].

�â f �ëY5,��

f(un(x, t))→ f(u(x, t)) a.e.� Ω× [τ, T ]

�´¤á�.

|^ (3.28)Ú (3.30)ª,·��±N´/�� (3.27)��à1���1���Âñ5.·�ò

?nÙ{ü�.

Ï� ψ ∈ Hn ⊂ V1,éN´� ψ ∈ PnLp+1(Ω).Ïd,�â (3.32)ª,��

〈f(un)− f(u), ψ〉dr → 0

¤á.du f(un)Ú f(u)3 L1+ 1
p (Ω)¥�k.5,A^��Âñ½n,·�íäÑ∫ T

τ

ϕ〈f(un)− f(u), ψ〉dr → 0.

·��±y²ù�Âñ
∫ T
τ
ϕ
∫∞

0
µr(s)〈ηrn(s), ψ〉1dsdr. ��,·��

η̄τn = ητn − ητ , ūτn = uτn − uτ ,

éz� t ∈ [τ, T ],

η̄tn = ηtn − ηt, ūn(t) = un(t)− u(t).

�Ä (H2)¿¦^

η̄tn(s) =


∫ s

0
ūn(t− ζ)dζ, 0 < s 6 t− τ,

η̄τn(s− t+ τ) +
∫ t−τ

0
ūn(t− ζ)dζ, s > t− τ,

·�k

‖η̄tn‖2M1
t
6Kτ (t)‖η̄tn‖2M1

τ

=C(T )(

∫ t−τ

0

µτ (s)‖
∫ s

0

ūn(t− ζ)dζ‖21ds

+

∫ ∞
t−τ

µτ (s)‖η̄τn(s− t+ τ) +

∫ t−τ

0

ūn(t− ζ)dζ‖21ds)

6C(T )(3(T − τ)2‖ūn‖2C([τ,T ];V1)

∫ ∞
0

µτ (s)ds+ 2

∫ ∞
0

µτ (s+ t− τ)‖η̄τn(s)‖21ds)

6C(T )(3(T − τ)2‖ūn‖2C([τ,T ];V1)κ(τ) + 2‖η̄τn‖2M1
τ
)→ 0, ∀t ∈ [τ, T ].

du4����5,·��� qt = ηt.
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w,, ∫ ∞
0

µt(s)〈η̄tn(s), ψ〉1ds

=

∫ t−τ

0

µt(s)〈
∫ s

0

ūn(t− ζ)dζ, ψ〉1ds+

∫ ∞
t−τ

µt(s)〈η̄τn(s− t+ τ), ψ〉1ds

+

∫ ∞
t−τ

µt(s)〈
∫ t−τ

0

ūn(t− ζ)dζ, ψ〉1ds

=

∫ t−τ

0

µt(s)

∫ s

0

〈ūn(t− ζ), ψ〉1dζds+

∫ ∞
0

µt(s+ t− τ)〈η̄τn(s), ψ〉1ds

+

∫ ∞
t−τ

µt(s)s

∫ t

τ

〈ūn(ζ), ψ〉1dζds.

2g¦^ (H2),·���∫ t−τ

0

µt(s)

∫ s

0

〈ūn(t− ζ), ψ〉1dζds

6
∫ t−τ

0

µt(s)s

∫ s

0

‖ūn(t− ζ)‖1‖ψ‖1dζds

6 ‖ūn‖C([τ,T ];V1)‖ψ‖1(T − τ)2Kτ (t)κ(τ)→ 0, a.e. t ∈ [τ, T ],

∫ ∞
t−τ

µt(s)

∫ t

τ

〈ūn(ζ), ψ〉1dζds

6
∫ ∞
t−τ

µt(s)s

∫ t

τ

‖ūn(ζ)‖1‖ψ‖1dζds

6 ‖ūn‖C([τ,T ];V1)‖ψ‖1(T − τ)2Kτ (t)κ(τ)→ 0, a.e. t ∈ [τ, T ],

∫ ∞
0

µt(s+ t− τ)〈η̄τn(s), ψ〉1ds 6 ‖ψ‖1Kτ (t)
√
κ(τ)‖η̄τn‖M1

τ
→ 0, a.e. t ∈ [τ, T ].

(J,

lim
n→∞

∫ ∞
0

µt(s)〈η̄tn(s), ψ〉1ds = 0, a.e. t ∈ [τ, T ].

¿� ∣∣∣∣∫ ∞
0

µt(s)〈η̄tn(s), ψ〉1ds

∣∣∣∣ 6 ∫ ∞
0

µt(s)‖η̄tn(s)‖1‖ψ‖1ds

6 ‖ψ‖1
√
Kτ (t)κ(τ)‖η̄tn‖M1

t
∈ L1([τ, T ]).

A^ Lebesgue��Âñ½n,��

lim
n→∞

∫ T

τ

ϕ

∫ ∞
0

µr(s)〈η̄rn(s), ψ〉1dsdr = 0.
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��,·���¯K (2.2)Ú (2.3)�f) z = (u, ηt).

y3,·�y²f)'uÐ��ëY�65,�=��5.b�

z1(t) = (u1(t), ηt1), z2(t) = (u2(t), ηt2)

´¯K (2.2)Ú (2.3)3 [τ, T ]þ�ü�f).@o z̄(t) = z1(t)− z2(t) = (ū(t), η̄t)÷v

∂tū+Aū+
∫∞

0
µt(s)Aη̄

t(s)ds = −f(u1) + f(u2), (3.34)

Ù¥

η̄t(s) =


∫ s

0
ū(t− r)dr, s 6 t− τ,

η̄τ (s− t+ τ) +
∫ t−τ

0
ū(t− r)dr, s > t− τ.

(3.35)

� (3.35)¦± ū,·�k

d

dt
F (t) + 2

∫ ∞
0

µt(s)〈η̄t(s), ū(t)〉1ds

= −2‖ū‖21 − 2〈f(u1)− f(u2), ū(t)〉

6 − 2

λ1

‖ū‖2 + C(1 + ‖u1‖p−1
Lp+1 + ‖u2‖p−1

Lp+1)‖ū‖2Lp+1

6 − 2

λ1

‖ū‖2 + C(1 + ‖u1‖p−1
1 + ‖u2‖p−1

1 )‖ū‖21

6 C(R, λ1)F (t), t ∈ [τ, T ],

Ù¥ F (t) = (‖ū‖2).3 [τ, t]þÈ©,·�uy

F (t) + 2
∫ t
τ
〈ū(y), η̄y〉M1

y
dy 6 F (τ) + C(R, λ1)

∫ t
τ
F (y)dy, t ∈ [τ, T ]. (3.36)

�â½n 3.6,·���

‖η̄t‖2M1
t

+ δ
∫ t
τ
κ(y)‖η̄y(s)‖2M1

y
dy 6 ‖η̄τ‖2M1

τ
+ 2

∫ t
τ
〈ū, η̄y〉M1

y
dy. (3.37)

� F(t) = F (t) + ‖η̄t‖2M1
t
,·�k

‖z̄(t)‖2H1
t
6 F(t) 6 C‖z̄(t)‖2H1

t
.

(Ü (3.36)Ú (3.37),·�k

F(t) 6 F(τ) + C(R, λ1)

∫ t

τ

F(y)dy.
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A^ GronwallØ�ª,·�¼�

‖z̄(t)‖2H1
t
6 CeC(R,λ1)(t−τ)‖z̄(τ)‖2H1

τ
, t ∈ [τ, T ].

�dÓ�,·�y²
¯K (2.2)Ú (2.3)f)���5.

du½n 3.8,L§ U(t, τ)ÎÜ¯K (2.2)Ú (2.3)½ÂXe:

z(t) = U(t, τ)z(τ) : H1
τ → H1

t ,

ù�lH1
τ �H1

t �L§´ëY�.

4. �m�6�ÛáÚf��35

4.1. �m�6áÂ83 H1
t ¥��35

½n 4.1(ÑÑ5) b� (1.3)Ú (1.4)ª±9^� (H1)-(H4)¤á, g ∈ L2(Ω),�3S� {zn(τ)} ∈
H2
τ ,¦� zn(τ) → z(τ).éu?¿Ð©^� z(τ) ∈ Bτ (R) ⊂ H1

τ ,@o�3 R0 > 0,¦��A¯K

(2.2), (2.3)�L§ U(t, τ)Pk���m�6áÂ8,¿�xBt = {Bt(R0)}t∈R.

y² ¦^ PoincaréØ�ªÚ (H4),·�Ul (3.18)ª¥¼�

N (t) + θλ1

2

∫ t
τ
‖u(r)‖2dr + θ

2

∫ t
τ
‖u(r)‖21dr + δ

∫ t
τ
κ(r)‖ηr(s)‖2M1

t
dsdr

6 N (τ) +Q1(t− τ).
(4.1)

¿�X,

N (t) + 2ε

∫ t

τ

N (r)dr 6 N (τ) + ε

∫ t

τ

N (r)dr +Q1(t− τ),

ùp, ε = min{ 1
2
θλ1,

1
2
θ, δ inf

r∈[τ,t]
κ(r)}. A^Ún 2.4 ,·�íäÑ

N (t) 6 N (τ)e−ε(t−τ) +
Q1eε

1− e−ε
.

d	,

‖z(t)‖2H1
t
6 N (t) 6 (1 + 1

λ1
)‖z(τ)‖2H1

τ
e−ε(t−τ) + R2

0

2
, (4.2)

Ù¥ R2
0 = 2 Q1eε

1−e−ε
. @oéz� R > 0,�3�� t0 = t0(R) = 1

ε
ln

2(1+ 1
λ1

)R2

R2
0

6 t¿� R0 > 0¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0).

4.2. �m�6�ÛáÂ83 H1
t ¥��35

�e5, ·�òy²)L§ U(t, τ)�A� (2.2), (2.3)éA�ìC;5.�d,·�I�é��
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5�,),)L§?1�
©).

'u��5� f ,É [2]éu,·�òÙ©)Xe:

f(s) = f0(s) + f1(s),

Ù¥ f0, f1 ∈ C1(R)¿�÷v:

|f ′0(u)| 6 C(1 + |u|p−1), ∀u ∈ R, 1 6 p 6 3, (4.3)

f0(u)u > 0, ∀u ∈ R, (4.4)

|f ′1(u)| 6 C(1 + |u|γ), ∀u ∈ R, 1 6 γ < 2, (4.5)

lim inf
|u|→∞

f ′1(u) > −λ1. (4.6)

É [20]g��K�,ò¯K (2.2), (2.3)�) z(t) = (u(t), ηt)©)�:

z(t) = z1(t) + z2(t), u(t) = v(t) + w(t), ηt = ζt + ξt,

ùp, z1(t) = (v(t), ζt)� z2(t) = (w(t), ξt))û
eã¯K:

∂tv +Av +

∫ ∞
0

µt(s)Aζ
t(s)ds+ f0(v) = 0,

∂tζ
t + ∂sζ

t = v(t),

v(x, t)|∂Ω = 0, v(x, τ) = uτ (x, t),

ζt(x, s)|∂Ω = 0, ζτ (x, s) = ητ (x, s),

(4.7)

Ù¥,

ζt(s) =


∫ s

0
v(t− r)dr, 0 < s 6 t− τ,

ζτ (s− t+ τ) +
∫ t−τ

0
v(t− r)dr, s > t− τ,

¿� 

∂tw +Aw +

∫ ∞
0

µt(s)Aξ
t(s)ds+ f(u)− f0(v) = g,

∂tξ
t + ∂sξ

t = w(t),

w(x, t)|∂Ω = 0, w(x, τ) = 0,

ξt(x, s)|∂Ω = 0, ξτ (x, s) = 0,

(4.8)

Ù¥,

ξt(s) =


∫ s

0
w(t− r)dr, 0 < s 6 t− τ,∫ t−τ

0
w(t− r)dr, s > t− τ.

aqu½n 3.8�y²,�§ (4.7)Ú (4.8))��35Ú��5�±¼�.
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?�Ú,N´��,L§ U1(t, τ)Ú U2(t, τ)éA�§ (4.7)Ú (4.8).{üå�,·��

U(t, τ)zτ = U1(t, τ)z1(τ) + U2(t, τ)z2(τ) = z1(t) + z2(t).

aqu½n 4.1,�±��Xe(J.

Ún 4.2 b� f0÷v (4.3)Ú (4.4) .XJ (H1)-(H4)¤á,@o�§ (4.7)÷v�O:

(i)�3S� {zn(τ)} ∈ H2
τ ,¦� zn(τ)→ z(τ).�Ð� z1(τ) ∈ H1

τ � ‖z1(τ)‖H1
τ
6 R1,

‖z1(t)‖2H1
t
6 C(R1)e−ε1(t−τ). (4.9)

(ii)�Ð� z1(τ) ∈ H2
τ � ‖z1(τ)‖H2

τ
6 R2,

‖z1(t)‖2H2
t
6 C(R2)e−ε1(t−τ). (4.10)

ùp R1Ú R2þ�~ê.

y² ò�§ (4.7)¦± v ,

d
dt

(‖v‖2) + 2‖v‖21 + 2〈v, ζt〉M1
t

+ 2〈f0(v), v〉 = 0. (4.11)

·�½Â

F (t) = ‖v‖2.

�Ä (4.4),·�íäÑ
d
dt
F (t) + 2‖v‖21 + 2〈v, ζt〉M1

t
6 0. (4.12)

3 [τ, t]� (4.11)ªÈ©,·�k

F (t) + 2
∫ t
τ
‖v(r)‖21dr + 2

∫ t
τ
〈v, ζr〉M1

r
dr 6 F (τ), ∀t > τ. (4.13)

du½n 3.6,·�k

F (t) + ‖ζt‖2M1
t

+ 2

∫ t

τ

‖v(r)‖21dr + δ

∫ t

τ

κ(r)‖ζr(s)‖2M1
t
dr

6 F (τ) + ‖ζτ‖2M1
τ
, ∀t > τ.

½Â

F(t) = F (t) + ‖ζt‖2M1
t
.

@o,

F(t) + 2
∫ t
τ
‖v(r)‖21dr + δ

∫ t
τ
κ(r)‖ζr(s)‖2M1

t
dr 6 F(τ). (4.14)
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�Ò´`,

F(t) + 2ε1

∫ t

τ

F(r)dr 6 F(τ) + ε1

∫ t

τ

F(r)dr,

ùp, ε1 = min{λ1, 1, δ inf
r∈[τ,t]

κ(r)}. dÚn 2.4,·�¼�

F(t) 6 F(τ)e−ε1(t−τ).

?�Ú,

‖z1(t)‖2H1
τ

= F(t) 6 C(R1, λ1)e−ε1(t−τ), (4.15)

Ù¥ ‖z(τ)‖2H1
τ
6 R1.

�Ð� z1(τ) ∈ H2
τ �,ò�§ (4.7)¦± −∆v ,

d
dt

(‖v‖21) + 2‖v‖22 + 2〈v, ζt〉M2
t

+ 2〈f0(v), v〉 = 0. (4.16)

·�½Â

F1(t) = ‖v‖21.

�Ä (4.4),·�íäÑ
d
dt
F1(t) + 2‖v‖22 + 2〈v, ζt〉M2

t
6 0. (4.17)

3 [τ, t]� (4.17)ªÈ©,·�k

F1(t) + 2
∫ t
τ
‖v(r)‖22dr + 2

∫ t
τ
〈v, ζr〉M2

r
dr 6 F1(τ), ∀t > τ. (4.18)

du½n 3.6,·�k

F1(t) + ‖ζt‖2M2
t

+ 2

∫ t

τ

‖v(r)‖22dr + δ

∫ t

τ

κ(r)‖ζr(s)‖2M2
t
dr

6 F1(τ) + ‖ζτ‖2M2
τ
, ∀t > τ.

½Â

F1(t) = F1(t) + ‖ζt‖2M2
t
.

@o,

F1(t) + 2
∫ t
τ
‖v(r)‖22dr + δ

∫ t
τ
κ(r)‖ζr(s)‖2M2

t
dr 6 F1(τ). (4.19)

�Ò´`,

F1(t) + 2ε1

∫ t

τ

F1(r)dr 6 F1(τ) + ε1

∫ t

τ

F1(r)dr,

ùp, ε1 = min{λ1, 1, δ inf
r∈[τ,t]

κ(r)}. dÚn 2.4,·�¼�
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F1(t) 6 F1(τ)e−ε1(t−τ).

?�Ú,

‖z1(t)‖2H2
τ

= F1(t) 6 C(R2, λ1)e−ε1(t−τ), (4.20)

Ù¥ ‖z(τ)‖2H2
τ
6 R2.

Ún 4.3 b���5� f ÷v (1.3), (1.4)Ú (4.3)-(4.6).XJ g ∈ L2(Ω)¿� (H1)-(H4)¤á,

@oéuzã�m T > 0,�3S� {zn(τ)} ∈ H2
τ ,¦� zn(τ)→ z(τ).éuÐ©^� zτ ∈ H1

τ , �3

���~ê I = I(‖g‖, ‖zτ‖H1
τ
, T, λ1), ¦� (4.8)�)÷v:

‖U2(T + τ, τ)z2(τ)‖2
H

4
3
T+τ

= ‖z2(T + τ)‖2
H

4
3
T+τ

6 I. (4.21)

y² ò�§ (4.8)�1���§¦± A
1
3w,��

d
dt
G(t) + 2‖w(t)‖24

3
+ 2〈ξt, w(t)〉

M
4
3
t

= 2〈g,A 1
3w〉 − 2〈f1(v), A

1
3w〉 − 2〈f(u)− f(v), A

1
3w〉,

(4.22)

Ù¥ G(t) = ‖w(t)‖21
3
.N´��

2|〈g,A 1
3w〉| 6 1

4
‖w‖24

3
+ 4‖g‖2

λ
2
3
1

. (4.23)

·��±l (4.5)Ú (1.3)¥¼�

−2〈f1(v), A
1
3w〉 6 C

∫
Ω

(1 + |v|γ)|A 1
3w|dx

6 C(
∫

Ω
(1 + |v| 18γ13 )dx)

13
18 (
∫

Ω
|A 1

3w| 185 dx)
5
18

6 C(1 + ‖v‖γL6)‖A 1
3w‖

L
18
5

6 C(R, λ1)‖w‖ 4
3

6 1
4
‖w‖24

3
+ C

(4.24)

�
−2〈f(u)− f(v), A

1
3w〉 6 C

∫
Ω

(1 + |u|p−1 + |v|p−1)|w||A 1
3w|dx

6 C(‖u‖p−1

L
3(p−1)

2

+ ‖v‖p−1

L
3(p−1)

2

)‖w‖L18‖A 1
3w‖

L
18
5

6 C(‖u‖p−1
1 + ‖v‖p−1

1 )‖w‖L18‖A 1
3w‖

L
18
5

6 c0‖w‖24
3
,

(4.25)

Ù¥ c0 = c0(Q0),¿�·�¦^i\ V 4
3
↪→ L18, V 2

3
↪→ L

18
5 , V1 ↪→ L6.

Ïd,r (4.23)-(4.25)\� (4.22),·�k

d
dt
G(t) + 2〈ξt, w(t)〉

M
4
3
t

6 (c0 − 3
2
)‖w(t)‖24

3
+ C. (4.26)
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3 [τ, T + τ ]È©,·�k

G(T + τ) + 2
∫ T+τ

τ
〈ξr, w(r)〉

M
4
3
r

dr 6 G(τ) + (c0 − 3
2
)
∫ T+τ

τ
‖w(r)‖24

3
dr + CT. (4.27)

½Â

G(t) = ‖w(t)‖21
3

+ ‖ξt‖2
M

4
3
t

.

du½n 3.6,·�k

G(T + τ) + δ
∫ T+τ

τ
κ(r)‖ξr(s)‖2

M
4
3
r

dr 6 G(τ) + (c0 − 3
2
)
∫ T+τ

τ
‖w(r)‖24

3
dr + CT. (4.28)

�Ò´`

G(T + τ) 6 G(τ) + c1

∫ T+τ

τ
G(r)dr + CT. (4.29)

d GronwallØ�ª,·�íäÑ

G(T + τ) 6 ec1T (G(τ) + CT ) = CT ec1T .

aq�,

‖z2(T + τ)‖2
H

4
3
T+τ

6 G(T + τ) 6 CT ec1T = I.

d	,éu?¿� ξτ ∈ L2
µτ

(R+;V1), Cauchy¯K(� [3, 12,18]) ∂tξ
t = −∂sξt + w, t > τ,

ξτ = ξτ ,
(4.30)

k��) ξt ∈ C([τ,+∞);Lµτ (R+;V1))�kwªL�:

ξt(s) =


∫ s

0
w(t− r)dr, 0 < s 6 t− τ,∫ t−τ

0
w(t− r)dr, s > t− τ.

(4.31)

·�^BtL«k½n 4.1¼���m�6áÂ8.@o,·��

KT = ΠU2(T, τ)Bτ ,

ùp,Π : V1 × Lµt(R+;V1)→ Lµt(R+;V1)´��ÝK�f.

Ún 4.4 � z2(t) = (w(t), ξt)´¯K (4.8)�).b���5�÷v (1.3), (1.4)� (4.3)−(4.6).X

J g ∈ L2(Ω)¿� (H1)-(H4)¤á,@o,éz��½� T > τ ,�3���~ê I1 = I1(‖Bτ‖H1
τ
),

¦�

(i) KT 3 L2
µτ

(R+);V 4
3
) ∩H1

µτ
(R+;V1)k. ;
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(ii) sup
ηT∈KT

‖ξT (s)‖21 6 I1.

y² 3 (4.31)�*:e,·�íäÑ

∂sξ
t(s) =

 w(t− s), 0 < s 6 t− τ,

0, s > t− τ.
(4.32)

duÚn 4.3,§�±y² (i)¤á.

�e5,´�

‖ξT (s)‖1 6


∫ s

0
‖w(T − r)‖1dr 6

∫ T−τ
0
‖w(T − r)‖1dr, 0 < s 6 T − τ,∫ T−τ

0
‖w(T − r)‖1dr, s > T − τ,

(4.33)

¤á.d (4.22)ª, (ii)��±�y.

Ún 4.5 3Ún 4.4�b�¤áe.@oéuz��½� T > τ , U2(T, τ)Bτ 3H1
T �é;.

y² ¯¢þ,A^Ún 2.2·��� KT 3 Lµτ (R+;V1)�é;.¿�2g¦^ (H2)�b�,·

��� KT 3 Lµt(R+;V1)�é;.d	,k;i\: V 3
4
↪→↪→ V1,·�íäÑ

U2(T, τ)Bτ 3H1
T �é; .

Ún 4.6 � U(t, τ)´¯K (2.2), (2.3)�)L§.b���5� f ÷v (1.3), (1.4)Ú

(4.3)-(4.6).XJ g ∈ L2(Ω)¿� (H1)-(H4)¤á,@oL§ U(t, τ)Pk�m�6áÂ8A = {At}t∈R
in H1

t . d	,áÚf A´ØC�,¿�X,

U(t, τ)Aτ = At, ∀t > τ.

y² �Bt = {Bt(R0)}t∈R´k½n 4.1¼���m�6áÂ8.dÚn 4.2ÚÚn 4.3,éuv


���~ê R1,´�

x B
1
3
t = {B

1
3
t (R1)}t∈R´.£áÚ�,

ùp B
1
3
t (R1) = {ξ|‖ξ‖

H
4
3
t

6 R1}.

¯¢þ,(Ü (4.9)Ú (4.21),·�íäÑ

distH1
t
(U(t, τ)Bτ , B

1
3
t ) 6 distH1

t
(U1(t, τ)Bτ + U2(t, τ)Bτ , B

1
3
t )

= distH1
t
(U1(t, τ)Bτ , B

1
3
t )

6 C(‖Bτ‖H1
τ
)e−ε1(t−τ),

ùp, ε1 = min{λ1, 1, δ inf
r∈[τ,t]

κ(r)}.

DOI: 10.12677/pm.2023.135150 1479 nØêÆ

https://doi.org/10.12677/pm.2023.135150


o�A§�à

é?Ûk.8(3H1
τ ) Bτ = {Bτ (R)}τ∈R, k½n 4.1,�3�� t0 = t0(R)¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0).

Ïd,

distH1
t
(U(t, τ)Bτ ,Bt) 6 $eε1t0e−ε1(t−τ),

Ù¥ $ = sup
06t−τ6t0

‖U(t, τ)Bτ‖H1
t
.

A^Ún 2.3Ú½n 3.8,·��±¼�

distH1
t
(U(t, τ)Bτ , B

1
3
t ) 6 C(‖Bτ‖H1

τ
)e−ε1(t−τ).

(ÜÚn 4.5,·�k¯K (2.2), (2.3)�A�L§ U(t, τ)3 H1
t ¥�ìC;5.Ïd,A^½n 2.7,

½n 2.10Ú½n 3.8,·��±y²�m�6áÂ8 A = {At}t∈R 3 H1
t �ØC5Ú�35,�Ò´

`

U(t, τ)Aτ = At,

¿�

A = {Z|t→ Z(t) ∈ H1
t � Z(t)´L§ U(t, τ)� CBT}.
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