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Abstract

Using the combination of Feynman diagrams and the planar binary tree, the renormalization
group of QED was defined and the H — Hopf module of semidirect product of the group, the se-
midirect coproduct of the H — Hopf module, the spread of the H — Hopf module on the planar
binary tree and the H - Hopf module with charge were pointed out. Finally it concluded the
H — Hopf module of quantum electrodynamics and the renormalization coaction of electron and
photon.
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Weks H#H: 20154E5 A5 H; A HM: 2015485 H22H; RATHIE: 20154E527H

i E
I % B EAEE = SoRHEI45 A, 2 X T QEDRE LB IR 1B b % BRI H — Hopf HEAT H — Hopf

BREEERB, P oo LR H — Hopf BLRMERE R K H — Hopf 1%, BER/HETFHIIIERN
H — Hopf KB FHEFREIEMKREA.

e A
H - Hopf #, &TH311%, FERH, EEAKER

1. 518

B4 Hopf AL KEIH & TEH, BOAHE—MOLKKRR, B 58N 2 HeSdE T
EENBR, R, BUemBE . BRer Sy R s BBz B2k, HEIR IR 60T
FAREE LR — A RIS, B4 Nata 55 AT 1940 fERT KR T P BI3CE, AL T Al
W2 ER— RS, $THF TR AT . 1988 4, Istvan Beck B KR T ACHIA I F A F
Kl JERGIMATF 7R EENE O, Nz 7 A& /N T 4 IABRPA1]. 1994 4, Schmitt WR
7E5e 4 B L d T T ORIk Hopf AUE4E 4, JFE) T Hopf ARELS RS IR FT[2] [3]. 1999 4E Anderson 5 M.
Nseer K3 T — & & T HIPE T 5 2 D8 1 [ B M o 2 (]2 el A ELRE A B8 SC[4], 1997 AEXRIUIGEE N4
7 eI I Hopf ARER 45 14[5]. 2005 fF@A e T 58418 5 58 4 —HB Il A e 4 r # B I Hopf AR &k 4h
IR H e S — 78 =70 Mo r o2 B Hopf AR R4 [6].

Hopf Q%5 B8 2 205 o AN R 3 B 20 7330, BT AR E &, T HLAE VR 2 He 80 4 3 (W
HEHCE BB, AN DL U 248 A FEER . BFEI H — Hopf BEEISEH), 21208
i H — Hopf A5 1 L SUAFAE 22 A 78 H B S0 B o, o Ad I B i 78 1 H — Hopf A — 281k )it . &4
BET — BRI TR )RR IR v, 1S H — Hopf 1555 B2 (R A BLe ik, MR IE . ANSCRAESCHR[7]
o CAREFC R, i — B oo S B B S S, et H — Hopf BB et A AR
JEA EEME L.

FriB 1 H — Hopf B4, SC[8]HAE T W F A& L: BN 2 — AN s, H 22— MU, op: HON >N
A K-, H5 FHABGE: o(1®9)=p(H®1), @(u®1)=1, M (N,p)2—kH-#.
BNE-ADHEEN, CE IR E, p:NoO>NC E—PMK-[FA, 75 FmR s rel.
(1®A)p=(p®1)p, (1®e)p=1, M(N,p)iE—"NhC—-RH, B(H M, uAzs)2Z " Hopf L2,
NZ—PMHH, o:NOH >N Z2—PMK-[A&, NA&—MHH &K, p:N>NOH 22— K-IA
&, WHReNOH > N E—AMRAHAE p: N > NOH & —MUEFEZL p(mh) =Y mh ®mp, ,
M N A& —AFA H — Hopf i,

BTN, @F N QED (quantum electrodynamics), ‘& 57T FREI7 5 w7 FERL 1 AH ELVE F ) 3
AR, IS R (TP B ) SRl A AT O 3 AR ELAE A, XA AZ i) DU AR 2 A AN R 1) 7
i mERRGEH P AN, AR TREE AT AR SRR T

()
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K=V Ja, A6 AT LA R i AR L, 3N IR 3 o] AR — K e, B
A DAH LA AN I - 5 SR I — AN H K, AR A R ORAR A SR e (R L A8 B B 1 A R
METIALE, PR RN R RS RIDNN T 2 MAIAEN, THERY, AREREE RN
77 30, R ZAR R TTRk 2 A — R, E AT SRR B I AR A ' 1 AR R S B 2 R G B
T AR S IR S A AR A A A W 5, BRI e v I 5 7T LA R 440 405 ) 5 ) e R3O

FEE T REN A ROVE R A, AT RAIE FORE T 55 R A AR ELAE AR SR AL BRG R MR 52 A S
e, (EAREARERYCH) B RS R, R TR TSI TR E T IR RES, AR
P, AR KR

B - 7%2(1918~1988) 2 ALK A L LR 2 ZIINAI AR 2 —, MhER T HBh /)24 Ll i
SR ARE TR 1 vk DURIBER, ARy 58 —AMR e . Al T 9% 2 Kl (Feynman Diagram),
AMERECLEI AT AR T WG, R ] DU A2 g AT ot AnHE S, e RAR 2% iy HAR 7%
Gy EAEE R I M DA, JHEEA € MR AL AR f SR R . PR 3 W H Pl
Ji% S FERETERA R T FT ) R G SR B RE, 8 S FERE T3 AN I e RIS T AR A 5
it g B B I T 6* (3 P) S5, A E M FRET, BEMEE R T LR 5 M|* RIE L.
A FL I SR HE A i) LR e T B R S R K M OAERE ST, 2R R g ik MO R ST i AR T
o TS R ARPOE LR IGTHREN, FOMZR 2. SRR T thn] DS AR AR oL
SR, (HON TSR I Ol ] IR T IR AN B R R, R RO B I R, B 8 U A A Y
Jiik

ASCESS T HILACHERT H — Hopf BEHEEARM, 452K, %X T QED ME LML L
EAM H — Hopf B FR A4~ 1 — 7o B H — Hopf BEALHE: FRREA 7R FH7 H % H — Hopf 45
B e iR 1 — e (1% QED [ H — Hopf BEAARAER], 7 A& 7K E IR .

2. EIFLEF H — Hopf HERIEE &R
2.1. &#E8HE

FEFE M )R — IR S — g 1 9 2 R ARk, (e f B, AT LU “ 2 S RN 55 Hh AR S R
TLHIFRIE, T RS R RO I R B L R

P2 R R SRR A T, AR SRR IR T, BUREARL Y. BT. 1B
HL DG (08— U AR, #OAE T i B PR SE LR (7 Sk 70 a4 TR RIS 180 S i) A — AR BOR R S
KRR R . RIS BORS IR — LR, BN, TS T I 2 T8 (Y 4R
NN, WS AR b R R AR T, FONERL T A2 R, WSREai kT g
2, SREREE IR B AN S| A —Ah R, EARAEAE TR, IR T S M R A LT AR
FESTAER) o FEARMT— N L2 — 2% WL, BB TR — D R, 2RO T

AHLL TN RS HEED Zﬁﬂyls;zse o BT WA A — w38 3N B 53— s 2R AT RE AR

XL AN BRI - 9% 2 B TS AR O 9 2 B R n 209 2 EAREER MOEREREIT U M, 1) — T3
BN T RO R, B R 2 E N 1) B E AN TR AT, XA E R
B TARIER 5 — BT, IFRUE R ITIRIG IXRE, PIASE I AR, AR eI E AR,
WAREEEAEN, 2 d 75 RN, B RS AROL T RS R S
AP T (UL EZ RS, 5280t T (UBGRERR), K 1), REEAE A2 f—4
Jey, fEE L), ZHWAET, K L), ZHRIFZIHT
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Figure 1. Feynman diagram
1. #BE2E

2.2. QED WYEIE{LEF

XER A E R K E IR RE, SR, A B A L R [9]-[12] .

EN 1 —AHEFIEENEREEM G <G N H—% (o, f) AL EMGE o« G, Hili &M
(o, f)OC((//,g)=((pl//, f”’g), Vo, eGC vf,geGh.

EX 2 —AHEIFHMEFREG” FHIGE o« GPMA1E, HiH & LA T % AF:

1) @i f e (I, f) #HAG

2) BHHGT Lk, Hfo(p,g)=1"g,

K, —ANETFHEEAFEHG AY: MEMEEATRERG RMfEH, HG® « s(GC)iEé
G o G T8,

fy=1(p).

Hes:G° 5GP, H S(w)[8(¢)l//i|71[8((0)l//j| =1,, Yo,y eG".
2.3. H#EEEFHR H - Hopf &

WU, R 7352 2 2 2 R R ARG, e i i 9 2 1) T8 (G B AT e 31 1 — o) T A B g
B, EIEAAERE SO EAGEE I 0 3R (B SCHR[11]-[14])
IR GG, M G oc G 2R, 44 5Iit N C(GC),C(GP) M C(GS o« GP) « ‘EAT#EA Hopf
K& EERERT, AL NAEE:
G® = Hom,, (C(G°),C),G" = Hom,, (C(G?),C), G® =G = Hom,, (C(G° < G*),C)

T H3E H - Hopf EC(G°)®C(G ) MC(GP) LifiA .

B p°:C(G°) > C(G*)®C(G° o GP) Ml pP:C(G") > C(G")®C(G* « G, * TG FIG A
TERL BT (py,a) = (p®y, p° () FI(fg,b) = (f ® g, p" (b)), He41(,):G°®C(G*) > T, Wl (p,a)=a(p),
HAEN p:C(GP) > C(GP)®C(G*), BHARIEMMMET G MR, I (h,b)=(h®gp, p(b)) -

JXFEC(G® o« GP) & H —Hopf 8, it C(G*)®C(GP), HIMELUTHM: p” MM T HHER -, . &
<((p,f)~m(t//,g),a®b>:<gp®f®t//®g,p°‘(a®b)>, Horpg — M RIZSEp
p*(a®b)=p* (a)[(p®1)p" (b) ]

(=)
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MiH, £G" 1:G® o GP MfEFIXHE T &{EM p':C(GP) > C(GP)®C(G° = GP),
EIF7 p'(b)=(p®1) pP (b) « MUY, LitEBSt o:C(G") > C(G°) WHT R s:G° -G, Ml o i
JENTTE e
(m§4®m1°35)(|®pc®|®I)(0'®G®G®I)(I®Sp®p)(pp)2=p°i°€p
Fobr, (i, .k) 22 Hopf ft% C(G®) Lakik mS mifEfLLE, S” & Hopf {4 C(G") LR,
(pp)zz(pp®|)ppz(l®pp)pp, i©:C>C(G°) & C(G%) Liyifr, £ :C(G")>CRC(G) il
RELLo XFHLIEA — AL . p°02(0'®|)(|®M°)(p®0') P
1E C(G) L C(G®) iy A& A FI X8 T1E -, & — ML & p°:C(GP) > C(G)®C(G) , &
p°(0)=(18M°)(p®0c)p" (b)«
2.4. H—Hopf i ERH
WM MP P H —Hopf 12, p°, pP 70l eI S5, w M WAEILER T MP, RIEH
piMP 5> MPRM®, Hi e FRA:
(p®1)p=(1®A°%)p, (1)
(AP ®1)p=m;,(p®p)AP, @)
Hrpmg, A E 2 FINE A, 4 R BHEA B 3 Rk AP RAFLIEFLERBIM® «« MP S H — Hopf
#, Hp"(a®b)=p°(a)[(p®1)p°(b)], vacM" beM® RHEL " (a®b)=4(a)s,(b)-
FESCHR[11] [12] [15], Molnar EERI M© oc M P J&—/> Hopf 1R, RAEUGR
5" (a®b)=5°(a)| 7(1®5°)p(8%) | =7(SP ®5°)(1@m)(p®1)(b®a) .
F1E 1 ®&MMP WA H-Hopf B, M°Xf MPAER @ iR (1) (2), W RAFAE — WG
o:M? 5> M, HE p”:MP 5> MPOM®, Bl p” =m(p®c)A®, fHi1F
pio=(c®l)p’ ®)
mﬂ(p“®l)p”:(l®p°)p"o
UEMT: 1 Sweedler (f1idi%, 13 p°(a)=> 3, ®a,, p°(b)=2b®b,, p(b)=> b ®b . YbeMP?
(p7®1)p° (b)=(p" ® 1) (p®0c)A (b) = Z(p ®1)m% (p(b)®c(b,))
:Z(P ®|)m23(b1|®b1r®0( 2))22(/3 ®I)(b1|®b1,0(b2))
=207 (by)®b,o(b,) =3 by ®by,.0o(by,)®b,o(b,)
= 2By ®yy0 (b ) @by By o (0;) = 3 iy ®Dyy0y0 (B ) B ysrobye ()
= 2.0y @y, (B ) @iy, (B, ) = 2y @By (0(B)), @by (o (b)),
=2y ® (o (b,)) =(1©°) p° (b)
FTEL (o7 1) p% =(1®p°) p°
3. FE=tH LR H — Hopf 1REEHE

FEIXFR 7> FATH A 28 1 H — Hopf B0 8 T o 3 MR 7 L4k, BN R IR S .
TRLL XN T A AR AR A R AR ARSI A 2R, FATRAEWIEA T2 H — Hopf 5, e E 3 #
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Je il P oo BRI “over and under” [11] [12] [16].
3.1. {&BY&#&(The Pruning Comodules)

EX 3 BCY &AL, M plpPCY >CYRCY W& Fizsk /My, B
pP(U)= S L0, pr()= 3 L8t . AW s BT EEE |, ag(|)={(1)’,‘;'|, R CY AATT

t=y/t, t=\t,
A R SRR AR
B 4 B P, pf 53 I RAE B B 2 A AA A REL, JHEEA TIRE —d, B W TRER: pf (1)=1®],

pl(tvs)=tvs®|+ > t,®t,vs; KB, pf(1)=1®], pf(tvs)=|®tvs+ Y tvs ®s,, MIKCY &
PR(Y) PE(t)
A RS E B R

3.2. BFHMETFHIBA H - Hopf

FESCHR[17]-[20]HIERA T a7 M1 7L 45 1 Hopf MK FEIXER 7Y, JRATTFER _EHE 2 BT of, of
WRRAERRALIT 1, AT BN FOAF A 4E 22 52/ H — Hopf XM, M* .

XS5 BEM M =C(Y)/(1-]), M"H p! JE, M°H pf YUE, X vt eC(Y)/(1-]), i=12,,
Attt =[]+t +--+[t,] » M ,M* =@CY, ®CY, ®---®CY, » JUFM",M® 535l HL 7 F 74
&1 H — Hopf £,

4. # EHEBEE) H — Hopf &

AT A0 LI H — Hopf BRI T 1F FI7E 7 IO IEARE, BB AL, W MR —
MEH
4.1, — AR EE

BM*=C[V(t)teY] R ANl =TV (t)=|vt ERIEL, X veey , A HE— K537
t=t /V(t), B f V(1) >V () oM > (CY,/) Bl |, EATERBERZ, /£CY 1, BEEAn I CY,
BRI M =@, .. . CV (Y, )®®CV (Y, ), FEAN=n+n,++n .

EX 6 BAHEHA (CY, 1) IR M BRI,  EARR | SR ArIeh 1.

4.2, —ANHEAR H — Hopf #

EXT EX DR p* M 5> M @M FI—ANEER p: M 5> M* @M*, 1Rk iz 5 2

DS

D p()=I®l
V(D) =18V (B +p(v (1)
p(tvs)=p ()/p (V(a)
2) p(l)=1®
p(V(1)=(Vel)p(t)
p(tvs)=p"(t)/p(V(s))

Lt=|

Be:M* - C 2&—L ks, EVtEMa’g(t):{Otﬂo

()



E1 T — oM I R FLB) )52 H-Hopf 1

SEHE 1 B M =C[V(t)teY]| & — A H-Hopf ., H p & —4H p"— & 1 il &
(p@1)p=(1®p)p

W H, pt RIEMOER, B p* (M7 ) c @, ,Mi @MY, My R, IXHFE M RIE .
HHE 5 A, M“&—A>H — Hopf #5.

S B AIEIEMIE S p B XA M p* —RIEH (p®@1) p=(1©p%) p

Mt =0, SROL. BECAH T A N SR (p@1)p = (1@ p" ) p RMOLE, WAFHF A n+1
i, A
(P& @1)p(t)=(pV -
(VeI (p®I1)p(t)=(VOISI (
(Ve(r®n)p)p(t)= (V®p (|®|))p(t)
=(

Ve )p(t)=(1®p°)p(V

Bsvt=s/V(t)MF—n+l, s=|, WsHV(t)BF/NTEET n. B Sweedler 55, 5
PU(s)=D.5®s,,p(t)=D 1, ®t, .

(P@1)p(sIV (1) =(p@ D)o (s)/ p(V (1)) ]=(p@1)(Zs @5, IV (1)1,
=(P® )Y s IV(4)®s, It =) p(s,/V (1)) ®s, /t,
=2P1 () p(V (1) ®s, 1t =3 p" (5)®s, 1 p(V (1)) ®F,
=>(p" I)(sl®52) (p®)(VOI)(t ®t,)

=(p"®1)p“(s)/(pV ®@1)p(t)=(p* ®1)p"(s)/(p®1)p(V (1))

(18p%) p(s/V (1) =(1®p°)[ p*( (1)]= [(l®pa)p“(s)]/[(|®p“)p(v(t))]
mm%@&,ﬁ%ﬁ&jw@®np=@®wp,
FHERNIECAAMEES o RIBZ RSB, 10(1807)0" =(p" ®1)p"

Mt =0, FAAL. 1?)%&%[1‘X¢E‘Jf??'ﬂnﬁﬂ“ﬁi’ﬁ(l®p“)p“:(p“@l)p“%ﬁ}ijﬂﬁ, T 240 57 N
n+llﬁ', ﬁ

(p@1)p(V(1))=

)=((ver)p)p(t)
1 ®

P*)p(t)

(185 )0 (VD)= (195" )18V (1 + (v (1)

“l@p (v (1))+ (.®p>< (1)

S1(10V (1) (v (1)) +(1©7) (v (1)

=1®[®V (t)+[@p(V (1) +(1®p" ) p(V (1))
(pr@1)p(V(1)=(p" @1)(I® V (t)+p(V (1) =p (1)®V (t)+(p" ®1)p(V (1))

=[®@®V (1)+(pVel)p(t)=®@|®V (1) +[(I®V+oV)®1]p(1)

t)+(10Vel)(|®p(t))+(pV ®1)p(t)
)+ @V ®1)p(1)+(p® 1)V ®1)p(t)
)

) +19p(V (1) +(p@1) (v (1)

-|®|®V
-|®|®V
-|®|®V

~_~~ A~~~
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XEH(p@1)p(V(1)=(1®p%)p(V (1), FILL(1®p")p =(p" ®1)p"
4.3. =P EEZHAIE R A H — Hopf #%

BEM =C(V (t),teY ) R—NHERV (t) RO SRR, B M M SRR, dE
6L, M > (CY, /) R, B M - (CY, /) R, d5E 7 &, BMe LRSS p* flp
HSH M LRI " fl 5 M 5> M OM” .

FHE2 BIM =C(V (1), teY) oM Z s HA H — Hopf BE.

W T MY (CYL) A, MO (CY) AR, BT ME M [, Bt A
pIME > MO @M, MHTEEL 1, {3 L
5. EE_7tit LA QED B H — Hopf #EM&{ER

BATERIHZE 3,4 3050 € LIS EREE 2 50 IR, A0 B E IE4L R AE R & QED i) H — Hopf
i,

5.1. BEFMNEFHRIER
HFMe=CY, MM EfIAIER pATERK 5:CY - CY ®CY , Y EHE M H M 4 RIES,
p(1)=1® , pHE NBANES p MT > M @MY, p M >M @M, Bixf

viseY,p'(tvs)= D tvs ®t/s,, pf(tvs)= D tvs, ®t/s,,
P (8).0" (5) P (0).0%(5)

Bpt(tht)=p" (bt t,) = p(4) A(t)-- (L)

Hep(s) =205, ®s,,p°(5) = 25, ®s, «
FIE21) Wb p' Bl p° A p —RAEHL, B (p° ®1)p° =(1©p°)p°

(@) ~(195)5"
2) 485 p? A p? FARE: o7 1 ENIE (0 @ 1) 0" =i, (0 @ ) !
( ®I) C=m (p ®p)pr.

B RESS — 150l T p° AT p% — RAEF, e LRI, B (0 ®1) p° =(1© p%) p°
R, -t b eY,i=12,-,nE, f:

(7 @1)0 )= @ 1) )] (1) (4]
(190°)0" 1t -1)=[(19°) ()] [(187)e°(1)]

Fr LAJ& B

I VAR B ( ' ® )pe =ms, (pe ® p° )pep

Lt =i, FRMIL BRI n 545 fﬁ( )pe :m§4(pe®pe)pep FEROLI, W tv s 1)
?ﬂ‘j n+lHﬂ‘7 ﬁ
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(PP®1)p(tvs)= Y (P2 ®1)(Lvs, ®t/s,)= > pl(tvs,)®/s,

Potp% Pot.p%s

=2 (I®t vs,+ >t vs, ®s,)®t, /s,

Pep
=2 |®tvs, ®t, /s, + Y tvs,®s,®t,/s,
o P, 0%, pP'se

m;(pe®pe)pep(tvs)=m§4(pe®pe)l|®tvs+ztvsl®52]

Pep s

=m;[pe(|)®p€<tvs)+2pe<tvsl>®”e(s”]

pés
:m§4( Y 1®|®t vs, ®t, /s, +3 (4 vs, ®t, /s, )®(s, ®s,,))
P.p%s o°
= |®tvs, ®t, /s, +> tvs, ®s, ®t, /s, /s,,
MMEEMs, 1> 5,®s5,0s,= > 5,085,805, /s, -

ps.pf'se pEs.P%51.052

RS BIEBSR (pf @1)p° =md, (p° ® p°) pf WL

(pep ®I)pe(ts)=(pep ®I)(pe(t)pe(s))=(pep ®I)

Z telsel ®te25e2 ®tasa = Z (tel ®te2 ®ta )(sel ® SeZ ® sa)
Pt %t p%s
/’eptevpepse peptE ) pepse

- [(pep ®1)p" (t)][(/?ep ®1)p° (s)}

>ts, ®tasa}

Potp%s

m3, (0° ® p°) pl (1) =m3, (p° ® p° ) (F ()@ P2 (5)) = M3, (p° ®pe){ Y (L®1,)(s,®s,)

pft.pfs

= m§4 (Zpe (T'lsl)®pe (tzsz )) = mgzl ( 2 (tiesle ®t1asla )®(t2e52e ®t2a32a )]

pet,pes
= Zt'lesle ®t2e52e ®t1aslat2a52a = Z(tle ®t29 ®t1at 2a )(Sle ®SZe ® slaSZa)
=M%, (p" @ p%) (1) [ M3y (p° ® %) P2 (5)]
ISP (0f © 1) p° =md, (0° ® p°) ol SERRILH.
5.2. QED 4§ H — Hopf 1&

3C[16] [21] [22]3EBIAAE— QED 1) Hopf %%k, H2% EBCEn, fEE7Eiat b, #5828 —/1
QED f#] H — Hopf ##.

ERATAVE X — M EEEFM =M* c M®, Hif 2L R K A:

p- (a®b)=pc(a)[(p®l)pp(b)J , VaeM®beM®, & (a®b)=¢(a)e,(b), XM e M® 2
M“®@M*®, s&—4>H —Hopf ¥,

FHE SRS p* M S M RM®, /Y

P (t®5,-5,) = p* ()] (07 ® 1) pf (5,8 ®3,) |



EF-1H — O I L i) B 7 LBl )2 ) H-Hopf 15

SR, R IX A ALK H — Hopf /& QED ) H — Hopf #%.
E&InE

I VERE S A 2 R B H (JGY2014092); 2011 4E Bt 40 ) A A A TR A
(2011JGBO067); 2014 FAR 2 J7 B E R WAL T H ;. 2014 5T PG I 24 B 5 B 1 - B2 AL 2 24 R
B EEIIE s 2014 FE R IORS A A TR S I H .

SElk (References)

[1] Beck, I. (1988) Coloring of commutative rings. Journal of Algebra, 116, 208-226.

[2] Schmitt, W.R. (1994) Incidence Hopf algebras. Journal of Pure and Applied Algebra, 96, 299-330.

[3] Schmitt, W.R. (1995) Hopf algebra methods in graph theory. Journal of Pure and Applied Algebra, 101, 77-90.

[4] Anderson, D.F. and Livingston, P.S. (1999) The zero-divisor graph of a commutative ring. Algebra, 217, 434-447.

[5] XBPoe, SHEAL, FTERE (1998) et H-Hopf fREEE M. IR K 290 A F157R), 3, 1-3.

[6] & (2005) 784K 564 MK L H-Hopf AXEEE . i1 EI7E A 9 A FFHR), 3, 25-29.

[71 it (Rdb b, B4 (2015) P oM 6 H-Hopf 8Lk, /G Ip0 e HH0 H AF2 57R), 3, 21-23.
[8] Dascalescu, S., Nastasescu, C. and Raianu, S. (2000) Hopf algebra: An introduction. CRC Press, Boca Raton.

[9] Brouder, Ch. (2000) On the trees of quantum fields. The European Physical Journal C, 12, 535-549.

[10] Grossman, R. and Larson, R.G. (1989) Hopf algebraic structure of families of trees. Journal of Algebra, 126, 184-210.

[11] Brouder, Ch. and Frabetti, A. (2001) Renormalization of QED with planar binary trees. European Physical Journal C,
19, 715-741.

[12] Brouder, Ch. and Frabetti, A. (2003) QED Hopf algebra on planar binary trees. Journal of Algebra, 267, 298-322.

[13] Connes, A. and Kreimer, D. (2000) Renormalization in quantum field theory and the Riemann-Hilbert problem I: The
Hopf algebra structure of graphs and the main theorem. Communications in Mathematical Physics, 210, 249-273.

[14] Molnar, R.K. (1977) Semi-direct products of Hopf algebras. Journal of Algebra, 47, 29-51.
[15] Itzykson, C. and Zuber, J.B. (1980) Quantum field theory. McGraw-Hill, New York.
[16] Loday, J.L. (2002) Arithmetree. Journal of Algebra, 258, 275-309.

[17] Kreimer, D. (1998) On the Hopf algebra structure of perturbative quantum field theories. Advances in Theoretical and
Mathematical Physics, 2, 303-334.

[18] Loday, J.L. and Ronco, M.O. (1998) Hopf algebra of the planar binary trees. Advances in Mathematics, 139, 293-309.

[19] Foissy, L. (2002) Les algébres de Hopf des arbres enracinés décorés I. Bulletin des Sciences Mathématiques, 126, 193-
230.

[20] Holtkamp, R. (2003) Comparison of Hopf algebras on trees. Archiv der Mathematik, 80, 368-383.

[21] Loday, J.L. and Ronco, M.O. Order structure on the algebra of permutations and planar binary trees. Journal of Alge-
braic Combinatorics, to Appear.

[22] Peskin, M.E. and Schroeder, D.V. (1995) An introduction to quantum field theory. Perseus Books Pub. L.L.C., New
York.



	The  Module of Quantum Electrodynamics on Planar Binary Tree
	Abstract
	Keywords
	在平面二元树族上的量子电动力学的模
	摘  要
	关键词
	1. 引言
	2. 重正化群和模的半直余积
	2.1. 费曼图
	2.2. QED的重正化群 
	2.3. 群上半直积的模
	2.4. 模的半直余积

	3. 平面二元树上的模的传播
	3.1. 修剪余模(The Pruning Comodules)
	3.2. 电子和量子传播的模 

	4. 树上带电的模
	4.1. 一个带电的模
	4.2. 一个带电的模
	4.3. 一个非交换的带电的模

	5. 平面二元树上的QED的模和余作用
	5.1. 电子和光子的余作用
	5.2. QED的模

	基金项目
	参考文献 (References)

