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Abstract

In this paper, the generalized b-family equations with fractional time and spatial

derivatives are considered. The fractional derivative is described in the Riemann−Liouville
sense. We present the analytical solutions of the fractional equations with initial con-

ditions by the Laplace transform of sequential fractional derivatives. Moreover, the

generalized b-family equations with fractional time and spatial derivatives possess com-

mon analytical solutions which are solved by considering a simple equation.
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1. Úó

�ÄXe2Âb−�§|

ut − uxxt + (b+ 1)uux = buxuxx + uuxxx + α
′
(u− uxx) + β

′
(u− uxx)x + γ

′
(u− uxx)xx, (1.1)

Ù¥α
′
, β
′
, γ
′
Úb´~ê"�α

′
= β

′
= γ

′
= 0�§�§(1.1)�±z�

ut − uxxt + (b+ 1)uux = buxuxx + uuxxx. (1.2)

Degasperis�Procesi [1]y²
�§(1.2)�ìC�È5"�b = 2�§�§(1.1)C�Camassa−Holm

(CH) fYÅ�§ [2]

ut − uxxt + 3uux = 2uxuxx + uuxxx. (1.3)

�β
′

= γ
′

= 0 Úb = 2§�§(1.1) C��fÚÑ��CH.�§µ

ut − uxxt + 3uux = 2uxuxx + uuxxx + α
′
(u− uxx). (1.5)
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�α
′

= γ
′

= 0 Úb = 3§�§(1.1) C�2Â�DP�§ [3] [4]µ

ut − uxxt + 4uux = 3uxuxx + uuxxx + β
′
(u− uxx)x. (1.7)

�α
′

= 0 Úb = 2§�§C��Ê5��CH�§ [5]µ

ut − uxxt + 3uux = 2uxuxx + uuxxx + β
′
(u− uxx)x + γ

′
(u− uxx)xx. (1.8)

Cc5§©ê��©�§3ÔnÚó§¥ÑkéõA^ [6] [7] [8] [9]. Nõ��y�§~X

>^Æ!(Æ!Ê�5Úá��Æ§ÑU�©ê��©�§£ã [10] [11] [12] [13].

3ù�©Ù¥§·��ÄXe���©ê��2Â�b−�§|µ

Dγ
t u−D

γ
tD

β
xD

α
xu+ (b+ 1)uDα

xu = bDα
xuD

β
xD

α
xu+ uDα

xD
β
xD

α
xu+ α

′
m+ β

′
mx + γ

′
mxx, (1.11)

Ù¥m = u − Dβ
xD

α
xu, γ ´�m�©��ê§0 < α ≤ 1 �0 < β ≤ 1 ´�m�©��ê"·�

ùpÌ��Ä�´Riemann−Liouville (RL)¿Âe�©ê��©"ù�©Ù�Ì�8�´ïÄ�

§(1.11)�°()"Äk·�ò�§z{�z��Ñ�¹L�ªu−Dβ
xD

α
xu��§",�§·�ò

¼��§u−Dβ
xD

α
xu = 0�°()"��§·�òÏLù�9Ï�§¼��§(1.11)�°()"

2. ÚnÚ5º

½Â2.1. ©ê��êÆ½ÂkA«ØÓ�/ª [14] [15]"·�Ì�æ^3RL¿Âe�©ê�

�½Âµ

D−qt f(t) =
d−qf(t)

dt−q
=

1

Γ(q)

∫ t

0

f(x)dx

(t− x)1−q
, (2.1)

Ú

Dq
t f(t) =

dn

dtn

(
d−(n−q)f(t)

dt−(n−q)

)
=

1

Γ(n− q)
dn

dtn

∫ t

0

f(x)dx

(t− x)1−n+q
, (2.2)

Ù¥q (q > 0 Úq ∈ R) ´�©��ê§n ´�ê¿÷vn − 1 ≤ q < n �Γ ´î.³ê¼ê"\

\q¤����ê§·�ò£�Ï~�½Â§=

Dq
t f(t) =

(
d

dt

)q
f(t), (q = 1, 2, 3, · · ·). (2.3)

Ù¥RL©ê��©��êØ�u0§�´

Dα
t C =

Ct−α

Γ(1− α)
. (2.4)

XJf(τ) Úg(τ) 3[a,t]´ëY�§KRL�©÷v4ÙZ]{Kµ

DOI: 10.12677/aam.2020.99184 1567 A^êÆ?Ð

https://doi.org/10.12677/aam.2020.99184


´æx§��ù

aD
q(g(t)f(t)) =

∞∑
k=0

(
q

k

)
g(k)(t)aD

q−kf(t). (2.5)

½Â2.2. 4·�5£��e.Ê.dC��Ä��n"'uECþs�¼êF (s)½Â�µ

F (s) = L{f(t); s} =

∫ ∞
0

e−stf(t)dt (2.11)

Ò�¡�¼êf(t)�.Ê.dC�"¦��m�3Xe�.Ê.d_C�µ

f(t) = L−1{F (s); t} =

∫ c+i∞

c−i∞
estF (s)ds, Re(s) > c0, (2.12)

Ù¥c0á3.Ê.dÈ©(2.11)ýéÂñ�m�²¡¥"

3. �§(1.11)�°()

·�ò|^1�!�©ê��©�½ÂÚ�
Ä��£5ïÄ�§(1.11)�°()¿�Ñ�

§(1.11)�(1.1)°()�m�'X"

�§(1.11)3RL¿Âe�due¡��§µ

Dγ
t (u−Dβ

xD
α
xu) + buDα

xu+ uDα
xu = bDα

xuD
β
xD

α
xu+ uDα

xD
β
xD

α
xu+ α

′
m+ β

′
mx + γ

′
mxx. (3.1)

?�Ú�·���

Dγ
t (u−Dβ

xD
α
xu) + bDα

xu(u−Dβ
xD

α
xu) + uDα

x (u−Dβ
xD

α
xu) = α

′
m+ β

′
mx + γ

′
mxx. (3.2)

5¿�m = u−Dβ
xD

α
xu",��§(3.2)Uz{�

Dγ
tm+ bDα

xum+ uDα
xm = α

′
m+ β

′
mx + γ

′
mxx. (3.3)

�§(3.3)�z���¹m½ö§��©�"Ïd·��I�ïÄe¡��§µ

u−Dβ
xD

α
xu = 0. (3.4)

Äk·��Äe¡��5�§µ

u− 0D
β
x0D

α
xu = 0. (3.5)

·�4α1 = α, α2 = β Úm = 2"Ïd§σ1 = α Úσ2 = α+ β"�§(3.5)²L.Ê.dC�C�

L{0Dβ+α
x u(x, t); s} − L{u(x, t); s} = sβ+αU(s, t)− U(s, t)−

1∑
k=0

sσ2−σ2−k [0D
σ2−k−1
x u(x, t)]x=0 = 0.

(3.6)
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ùp·�b½ [
0D

β−1
x (0D

α
xu(x, t))

]
x=0

= A(t),
[
0D

α−1
x u(x, t)

]
x=0

= B(t). (3.7)

Ïd�§(3.6)z{�

(sβ+α − 1)U(s, t) = A(t) +B(t)sβ, (3.8)

Òk

U(s, t) =
A(t)

sβ+α − 1
+

B(t)sβ

sβ+α − 1
. (3.9)

?�Ú§·�Òk
1

sβ+α − 1
=

∫ ∞
0

e−sxxα+β−1Eα+β,α+β(xα+β)dx (3.10)

Ú
sβ

sβ+α − 1
=

∫ ∞
0

e−sxxα−1Eα+β,α(xα+β)dx. (3.11)

ò(3.10) Ú(3.11) �\(3.9)§·���

U(s, t) = A(t)

∫ ∞
0

e−sxxα+β−1Eα+β,α+β(xα+β)dx+B(t)

∫ ∞
0

e−sxxα−1Eα+β,α(xα+β)dx. (3.12)

|^.Ê.d_C�§�§(3.12)C�

u(x, t) = A(t)xα+β−1Eα+β,α+β(xα+β) +B(t)xα−1Eα+β,α(xα+β). (3.13)

�α+ β = 1§�§(3.13)C�

u(x, t) = A(t)E1,1(x) +B(t)xα−1E1,α(x) = A(t)ex +B(t)xα−1E1,α(x). (3.14)

éuα = 1 �β = 1§�§(3.13) z{�

u(x, t) = A(t)xE2,2(x
2) +B(t)E2,1(x

2). (3.15)

|^½Â(2.2)§w,V�u�{u´Mittag−Leffler¼ê�AÏ�/"²L{ü�O�§·

�k

E2,1(x
2) = E2(x

2) =
∞∑
k=0

x2k

Γ(2k + 1)
=
∞∑
k=0

x2k

(2k)!
= cosh(x), (3.16)

�

E2,2(x
2) =

∞∑
k=0

x2k

Γ(2k + 2)
=

1

x

∞∑
k=0

x2k+1

(2k + 1)!
=
sinh(x)

x
. (3.17)

ò(3.16) Ú(3.17) �\(3.15)§·���
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u(x, t) = A(t)sinh(x) +B(t)cosh(x), (3.18)

ùÓ�´�§(1.1)�)§�3©z [16]¥�Ñ5
"

4. (Ø

ù�©Ù�Ñ
ëY©ê��©�.Ê.dC�5¼���©ê��2Âb−�§|�°()"
·�;m
��¦)T�§�°()�J?"|^.Ê.dC�¼�9Ï�§3RL¿Âe�°(

)"�·�ò©ê��ëêC��ê��ÿ§·��(JÒ�kc�ïÄ(J��"

Ä7�8

�H���e]Ï�8µ17C1363"

ë�©z

[1] Degasperis, A. and Procesi, M. (1999) Asymptotic Integrability Symmetry and Perturbation

Theory. World Scientific, Singapore.

[2] Camassa, R. and Holm, D.D. (1993) An Integrable Shallow Water Equation with Peaked Soli-

tons. Physical Review Letters, 71, 1661-1664. https://doi.org/10.1103/PhysRevLett.71.1661

[3] Zhou, J. and Tian, L.X. (2009) Solitons, Peakons, and Periodic Cuspons of a General-

ized Degasperis-Procesi Equation. Mathematical Problems in Engineering, 2009, Article ID:

249361. https://doi.org/10.1155/2009/249361

[4] Guo, F. (2009) Global Weak Solutions and Wave Breaking Phenomena to the Periodic

Degasperis-Procesi Equation with Strong Dispersion. Nonlinear Analysis: Theory, Methods

and Applications, 71, 5280-5295. https://doi.org/10.1016/j.na.2009.04.012

[5] Shen, C.Y., Gao, A. and Tian, L.X. (2010) Optimal Control of the Viscous Generalized

Camassa-Holm Equation. Nonlinear Analysis: Real World Applications, 11, 1835-1846.

https://doi.org/10.1016/j.nonrwa.2009.04.003

[6] West, B.J., Bolognab, M. and Grigolini, P. (2003) Physics of Fractal Operators. Springer, New

York.

[7] Baleanu, D. and Trujillo, J.J. (2008) On Exact Solutions of a Class of Fractional Euler-Lagrange

Equations. Nonlinear Dynamics, 52, 331-335. https://doi.org/10.1007/s11071-007-9281-7

[8] Srivastava, H.M. and Lashin, A.Y. (2005) Some Applications of the Briot-Bouquet Differential

Subordination. Journal of Inequalities in Pure and Applied Mathematics, 6, Article 41.

[9] Odibat, Z.M. (2009) Exact Solitary Solutions for Variants of the KdV Equations with Frac-

tional Time Derivatives. Chaos, Solitons and Fractals, 40, 1264-1270.

https://doi.org/10.1016/j.chaos.2007.08.080

DOI: 10.12677/aam.2020.99184 1570 A^êÆ?Ð

https://doi.org/10.1103/PhysRevLett.71.1661
https://doi.org/10.1155/2009/249361
https://doi.org/10.1016/j.na.2009.04.012
https://doi.org/10.1016/j.nonrwa.2009.04.003
https://doi.org/10.1007/s11071-007-9281-7
https://doi.org/10.1016/j.chaos.2007.08.080
https://doi.org/10.12677/aam.2020.99184


´æx§��ù

[10] Miller, K.S. and Ross, B. (1993) An Introduction to the Fractional Calculus and Fractional

Differential Equations. Wiley, New York.

[11] Samko, S.G., Kilbas, A.A. and Marichev, O.I. (1993) Fractional Integrals and Derivatives:

Theory and Applications. Gordon and Breach, Yverdon.

[12] Podlubny, I. (1999) Fractional Differential Equations. Academic Press, San Diego.

[13] Caputo, M. (1967) Linear Models of Dissipation Whose Q Is Almost Frequency Independent,

Part II. Geophysical Journal International, 13, 529-539.

https://doi.org/10.1111/j.1365-246X.1967.tb02303.x

[14] Podlubny, I. (1999) Fractional Differential Equations. Academic Press, San Diego.

[15] Oldham, K.B. and Spanier, J. (1974) The Fractional Calculus. Academic Press, New York.

[16] Pan, C.H., Liu, Z.R. and Zhang, B.G. (2010) A Simple Method and Its Applications to Non-

linear Partial Differential Equations. Applied Mathematics and Computation, 217, 4197-4204.

https://doi.org/10.1016/j.amc.2010.09.070

DOI: 10.12677/aam.2020.99184 1571 A^êÆ?Ð

https://doi.org/10.1111/j.1365-246X.1967.tb02303.x
https://doi.org/10.1016/j.amc.2010.09.070
https://doi.org/10.12677/aam.2020.99184

	1 引言
	2 引理和注释
	3 方程(1.11)的精确解
	4 结论

