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Abstract

In this paper, we consider the two-species stochastic predator-prey model under sub-

linear space. We investigate the existence of global positive solution, boundedness

of solution and the stability of system. To obtain the related theorem, some basic

knowledge and properties of G-Brownian motion will be cited which are similar to

classical Brown motion actually. And all the discussions are under the locally Lips-

chitz condition.
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1. Úó

Cc5§)ÔêÆ�.duÙ2�5Ú����µ¿ÂáÚ
NõêÆ[Ú)ÔÆ[�ïÄ

,�"glVolterra ÚLotka JÑ ��.�§Äud�.�Nõ�'¯K���
ïÄ"-x(t)

Úy(t) ©OL« �ÚÓ ö�«+�Ý§K²;�(½5�«+ ��.Xeµdx
dt

= x[r1(t)− a11(t)x− a12(t)y]

dy
dt

= y[−r2(t) + a21(t)x− a22(t)y]
(1)

Ù¥r1(t) Úr2(t) ©OL« �ÚÓ ö�S�O�Ç§a11(t) Úa22(t) L«�ö��Ý��Xê"

a12(t) ´Ó öé ��Ó¼Ç§a21(t) L«ÙòáÂ�E�Ô�^u2���=zÇ"ri(t)

Úaij(t) ´½Â3R+ = (0,+∞), i,j=1,2 þ�k.ëY¼ê"TXÚ®²��2�ïÄ [1–5]§'

uÙ)�±È5!«ý5ÚìC½5Ñk¿©�Øy"

duy¢)¹¥¬É��«����¸6Ä5K�)�XÚ�Ä�1�§·�I�ò�¸

D(B\�Ä§¿òT�.í2��ÅXÚ¥ [6]"Rudnicki [7] ò�¸K��5��Å6Ä�\
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\Lotka-Volterra ��.§¿b�T6Ä�'u�A�«+�Ý§u´��
Xe#�.µdx
dt

= x[σ1dW
1
t + σ2dW

2
t + (α− βy − µx)]

dy
dt

= y[ρ1dW
1
t + ρ2dW

2
t + (−γ + δx− νy)]

Ù¥W 1
t ÚW

2
t ´ü��pÕá�WienerL§"Rudnicki3g£�¹ey²
TXÚ)�©Ù�Ý

U3L1¥Âñu��ØC�Ý½ö|^Fokker-Planck �§fÂñu��ÛÉÿÝ"¯¢þ§d¥

%4�½n���Å6Ä�Ñl��©Ù§u´3á�'�mS§�±^σi(t)dBi(t) 5�OD(,

σi(t) �LD(rÝBi(t) �ÙK$Ä"du�¸D(Ì�K��ÝO�Ç§·��±òri(t) O�

�ri(t) + σi(t)dBi(t)§��Xe�.µdx = x[r1(t)− a11(t)x− a12(t)y]dt+ σ1(t)xdB1(t)

dy = y[−r2(t) + a21(t)x− a22(t)y]dt+ σ2(t)ydB2(t)
(2)

Cheng [8]ïÄ
XÚ(2)�½5§~X�Û�)��3��5Ú)�k.5"Liu [9]?�ÚïÄ


�g£XÚ±È5Ú«ý5��.�±9XÚ�½5"

�´§y¢)¹¥�NõVÇ�.Ñ¿÷
Ø(½5§X��©Ù�þ�Ø(½5Ú��Ø

(½5"ÏLÚ\��5Úg�5Ï"§$¢{�¬ [10]ïá
G-Ï"Ú�A��Å�©nØ§

�)G-��©Ù!G-ÙK$Ä��'O�"ù�nØ3£ã�.Ø(½5!`z¯KÚ �©�

§VÇ)º��¡å�
��^"d	§$ [11]ïá
G-ÙK$Ä°Ä�Itô úª§�E�~k

�"3g�5Ï"e§G-ÙK$ÄäkÕá²Oþ¿�ÑlG-��©Ù§§��g��´��

Ø(½5L§��äkÕá²Oþ"ÏdïÄG-ÙK$Ä°Ä��Å)Ô�.äk4��¿Â§

U�Ð/�ä)�XÚ�Cz"

Cc5G-ÙK$Ä°Ä��Å�©�§(GSDE)ïÄ��
ã��?Ð [12] [13] [14]"X.Liï

Ä
GSDEs 9ÙLyapunov^�, Y.RenïÄ
óÀ�©�§)��ê½5Úp�Ý½5§±

9G-ÙK$Ä°Ä�C�¢�äþ��ÅÍÜXÚ�ìC5�"3�©¥§·�^σi(t)dBi(t)5L

«Ø��§Ù¥Bi(t) �G-ÙK$Ä§?�Ú&Ä�«+�g£ ��.��'¯K§=dx = x[r1(t)− a11(t)x− a12(t)y]dt+ h1(t)d〈B1〉t + σ1(t)xdB1(t)

dy = y[−r2(t) + a21(t)x− a22(t)y]dt+ h2(t)d〈B2〉t + σ2(t)xdB2(t)
(3)

Ù¥B1ÚB2�G-ÙK$Ä§�g����x
G-ÙK$ÄÚå��mØ(½5"

2. ý��£

3�!§·�k0���5Ï"��'�£Ú(Ø [10]"Ω �Rdþ��N¢�¼ê�m§
ω0=0. éuω ∈ Ω§-Bt(ω) := ωt�IOL§§B(Ω)�Ωþ�Borel�ê"½Â

Lip(Ω) := ϕ(Bt1 , . . . , Btn), n ≥ 1, 0 ≤ t1 ≤ . . . < tn <∞, ϕ ∈ Cb,lip(Rd×n),
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Ù¥Cb,lip(Rd×n)´½Â3Rd×n þ�k.��LipschitzëY¼ê�N�¤�8Ü"

½Âg�5üN¼êG : Sd → R§

G(A) =
1

2
sup
Q∈Σ

tr[AQ],

Ù¥Σ ⊂ Sd+´��k.à48"u´�±3(Ω, Lip(Ω))þ�E�'�G-Ï"µé�½ξ ∈ Lip(Ω) §

ÙäN/ªXe

ξ = ϕ(Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1
), 0 ≤ t1 ≤ . . . < tn

½Â

E[ξ] := u1(0, 0),

Ù¥u1(0, 0) ∈ RdXeL§��µék = n, . . . , 1, uk := uk(t, x;x1, . . . , xk−1)��këê(x1, . . . , xk−1) ∈
Rd×(k−1) �'u(t, x)�¼ê§´½Â3[tk−1, tk)× Rdþ�G- 9�§�):

∂uk
∂t
−G(D2

uk
) = 0

>.^��

uk(tk, x;x1, . . . , xk−1) = uk+1(tk, x;x1, . . . , xk−1, x),

Ù¥un+1 = (tn, x;x1, . . . , xn−1, x) := ϕ(x1, . . . , xn−1, x). 5¿�3Ï"E[·] e§IOL§(Bt)t≥0

´��G- ÙK$Ä"�e5§·��Ñg�5Ï"µee��
½Â"

Ω��½8Ü§H�½Â3Ωþ�¢�¼ê¤|¤����5�m"·�b�H÷veã^
�µ

(1) é¢�~êc§c ∈ H;

(2) eX ∈ H§K|X| ∈ H

½Â 2.1 ��g�5Ï"E´½Â3�ÅCþ�mHþ��¼E : H 7→ R§÷v:

• üN5µeX ≤ Y§KE[X] ≤ E[Y ].

• �~ê5µéc ∈ R§E[c] = c.

• g�\5µéX,Y ∈ H§E[X + Y ] ≤ E[X] + E[Y ].

• �àg5µéλ ≥ 0§E[λX] = λE[X].

¡n�|(Ω,H,E)���g�5Ï"�m"

½Â 2.2 ¡g�5Ï"�m(Ω,H,E)þ�d��ÅL§(Bt)t≥0�G-ÙK$Ä§XJkµ

1. B0(ω) = 0;

2. (Bt)�Oþ²�Õá§=ét, s ≥ 0§Bt+s − BtÚBs ÕáÓ©Ù§¿�éu¤k�n ∈
NÚ0 ≤ t1 ≤ . . . ≤ tn ≤ t§Bt+s −BtÕáu(Bt1 , Bt2 , . . . , Btn).
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3. limt→0 E[|Bt|3]t−1 = 0

PLpG(Ω)��ê‖ · ‖p := E[| · |p]
1
peLip(Ω)���z�m"éz�t ∈ [0,∞)§·�kXeL«:

• Ωt := ω·∧t : ω ∈ Ω;

• Ft := B(Ωt);

• L0(Ω): B(Ω)-�ÿ�¢�¼ê�m;

• L0(Ωt): B(Ωt)-�ÿ�¢�¼ê�¤��m;

• Bb(Ω): L0(Ω)¥�k.¼ê�N; Bb(Ωt) := Bb(Ω) ∩ L0(Ωt);

• Cb(Ω): Bb(Ω)¥�ëY¼ê�N; Cb(Ωt) := Cb(Ω) ∩ L0(Ωt);

·�òG-Ï"E[·]�½ÂlLip(Ω)*Ü�L0(Ω), i.e.,�E��þÏ"Ē[·]:

Ē[X] := sup
P∈PG

EP[X], X ∈ L0(Ω),

Ù¥PG´½Â3(Ω,B(Ω))þσ−�\��éf;�VÇÿÝx"TþÏ"3Lip(Ω) þ�G-Ï

"E[·]��§l3Ù���mL1
G(Ω)þ���"u´�±½ÂVÇÿÝxPG�ChoquetNÝ�µ

C̄(A) := sup
P∈PG

P(A), A ∈ B(Ω),

ddBÚ\
/[7,0(q.s.)�Vgµ

½Â 2.3 8ÜA ∈ B(Ω)§eC̄(A) = 0§K¡A�48"·�¡��5��[7,¤á§XJÙ3

48±	Ñ¤á"

éuz��T ≥ 0§±9«m[0, T ]���k�f8Ü∆ = {t1, ..., tN}, 0 = t0 < . . . < tN = T .é

�½�p ≥ 1, �Ä±e/ª�{üL§µéu���½�©�{t1, ..., tN} = ∆, P

ηt(ω) =

N−1∑
j=0

ξj(ω)1[tj ,tj+1](t)

Ù¥ξj ∈ LpG(Ωtj ), j = 0, . . . , N − 1´�½�"ùa{üL§�8Ü¡�MP,0
G (0, T ). éη ∈

MP,0
G (0, T ), ·��±©O½ÂÙ'uG- ÙK$Ä�BochnerÈ©ÚItôÈ©µ

∫ t

0

ηt(ω)dt =
N−1∑
j=0

ξj(ω)(tj+1 − tj)

9 ∫ t

0

ηsdBs =
N−1∑
j=0

ξj(Btj+1
−Btj )
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é�½�p ≥ 1, 3�ê

‖η‖MP
G (0,T ) :=

(
Ē
[∫ T

0

|ηt|pdt
]) 1

p

e§MP
G (0, T )P�MP,0

G (0, T )���z�m"

�±uy§Borel-CantelliÚnÚMarkovØ�ªéChoquetNÝÚþÏ"�Î¤á [15]"

Ún 1 (MarkovØ�ª)é�½�p > 0§-X ∈ L0(Ωt)÷vĒ[|X|p] <∞. Kéa > 0,k

C̄(|X| > a) ≤ Ē[|X|p]
ap

Ún 2 (Borel-CantelliÚn) {An}n∈N ⊂ B(Ω)÷v

∞∑
n=0

C̄(An) <∞.

Klim supn→∞An���48"

½Â 2.4 �½p ≥ 1§·�PMP
∗ ([0, T ])�MP

b ([0, T ])'uXe�ê���z�m§µ

‖η‖p :=

(
Ē
[

1

T

∫ t

0

|ηt|pdt
])1/p

5¿�§é�½�η ∈ M2
∗ (0, T )§�3'ut´»ëY�L§X̄¦�é?¿t ∈ [0, T ]§ÑkC̄(|Xt −

X̄t| 6= 0) = 0 [16].

½Â 2.5 é�½p ≥ 1,¡�ÅL§ηáuMP
ω ([0, T ]),XJ�3��ªuÃ¡��Ê�S�{σm}m∈N�

��'é§¦�

η1[0,τm∧T ] ∈MP
∗ ([0, T ]),∀m ∈ N.

Ún 3 (B-D-GØ�ª) [17]éη ∈ MP
ω ([0, T ]), eáØ�ª¤áµ�½p > 0, �3��=�6

up�Cp > 0, ¦�

Ē
[

sup
0≤s≤t

∣∣∣∣∫ s

0

ηudBu

∣∣∣∣p] ≤ Cpσ̄ p
2 Ē

[(∫ t

0

|ηs|2ds
) p

2

]
.

3. �Û�)��35

én��Å�©�§

Xt = x+

∫ t

0

f(s,Xs) ds+

∫ t

0

f(s,Xs) d〈B,B〉s, 0 ≤ t ≤ T, q.s. (4)

Ù¥x ∈ Rn�Ð�§〈B,B〉 = (〈Bi, Bj〉)i,j=1,2,...,d�B���Ý
"£���LipschitzëY^�µ
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(H1) ép ≥ 2Úx ∈ Rn, f(·, x), hij(·, x), gj(·, x) ∈Mp
∗ ([0, T ];Rn), i, j = 1, . . . , d.

(H2) Xêf, hÚg'ux��LipschitzëY§i.e.éz�t ∈ [0, T ]Úx, x′ ∈ Rn§k

|f(t, x)− f(t, x′)|+ ‖h(t, x)− h(t, x′)‖+ ‖g(t, x) + g(t, x′)‖ ≤ CL|x− x′|

Ù¥‖ · ‖�Ý
�Hilbert-Schmidt�ê"

3�©§·�b�¤?Ø�.�Xê�'utëY�(½5¼ê§¿�'ux, x′(½öy, y′)∈
B0(R) := a : |a| < R ÛÜLipschitzëY"Ó�§·�O\eãb�µ

b� 1 �3��(½5��K¼êV ∈ C1,2([0, T ]× Rn), ¦�

inf
|x|>R

inf
t∈[0,T ]

V (t, x)→∞, asR→∞,

¿��3~êCLY > 0§é¤k�(t, x) ∈ [0, T ]× Rn§k

LV (t, x) ≤ CLY V (t, x),

Ù¥L´���©�f§½ÂXeµ

LV (t, x) = ∂tV + ∂xνV f
ν +G

(
(∂xνV · (hνij + hνji) + ∂2

xµxνV · gµigνj)di,j=1

)
Ún 4 éz�äkëY´»X ∈ M1

ω([0, T ];Rn)Úz�V ∈ C1,2([0, T ] × Rn)§·�kη(V,X) ∈
Mp
ω([0, T ];Sd), ∀p ≥ 1, Ù¥

η.ij(V,X) := ∂xνV (·, X.)(hνij(·, X.) + hνji(·, X.)) + ∂2
xµxνV (·, X.)gµi(·, X.)gνj(·, X.).

3�©§·�b�XÚ(3)�Xê´k.�§N´y²ù
Xê�÷vÛÜLipschitz^�"

½n 3.1 b�ÛÜLipschitz^�Úb�1¤á"@o§é?¿Ð�(x0, y0) ∈ R+ × R+§X

Ú(3)3R2
+þ�3����Û)q.s..

y² 3.1 �ÄXeXÚdu(t) = x[r1(t)− a11(t)eu(t) − a12(t)ev(t)]dt+ h1(t)d〈B1〉t + σ1(t)xdB1(t)

dv(t) = y[−r2(t) + a21(t)eu(t) − a22(t)ev(t)]dt+ h2(t)d〈B2〉t + σ2(t)xdB2(t)
(5)

w,§(5)�Xê÷vÛÜLipschitz^�"Ïd§é?¿�½�Ð�(x0, y0) ∈ R2
+, �3���

�ÛÜ)(u(t), v(t)), t ∈ [0, τe), Ù¥τe��»��"Ïd§dItôúª§U��(eu(t), ev(t))´XÚ(3)

���ÛÜ�)§Ð��(x0, y0).

�y²�)´�Û�§·��Iy²τe = ∞, q.s. -m0 ≥ 1¿©�¦�x0, y0áu[1/m0,m0].

éz��êm ≥ m0§½ÂÊ�

τm = inf{t ∈ [0, τe);min{x(t), y(t)} ≤ 1

m
or max{x(t), y(t)} ≥ m},
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-inf ∅ = ∞.w,§�Xm → ∞§τmØä4O"-τ∞ = limm→∞ τm, τ∞ ≤ τe q.s. XJUy

²τ∞ =∞ q.s., Kkτe =∞ q.s.¿�é¤kt ≥ 0, (x(t), y(t)) ∈ R2
+ q.s.

�
y²T(Ø§·�k½Â��C2þ�¼êV : R2
+ → R+,

V (x, y) = c1(x− 1− log x) + c2(y − 1− log y)

c1, c2�~ê"·��±íÑù´���K¼ê§Ï�

u− 1− log(u) ≥ 0 on u > 0

-m ≥ m0 and T > 0�?¿ê"�0 ≤ t ≤ τm ∧ T , é¼êV $^G-Itôúª§��

V (X,Y ) = V (x0, y0) +

∫ T∧τm

0

(c1 −
c1

x
)σ1(t)xdB1(t)

+

∫ T∧τm

0

(c1 −
c1

x
)x(r1(t)− a11(t)x− a12(t)y)dt+

∫ T∧τm

0

[
(c1 −

c1

x
)h1x+

c1

x2

]
d〈B1〉t

+

∫ T∧τm

0

(c2 −
c2

y
)σ2(t)ydB2(t) +

∫ T∧τm

0

(c2 −
c2

y
)y(−r2(t) + a21(t)x− a22(t)y)dt

+

∫ T∧τm

0

[
(c2 −

c2

y
)h2y +

c2

y2

]
d〈B2〉t

(6)

$^�½n1�IP§þãØ�ª�±��

V (X,Y )− V (x0, y0) =

∫ T∧τm

0

LV (X,Y )dt

+

∫ T∧τm

0

(c1 −
c1

x
)σ1(t)xdB1(t) +

∫ T∧τm

0

(c2 −
c2

y
)σ2(t)ydB2(t)

+

∫ T∧τm

0

[
(c1 −

c1

x
)h1x+

c1

x2

]
d〈B1〉t +

∫ T∧τm

0

[
(c2 −

c2

y
)h2y +

c2

y2

]
d〈B2〉t

−
∫ T∧τm

0

G (η(V, x)) dt−
∫ T∧τm

0

G (η(V, y)) dt

=

∫ T

0

LV (X,Y )1[0,τm]dt

+

∫ T

0

(c1 −
c1

x
)σ1(t)x1[0,τm]dB1(t) +

∫ T

0

(c2 −
c2

y
)σ2(t)y(t)1[0,τm]dB2(t)

+

∫ T

0

[
(c1 −

c1

x
)h1x+

c1

x2

]
1[0,τm]d〈B1〉t +

∫ T

0

[
(c2 −

c2

y
)h2y +

c2

y2

]
1[0,τm]d〈B2〉t

−
∫ T

0

G (η(V, x))1[0,τm]dt−
∫ T

0

G (η(V, y))1[0,τm]dt

(7)

du(c1 − c1
x

)σ1(t)xÚ(c2 − c2
y

)σ2(t)y'utëY§Ó�©O'ux,y��LipschitzëY§u´�±u
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y§é?¿p ≥ 2§(c1− c1
x

)σ1(t)x1[0,τm]Ú(c2− c2
y

)σ2(t)y(t)1[0,τm] ∈MP
∗ ([0, T ]) [17]. u´§�G-Ï

"��

Ē
[∫ T

0

(c1 −
c1

x
)σ1(t)x1[0,τm]dB1(t)

]
= 0

9

Ē
[∫ T

0

(c2 −
c2

y
)σ2(t)y(t)1[0,τm]dB2(t)

]
= 0

,��¡§é?¿p ≥ 1§η(V, x)Úη(V, y) ∈MP
ω ([0, T ];R),ùL²
η(V, x)1[0,τm]Úη(V, y)1[0,τm] ∈

MP
ω ([0, T ];R). Ïd§d [18]N¹��

Ē
[∫ T

0

[
(c1 −

c1

x
)h1x+

c1

x2

]
1[0,τm]d〈B1〉t −

∫ T

0

G (η(V, x))1[0,τm]dt

]
≤ 0

9

Ē
[∫ T

0

[
(c2 −

c2

y
)h2y +

c2

y2

]
1[0,τm]d〈B2〉t −

∫ T

0

G (η(V, y))1[0,τm]dt

]
≤ 0

ÏLb�1, ·�k

ĒV (XT∧τm , YT∧τm) ≤ V (x0, y0) + Ē
[∫ T∧τm

0

LV (X,Y )dt

]
≤ V (x0, y0) + Ē

[∫ T∧τm

0

CLY V (t, x, y)dt

]
≤ V (x0, y0) + Ē

[∫ T∧τm

0

CLY V (xt∧τm , yt∧τm)dt

]
2dGronwallØ�ª [10]§��

ĒV (XT∧τm , YT∧τm) ≤ V (x0, y0)eCLY T

5¿�§éz�ω ∈ τk ≤ T , ���3XT∧τmÚYT∧τm¥����um½ö
1
m
. Pĉ=min{c1, c2}, u

´

V (X(τm, ω), Y (τm, ω)) ≥ ĉ
[
(k − 1 + log

1

k
) ∧ (

1

k
− 1 + log k)

]
Ïd§�±��

V (x0, y0)eCLY T ≥ Ē
[
1{τm≤T}(ω)V (X(τm, ω), Y (τm, ω))

]
≥ C̄({ω : τm ≤ T})V (X(τm, ω), Y (τm, ω))

≥ C̄({ω : τm ≤ T})ĉ
[
(k − 1 + log

1

k
) ∧ (

1

k
− 1 + log k)

]
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Ù¥1τm≤T´τm ≤ T�«5¼ê"-m→∞k

lim
m→∞

C̄{ω : τm ≤ T} = 0

l

C̄{τ∞ ≤ T} = 0

Ï�T > 0´?¿�§·��±�Ñ

C̄{τ∞ =∞} = 1. q.s.

u´y3·��¤
��y²§=3R2
+ þ�3��ÛÜ)q.s.

4. ìCk.5

3�!§·�òUY?ØXÚ(3)�ìCk.5"Äk�
?Ø�B§�XeIPµ

f(t, x, y) =

(
x[r1(t)− a11(t)x− a12(t)y]

y[−r2(t) + a21(t)x− a22(t)y]

)
,

h(t, x, y) =

(
h1(t)x

h2(t)y

)
, g(t, x, y) =

(
σ1(t)x

σ2(t)y

)
(8)

b� 2 él > 0, �3~êKl¦�

|f(t, x, y)− f(t, x′, y′)|2 ∨ |h(t, x, y)− h(t, x′, y′)|2 ∨ |g(t, x, y)− g(t, x′, y′)|2 ≤ Kl(|(x, y)− (x′, y′)|2)

Ù¥t ≥ 0, (x, y)�(x′, y′) ∈ R2
+, |(x, y)| ∨ |(x′, y′)| ≤ l.

b� 3 �3~êc1, c2, p ≥ 2Ú¼êV (t, x, y)¦�

c1|(x, y)|p ≤ V (t, x, y) ≤ c2|(x, y)|p

¿�§LV (t, x, y) ≤ CLY V (t, x, y)

½n 4.1 eb�2Úb�3¤á§@oXÚ(3)´ìCk.�§i.e.,

lim
t→∞

sup Ē|(x, y)t|p ≤
c2

c1

|(x0, y0)|p

y² 4.1 ½ÂÊ�

τk = inf{t : |(x(t), y(t))| ≥ k}, t ≥ 0
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éeεtV (t, x, y)$^G-Itô’úª, Ù¥ε���?¿ê§u´k

d
(
eεtV (t, x, y)

)
= V (x, y)εeεtdt+ eεtVx(x, y)x[r1(t)− a11(t)x− a12(t)y]dt

+ eεtVx(x, y)σ1(t)xdB1(t) + eεtVx(x, y)h1(t)xd〈B1〉t

+
1

2
eεtVxy(x, y)σ2

1x
2d〈B1〉t

+ eεtVy(x, y)y[−r2(t) + a21(t)x− a22(t)y]dt+ eεtσ2(t)ydB1(t)

+ eεtVy(x, y)h2(t)yd〈B2〉t +
1

2
eεtVyx(x, y)σ2

2y
2d〈B2〉t

l0�τkÈ©§��

eε(t∧τk)V (xt∧τk , yt∧τk) = V (x0, y0) +

∫ t∧τk

0

eεsLV (x, y)ds+M0
t

+

∫ t∧τk

0

eεsVxσ1(s)xdB1(s) +

∫ t∧τk

0

eεsVyσ2(s)ydB2(s)

(9)

Ù¥

M0
t =

∫ t∧τk

0

Vxh1xd〈B1〉t +
1

2

∫ t∧τk

0

eεsVxyσ
2
1x

2d〈B1〉t

+

∫ t∧τk

0

Vyhyxd〈B2〉t +
1

2

∫ t∧τk

0

eεsVyxσ
2
2y

2d〈B2〉t

−
∫ t∧τk

0

eεsG (η(V, x)) ds−
∫ t∧τk

0

eεsG (η(V, y)) ds

5¿� ∫ t∧τk

0

eεsLV (x, y)ds ≤
∫ t∧τk

0

eεsCLY V (x, y)ds

≤
∫ t∧τk

0

eεsCLY c2|(x, y)|pds

�â [18], M0
t���G-�"é(9)ª�G-Ï"§�±��

Ēeεt∧τkc1|(x, y)t∧τk |p ≤ Ēeεt∧τkV (x, y)

≤ c2|(x0, y0)|p +

∫ t∧τk

0

eεsĒCLY c2|(x, y)s|pds

�du

Ēeεt∧τkc1|(x, y)t∧τk |p ≤ c2|(x0, y0)|p +
c2CLY
c1

∫ t∧τk

0

Ēeεsc1|(x, y)|pds

ÏLGronwallØ�ª§k

Ēeεt∧τkc1|(x, y)t∧τk |p ≤ c2|(x0, y0)|pe
c2CLY
c1

t
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-k →∞§k
Ē|(x, y)t|p ≤

c2

c1

|(x0, y0)|pe(
c2CLY
c1

−ε)t

�ε = c2CLY
c1

, ��

lim
t→∞

sup Ē|(x, y)t|p ≤
c2

c1

|(x0, y0)|p

u´B�¤
��y²L§"

5. ½5

����!·�ò?ØÝ½5§k�Ñ½5�½Âµ

½Â 5.1 Xs,(x,y)L«Ð��(X,Y )s = (x, y), (x, y) ∈ R2
+�GSDE(3)�)"·�¡XÚ�)�µ

(i) p�½,p > 0, XJéz�ε > 0, Ñ�3δ > 0, ¦�

sup
|(x,y)|≤δ

sup
t≥s

Ē[|Xs,(x,y)
t |p] < ε;

(ii) ìCp�½, XJ÷vp�½�

Ē[|Xs,(x,y)
t |p]→ 0, as t→∞′;

(iii) �êp�½§XJ�3~êCÚλ÷v

Ē[|Xs,(x,y)
t |p] ≤ C|(x, y)|pe−λ(t−s).

AO/§�p = 2, ·�¡XÚ�þ�£ìC§�ê¤½"

Ún 5 ( [18],½n5.5) b��3¼êV (t, x, y) ∈ C1,2([0,∞) × R2)¦�é¤k�t ≥ 0, �3~

êc1 > 0§c2 > 09p > 0, ÷v

c1|(x, y)|p ≤ V (t, x, y) ≤ c2|(x, y)|p

K§

(a) )�p�½§e

LV ≤ 0,

(b) )�p��ê½§XJ�3λ > 0¦�é¤k(t, x, y) ∈ C1,2([0,∞)× R2),

LV (t, x, y) ≤ −λV (t, x, y).

y3§·��ÑGµee�ê½��'½n"
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½n 5.1 �Ä÷v±e^��XÚ(3)µ

(a) h(t, x, y), f(t, x, y)9g(t, x, y)÷vÛÜLipschitz^�¶

(b) f(t, (x, y)) = h(t, (x, y)) = g(t, (x, y)) ≡ 0

(c) ét ≥ 0, �3~êK > 0¦�

x2[r1(t)−a11(t)x−a12(t)y]+y2[−r2(t)+a21(t)x−a22(t)y]∨h1x
2+h2y

2∨σ2
1x

2+σ2
2y

2 ≤ K(x2+y2)

XJXÚ�)��êp�½§p > 0, =é¤k(x, y) ∈ R2
+,

Ē[|Xs,(x,y)
t |p] ≤ C|(x, y)|pe−λ(t−s)

Ù¥λ > 0, @o

lim
t→∞

sup
1

t
log(|(x, y)|) ≤ −λ

p
< 0, q.s.,

ù¿�X)´[7,�ê½�"

y² 5.1 Ø���5§·��Äs = 0��/"é(|(x, y)t|2 + δ)
p
2$^G-Itôúª§��éz�m ∈

N,(
|(x, y)t|2 + δ

) p
2 =

(
|(x, y)m−1|2 + δ

) p
2

+

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2
[
x2(r1 − a11x− a12y) + y2(−r2 + a21x− a22y)

]
du

+

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u) +

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

+

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 h1x

2d〈B1〉u +

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 h2y

2d〈B2〉u

+

∫ t

m−1

1

2
p
(
|(x, y)u|2 + δ

) p−2
2 σ2

2y
2d〈B2〉u

+

∫ t

m−1

1

2
p(p− 2)

(
|(x, y)u|2 + δ

) p−4
2 x2y2σ1σ2d〈B2〉u

+

∫ t

m−1

1

2
p
(
|(x, y)u|2 + δ

) p−2
2 σ2

1x
2d〈B1〉u

+

∫ t

m−1

1

2
p(p− 2)

(
|(x, y)u|2 + δ

) p−4
2 x2y2σ1σ2d〈B1〉u
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d^�(c)§·�k(
|(x, y)u|2 + δ

) p
2 = (x2

m−1 + y2
m−1 + δ)

p
2 +

∫ t

m−1

pK
(
|(x, y)u|2 + δ

) p
2 du

+

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u) +

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

+ c(Σ)

∫ t

m−1

pK
(
|(x, y)u|2 + δ

) p
2 +

pK

2
[c(d) + c(n, d)(p− 2)]

(
|(x, y)u|2 + δ

) p
2 du

≤ (x2
m−1 + y2

m−1 + δ)
p
2 + c1

∫ t

m−1

(
|(x, y)u|2 + δ

) p
2 du

+

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u) +

∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

(10)

Ù¥c1 > 0´���6un, d, p,K ÚΣ�~ê§n�Ln��þ§d�Ld�G-ÙK$Ä"u´§

dB-D-GØ�ª§�±��

Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u)

∣∣∣∣]

≤ β1Ē

[(∫ m

m−1

p2
(
|(x, y)u|2 + δ

)p−2 |x · σ1 · x|2du
) 1

2

]

±9

Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

∣∣∣∣]

≤ β2Ē

[(∫ m

m−1

p2
(
|(x, y)u|2 + δ

)p−2 |y · σ2 · y|2du
) 1

2

]

Ù¥β1 > 0, β2 > 0. Ïd§�3~êCβ > 0¦�

Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

∣∣∣∣]

+ Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u)

∣∣∣∣]

≤ CβĒ

[(∫ m

m−1

p2
(
|(x, y)u|2 + δ

)p−2
(σ2

1x
2 + σ2y

2)2du

) 1
2

]

≤ CβĒ

[(
sup

m−1≤t≤m

(
|(x, y)u|2 + δ

) p
2

∫ m

m−1

P 2K
(
|(x, y)u|2 + δ

) p
2 du

) 1
2

]

DOI: 10.12677/aam.2020.910214 1860 A^êÆ?Ð

https://doi.org/10.12677/aam.2020.910214


N¬¬�

,��¡§ÏLYoungØ�ª§·�oUé����6uc1�~êc1÷v

Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ1x

2dB1(u)

∣∣∣∣]

+ Ē
[

sup
m−1≤t≤m

∣∣∣∣∫ t

m−1

p
(
|(x, y)u|2 + δ

) p−2
2 σ2y

2dB2(u)

∣∣∣∣]

≤ 1

2
Ē sup
m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2 + c2p

2KĒ
[∫ m

m−1

(
|(x, y)t|2 + δ

) p
2 dt

]
(11)

Ï�(|(x, y)t|2 + δ)
p
2����§·��±3VÇÿÝP ∈ PGeéĒP

[∫m
m−1

(|(x, y)t|2 + δ)
p
2 dt
]
$

^Fubini½nµ

Ē
[∫ m

m−1

(
|(x, y)t|2 + δ

) p
2 dt

]
≤
∫ m

m−1

Ē
[(
|(x, y)t|2 + δ

) p
2 dt
]

≤ max{1, 2
p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

(12)

d(10)-(12)�í�§·��±?�ÚíÑ

Ē
[

sup
m−1≤t≤m

|(x, y)t|p
]
≤ Ē

[
sup

m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]

≤ Ē
[(
|(x, y)m−1|2 + δ

) p
2

]
+ Ē

[
sup

m−1≤t≤m

∣∣∣∣c1

∫ t

m−1

(
|(x, y)u|2 + δ

) p
2 du

∣∣∣∣]

+
1

2
Ē
[

sup
m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]
+ c2p

2K max{1, 2
p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

≤ Ē
[(
|(x, y)m−1|2 + δ

) p
2

]
+ max{1, 2

p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

+
1

2
Ē
[

sup
m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]
+ c2p

2K max{1, 2
p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

Ïd§

1

2
Ē
[

sup
m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]
≤ Ē

[(
|(x, y)m−1|2 + δ

) p
2

]
+ max{1, 2

p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

+ c2p
2K max{1, 2

p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

≤ max{1, 2
p
2−1}

(
Ē|(x, y)m−1|p + δ

p
2

)
+ max{1, 2

p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt

+ c2p
2K max{1, 2

p
2−1}

∫ m

m−1

(
Ē|(x, y)t|p + δ

p
2

)
dt
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lk

Ē
[

sup
m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]
≤ 2 max{1, 2

p
2−1}Ē|(x, y)m−1|p + c3

∫ m

m−1

Ē|(x, y)t|pdt+ c′3δ
p
2

Ù¥c3 > 0Úc′3 > 0´���6uc1, c2Úp�~ê"-δ → 0, d�êp�½�b�§�±��

Ē
[

sup
m−1≤t≤m

|(x, y)t|p
]
≤ Ē

[
sup

m−1≤t≤m

(
|(x, y)t|2 + δ

) p
2

]
≤ 2 max{1, 2

p
2−1}C|(x, y)t|pe−λ(m−1) + c3

∫ m

m−1

C|(x, y)t|pe−λtdt

≤ c4e
−λ(m−1)

Ù¥c4���ûuc3, c
′
3, CÚÐ�(x0, y0). �e5B�$^MarkovØ�ª§é?¿ε ∈ (0, λ)§k

C̄

{
sup

m+1≤t≤m

∣∣∣(x, y)
(x0,y0)
t

∣∣∣p > e−(λ−ε)(m−1)

}
6

c4e
−λ(m−1)

e−(λ−ε)(m−1)
= c4e

−ε(m−1)

Ïd§
∞∑
n=1

C̄

{
sup

m−1≤t≤m
|(x, y)t|p > e−(λ−ε)(m−1)

}
<∞

dBorel-CantelliÚn§·���éω,q.s., �3N0 := N0(ω) ¦�ém ≥ N0(ω)Út ∈ [m − 1,m],

�ε→ 0,m→∞,

1

t
log (|(x, y)t|) =

1

pt
log (|(x, y)t|p) < −

(λ− ε)(m− 1)

pm

dd��Ñ½n�(J"

6. o(

�XG-ÙK$Ä3)Ô�.þkX�5���ïÄ§·�òÙ��²; ��.��Å6

Ä�"�ÃuG-ÙK$Ä���Ø(½5Ú�mØ(½5§·�uyÙU�Ð/�x�¸D("

u´�e5�Ä�¯KÒ´�äTXÚ3R þ´Ä�3��)"¼�)±�§·�?�ÚïÄg
�5�me�.k.5Ú½5"�©0�
GSDEs, �'�Itô úª±9Itô È©"�±uy§ù


�DÚÙK$Ääk�q�?"¯¢þ§ÙK$Ä��õê5��·^uG-ÙK$Ä"�´§

G-ÙK$Ä�gC���?n´ïÄ���J:§G-ÙK$Ä�NÝ�ØÓuDÚVÇ�O�"

©ÙÏL�©�f�$^Ú�A�b�§�±O��A��©�§§�ª��(Ø"
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Itô Type. In: Benth, F.E., Di Nunno, G., Lindstrøm, T., Øksendal, B. and Zhang, T., Eds.,

Stochastic Analysis and Applications, Vol. 2, Springer, Berlin, Heidelberg, 541-567.

https://doi.org/10.1007/978-3-540-70847-6 25

[12] Ren, Y., Jia, X.J. and Hu, L.Y. (2015) Exponential Stability of Solutions to Impulsive Stochas-

tic Differential Equations Driven by G-Brownian Motion. Discrete Continuous Dynamical

Systems B, 20, 2157-2169. https://doi.org/10.3934/dcdsb.2015.20.2157

[13] Hu, L.Y., Ren, Y. and Xu, T.B. (2014) p-Moment Stability of Solutions to Stochastic Differ-

ential Equations Driven by G-Brownian Motion. Applied Mathematics and Computation, 230,

231-237. https://doi.org/10.1016/j.amc.2013.12.111

[14] Ren, Y. and Yin, W.S. (2019) Asymptotical Boundedness for Stochastic Coupled Systems on

Networks with Time-Varying Delay Driven by G-Brownian Motion. International Journal of

Control, 92, 2235-2242. https://doi.org/10.1080/00207179.2018.1435907

DOI: 10.12677/aam.2020.910214 1863 A^êÆ?Ð

https://doi.org/10.1007/BF00288430
https://doi.org/10.1007/BF02684041
https://doi.org/10.1016/S0898-1221(00)00181-4
https://doi.org/10.1016/j.nonrwa.2010.08.028
https://doi.org/10.1016/S0304-4149(03)00090-5
https://doi.org/10.1080/07362990902844348
https://doi.org/10.1016/j.apm.2011.12.057
https://doi.org/10.1007/978-3-540-70847-6_25
https://doi.org/10.3934/dcdsb.2015.20.2157
https://doi.org/10.1016/j.amc.2013.12.111
https://doi.org/10.1080/00207179.2018.1435907
https://doi.org/10.12677/aam.2020.910214


N¬¬�

[15] Denis, L., Hu, M. and Peng, S. (2011) Function Spaces and Capacity Related to a Sublinear

Expectation: Application to G-Brownian Motion Paths. Potential Analysis, 34, 139-161.

https://doi.org/10.1007/s11118-010-9185-x

[16] Gao, F. (2009) Pathwise Properties and Homeomorphic Flows for Stochastic Differential E-

quations Driven by G-Brownian Motion. Stochastic Processes and Their Applications, 119,

3356-3382. https://doi.org/10.1016/j.spa.2009.05.010

[17] Li, X. and Peng, S. (2011) Stopping Times and Related Itô’s Calculus withG-Brownian Motion.
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