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Abstract

DP-coloring (also called correspondence coloring) is generalization of list coloring in-

troduced by Dvořák and Postle in 2015. In 2019, Bernshteyn§§§Kostochka§§§and Zhu

introduced a fractional version of DP-coloring. Unlike the fraction list chromatic

number, the fractional DP-chromatic number of a graph G§§§denoted χ∗DP (G)§§§can be

arbitrarily larger than χ∗(G). The fractional DP-chromatic number of a family G of

graphs is the supremum of the fractional DP-chromatic number of graphs in G. We

denote by Qt the class of series-parallel graphs with girth at least t. This paper proves

that for t = 4q− 1, 4q, 4q+ 1, 4q+ 2, the fractional DP-chromatic number of Qt is exactly

2 + 1
q
.
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1. Úó

ã G ��� b-/Ú´���N� ϕ§§� G �z�º: v ©��� b ôÚ8 ϕ(v) ⊆
{1, 2, · · · , a}§÷v��º:�ÂØ���ôÚ8" G��� (a, b)-/Ú´� G��� b-/Ú

ϕ§¦�éuz�º: v ÷v φ(v) ⊆ {1, 2, · · · , a}"·�¡ G´ (a, b)-�/��� G¥�3��

(a, b)-/Ú" G�©êÚê�

χ∗(G) = inf{a
b

: G´ (a, b)-�/�}”

G��� a-�LD�´���N� L§§� Gz�º: v ©����^ôÚ8Ü L(v), G�

�� b- L-/Ú´� G��� b-/Ú ϕ§¦�éuz�º: v ÷v φ(v) ⊆ L(v)"·�¡ G´

(a, b)-�À���éu G�?¿�� a-�LD�§ G¥�3�� b- L-/Ú" G�©êÀJÚê

�

χ∗` (G) = inf{a
b

: G´ (a, b)-�À�}”
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w,XJ��ã´ (a, b)-�À�§@o§�´ (a, b)-�/�"Ïd χ∗(G) ≤ χ∗` (G). Alon, Tuza

Ú Voigt [1]y²
éuk�ã G÷v χ∗(G) = χ∗` (G)"� χ∗` (G)½Â¥�e.�±^���5�

�§ù¿�XXJ��ã G´ (a, b)-�/�§@oéu,
�ê m, G�´ (am, bm)-�À�"ù

p�mÏ~�ûuã G���´��é���ê"g,,·��Äùo��¯Kµ´Äéz�

(a, b)§é?¿��êm, GÑ´ (am, bm)- �À�Erdős �<ß�XJã G´ (a, b)-�À�§@o

é?¿�êm ∈ N, G�´ (am, bm)-�À�" TuzaÚ Voigt [2]y²
Tß�� a = 2Ú b = 1´

¤á�§�´§éu���¹§Tß�3 [3]¥��
�y"

DP -/Ú´ Dvořák Ú Postle [4] éu�L/Ú?1�í2§ G �CX´��|kSé

H = (L,H)§d��ã H Ú��÷ve�^��¼ê L : V (G) −→ P(V (H)) |¤µ

• V (GL)=
⋃
u∈V (G) Lu.

• é?¿� u ∈ V (G), H[L(u)]´����ã.

• e EH(L(u), L(v))��, K u = v½ö uv ∈ E(G).

• e uv ∈ E(G), K EH(L(u), L(v))´����(���U��).

eéu G ¥�z�º: u ÷v |L(u)| = m§K¡ G ���CX H = (L,H) ´ m-�"

G ��� H-/Ú´�3ã H ¥é����Õá8§Ù��� |V (G)|"Ï�éuz�º: u §

H[L(u)] Ñ´����ã§·�¡��Õá8 I ⊆ V (H)´ G��� H-/Ú��=�éuz�º

: u ∈ V (G)§÷v |I ∩ L(u)| = 1. G� DP -Úê χDP (G)´÷v G����êm§¦� GéÙ

z�m-CXHÑk��H-/Ú"

ã�©ê DP -Úê�Vg´d Bernshteyn, Kostochka Ú Zhu [5] JÑ�"�½ã G �C

XH = (L,H)§·�r H ¥ë�y© {L(v) : v ∈ V (G)}�ØÓÜ©�>¡���>"e H[S]Ø

�¹��>§K¡f8 S ⊆ V (H)´[Õá�"

e H = (L,H)´ G� a-CX§ b ∈ N� a ≥ b . G��� (H, b)-/Ú´��3��[Õá
8 S ⊆ V (H)§¦�éz�º: v ∈ V (G)÷v |S ∩ L(v)| = b"·�¡ G´ (H, b)-�/��� G

¥k�� (H, b)-/Ú"éu a, b ∈ N� a ≥ b§·�¡ã G´ (a, b)-DP -�/���éu G�z�

a-CXH, GÑ´ (H, b)-�/�" G�©ê DP -Úê�

χ∗DP (G) = inf{a
b

: G´ (a, b)-DP -�/�}”

ØJwÑXJã G ´ (a, b)-DP -�/�§@o G �´ (a, b)-�À�§�z�ã G Ñ´

(χDP (G), 1)-DP -�/�§Ïd��

χ∗(G) = χ∗` (G) ≤ χ∗DP (G) ≤ χDP (G).

3 [5]¥�x
 χ∗DP (G) = 2�ãaµ��º:ê�u½�u 2�ëÏã G÷v χ∗DP (G) = 2

��=� G¥Ø�¹Û���õ¹k��ó�. Ùg§XJ GØ¹Û��fÐ¹k��ó�§K

éu?¿��ê b, GØ´ (2b, b)-DP -�/�§�Ò´`§éu χ∗DP (G)�½Â¥�e.´ØU�

��"3 [5] ¥�y²
XJ��ã���²þÝ÷v d ≥ 4§K χ∗DP (G) ≥ d/(2 ln d)"éuã�
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©êDP -Úê3 [6] ¥�kïÄ§Ù¥y²
 χ∗DP (C2r+1) = 2 + 1
r
"éu?¿ n ≥ 2Úm ∈ N§�

3 t ∈ N¦� χ∗DP (Kn,m) ≤ n+ 1− 1
t
"Ó��m ≥ 3(½
 χ∗DP (K2,m)�e."

3ù�Ø©¥§·��ÄG¿éã�©ê DP -Úê"éu��ê k§-

Qt = {G : G is a series-parallel graph with girth at least k}.

ù�Ø©y²
±e(J:

½n1 b� q´����ê§éut ∈ {4q − 1, 4q, 4q + 1, 4q + 2}§χ∗DP (Qt) = 2 + 1
q
"

2. ½n 1�y²

G¿éã´ã�8Ü§kX�\�ïÄ"¿�k�þ��d½Âéuù��ãa"ù�Ø©

Ì�^
8B{§·�æ^½Â§òØäéK2ÏLGÚ¿�ö�§/¤G¿éã"

½Â1 (G;x, y)½Â�ÏLXe48ö����ü�à:�G¿éã

• -V (K2) = {0, 1}. @o(K2; 0, 1) ´��üà:�G¿éã

• (¿ö�)-(G;x, y)Ú(G′;x′, y′)´:Ø��üà:G¿éã"ÏLrà: xÚ x′¿���:

x′′§¿�à: yÚ y′¿���: y′′§òã GÚ G′Ü¿å5§��ã G′′"@o(G′′;x′′, y′′)

´��üà:�G¿éã"

• (Gö�) 2-(G;x, y) and (G′;x′, y′) ´:Ø��üà:G¿éã"ÏLr: yÚ x′Ü¿��

�: x′′§òã GÚ G′Ü¿å5§��ã G′′"@o(G′′;x, y′) ´��üà:�G¿éã"

XJ�3,ü�: x , y¦�(G;x, y)´��üà:G¿éã§@où�ã´��G¿éã"

Ún1 b� a , k ´����ê¿�b� ε ´���¢ê§¦� εa ´���ê§ Pk =

(v0, v1, ..., vk)´�^´§¿� H = (L,H)´´ Pk ��� (2a + εa) -CX§� |L(v0)| = a ,

|L(vi)| = 2a+ εa (1 ≤ i ≤ k)"éu 0 ≤ j ≤ k§�3 L(vj)���f8 Tj ÷ve¡�¦:

• XJ j = 2m+ 1´Ûê, @o |Tj | = a+ εa ; XJ j = 2m´óê, @o |Tj | = a .

• éu L(vj)¥÷v |Bj ∩ Tj | ≥ (1 −mε)a�?¿ a -�f8 Bj §@o´ Pj = (v0, v1, ..., vj)�

3�� (H, a) -/Ú φ¦�: vj /8Ü Bj ¥�ôÚ§P� φ(vj) = Bj"

y² é j ?18Bb�§XJ j = 0 §@o- T0 = L(v0) §XJ j = 1 §@o- T1 =

L(v1)−NH(T0)"ù�(Jw,´¤á�"

b� j ≥ 2§¿�éu j′ < j ù�Ún¤á"

�¹ 1 j = 2m�óê"

d8Bb���§3 L(v2m−1)¥�3�� (a+ εa) -�f8 T2m−1 ,¦�áu8Ü L(v2m−1)¥

?¿a-�f8B2m−1§k |B2m−1 ∩ T2m−1| ≥ (1− (m− 1)ε)a¤á"éu´ P2m−1 þ�/Ú§�3

�� (H, a) -/Ú φ§¦�: v2m−1/8ÜB2m−1¥�ôÚ§P�φ(v2m−1) = B2m−1"

- T ′2m−1´8Ü T2m−1 3 L(v2m)¥¤���ôÚ§�Ò´` T ′2m−1 = NH(T2m−1) ∩ L(v2m)

"Ø���5§·��±b� |T ′2m−1| = a + εa§Ï� |L(v2m)| = (2 + ε)a§·�k |L(v2m) −
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T2m−1| ≥ a"- T2m´ L(v2m)− T2m−1¥?¿ a -�f8"b� B2m´ L(v2m)¥ a -�8Ü�÷v

|B2m ∩ T2m| ≥ (1−mε)a"·�ATy²´ P2m�3�� (H, a)-/Ú φ¦�φ(v2m) = B2m"

®� |B2m ∩ T ′2m−1| ≤ a− (1−mε)a = mεa"¤± |T ′2m−1 −B2m| ≥ (1− (m− 1)ε)a"

- B′2m = NH(B2m)∩L(v2m−1)§Ï� |T ′2t−1−B2m| ≥ (1− (m− 1)ε)a§@o L(v2m−1)−B′2m
¥�3���¹ (1 − (m − 1)ε)a ôÚ� a -�8Ü B2m−1"ÏL8Bb�§´ P2m−1 �3��

(H, a) -/Ú φ§�¦�: v2m−1 /8Ü B2m−1 ¥�ôÚ§P� φ(v2m−1) = B2m−1"=/Ú φ�

±òÿ�´ P2mþ� (H, a) - /Ú§�: v2m/8Ü B2m¥�ôÚ,P� φ(v2m) = B2m"

�¹ 2 j = 2m+ 1´Ûê

d8Bb���§ L(v2m)¥�3�� a -�f8T2m§¦�éu L(v2m)¥÷v |B2m ∩ T2m| ≥
(1 − mε)a �?¿ a -�f8 B2m §´ P2m �3�� (H, a) - /Ú φ §�: v2m /8Ü B2m

¥�ôÚ§P� φ(v2m) = B2m "- T ′2m ´8Ü L(v2m+1) ¥� T2m ���ôÚ"�Ò´`

T ′2m = NH(T2m)∩L(v2m+1)"·�b� |T ′2m| = a§�� |L(v2m+1)−T ′2m| = (1+ ε)a"- T2m+1´

L(v2m+1)−T2m¥?¿ (1+ε)a -�8Ü"b�B2m+1´L(v2m+1)¥÷v |B2m+1∩T2m+1| ≥ (1−mε)a
� a -�8Ü"·�AT�y²´ P2m+1 �3�� (H, a) -/Ú φ�¦�: v2m+1 /8Ü B2m+1 ¥

�ôÚ§P� φ(v2m+1) = B2m+1"

®� |B2m+1 ∩ T ′2m| ≤ (1−mε)a§¤± |T ′2m −B2m+1| ≥ (1−mε)a"

- B′2m+1 = NH(B2m+1) ∩ L(v2m)"b� |B′2m+1| = a"@o L(v2m) − B′2m+1 �3���¹

T2m ¥ (1 −mε)aôÚ� a -�8Ü"ÏL8Bb�§´ P2m �3�� (H, a) -/Ú φ§�¦�:

v2m+1/8Ü B2m+1¥�ôÚ,P� φ(v2m+1) = B2m+1"

íØ1 b� a, k´��ê§-

ε =


2

k−1 , if k is odd

2
k
, if k is even.

XJ Pk = (v0, v1, ..., vk)´�^�� k�´§¿� H = (L,H)´ G��� (2a+ εa) -CX"´

Pk þÄ�ü:��L�� a§P� |L(v0)| = |L(vk)| = a§éuÙ¦�:��L�� 2a+ εa§P

�|L(vi)| = 2a+ εa ( 1 ≤ i ≤ k − 1 )"@o�3´ Pk þ��� (H, a) -/Ú φ"

y² ·�rù�y²©�ü«�¹µ

�¹ 1 k = 2m�óê

ÏLÚn1��§�3�L L(vk−1) þ�� (a + εa) �f8 Tk−1 §¦�éu L(vk−1) þ÷

v |Bk−1 ∩ Tk−1| ≥ (1 − (m − 1)ε)a�?¿ a -�f8 Bk−1 §´ Pk−1 = (v0, v1, ...vk−1)�3��

(H, a) -/Ú φ§�¦�: vk−1 /8Ü Bk−1 ¥�ôÚ§P� φ(vk−1) = Bk−1"Ï� tεa = a§·

�k |Tk−1 − L(vk)| ≥ εa = (1− (m− 1)ε)a"Ïd3 L(vk−1)− L(vk)þ�3 a -�f8 Bk−1§�

¹ Tk−1 ¥�� (1 − (m − 1)ε)a �ôÚ"dÚn1��§´ Pk−1 �3�� (H, a) -/Ú φ �÷v

φ(vk) = L(vk)"

�¹ 2 k = 2m+ 1�Ûê

- B ´ L(vk−1) − L(vk) � a -�f8"éu 1 ≤ i ≤ k − 2 §- L′(vi) = L(vi) §¿�-
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L′(vk−1) = B"d�¹1��´ Pk−1 = (v0, v1, ...vk−1)k�� (H, a) -/Ú φ§�÷v: vk−1 /8

Ü B ¥�ôÚ§P� φ(vk−1) = B"y3 φ�±òÿ�´ Pk þ��� (H, a) -/Ú§�¦�: vk

/8Ü Bk ¥�ôÚ§P� φ(vk) = L(vk)"

Ún 2 [7]XJ (G;x, y)´������� t�G¿éã§� k = dt/2e ,K G�o��´�^

´§�oÒ�¹�^�� k �´ P = (v0, v1, . . . , vk)§¦� G¥¤k�: v1, v2, . . . , vk−1 Ý�2"

�§�Ñ´à: x½ö y"

y² b� G�¹��� C"XJ� G = C §Ï� C k����� t§@où�(Ø´é

�"��§ (G1;x1, y1)Ú (G2;x2, y2)ÏL�X��G¿é�E�� (G;x, y)"XJ (G1;x1, y1)Ú

(G2;x2, y2)Ù¥���¹���§@o G1 ½ G2 �¹�^÷v�¦�´"��§Ï� G�¹��

�§ (G;x, y)�d (G1;x1, y1)Ú (G2;x2, y2)¿é��"éu i = 1, 2 , Gi ´�^´ë� xi Ú yi"

@o G´���§¿�ù�(Ø¤á"

½n2 b� q , a ´����ê§éu?¿����� t �G¿éã G §� t ∈ {4q −
1, 4q, 4q + 1, 4q + 2}�§ G´ ((2 + 1

q
)a, a) -DP-/Ú"

y² b� H = (L,H)´ G� ((2 + 1
q
)a) -CX"·�I�`² Gk�� (H, a) -/Ú"ù

�y²ÏLéG¥:�ê8?18B"XJG´�^´§@oG´ (2a, a) -DP-�/§¿���(

Ø"b�GØ´�^´"ÏLÚn2§Gk�^�� k�´ P = (v0, v1, . . . , vk) (� t ∈ {4q− 1, 4q}
�§@o k = 2q ;� t ∈ {4q + 1, 4q + 2} ,@o k = 2q + 1)§¦� G¥¤k�: v1, v2, . . . , vk−1

�Ý�2.- G′ = G − {v1, v2, . . . , vk−1}"@o G′ ´������� 4q − 1 �G¿éã§½ö

G′ ´�^´"b� G′ ´������� 4q − 1 �G¿éã§@oÏL8Bb�§ G′ k��

(H, a) -/Ú φ"XJG′´�^´§Ï�´´ (2a, a) -DP-/Ú§@oG′k�� (H, a) -/Ú φ"-

H′ = (L′, H)´´ P = (v0, v1, . . . , vk)� ((2 + 1
q
)a) -CX§�éu´ P = (v0, v1, . . . , vk)þ�:

÷v L′(vl) = φ(vl)¿�éu 1 ≤ i ≤ l − 1§L′(vi) = L(vi)"ÏLíØ1§P k�� (H, a) -/Úφ"

@o φÚ ψÜå5Ò´ã G��� (H, a) -/Ú"

ÏL½n2§éu t ∈ {4q − 1, 4q, 4q + 1, 4q + 2}§Qt �©ê DP -Úê´�õ 2 + 1
q
"�
`

²ù��ª¤á§·�I���E§éuz���ê a§��ãáuQt§§Ø´ ((2 + 1
q
)a− 1, a)

-DP-/Ú"

Ún3 b� a , k´����ê¿�b� ε´���¢ê§¦� εa´���ê�

ε <

 2
k−1 , if k is odd

2
k
, if k is even.

- Pk = (v0, v1, ..., vk)´�^´. -X1, X2´ a -�8Ü. @o´ Pk�3��CXH = (L,H)�±

e^�Ñ�÷vµ

• L(v0) = X1 §L(vl) = X2

• |L(vi)| = 2a+ εa (1 ≤ i ≤ k − 1)

• ´ Pk Ø´ (H, a) -/Ú

y² -Mf ( f = 1, 3, 5, ..., 2q − 3), Ng ( g = 2, 4, 6, ..., 2q − 2), Zh ( h = 1, 3, 5, ..., 2q − 1)´

Ø���ôÚ8§�|Mf | = |Ng| = a, |Zh| = εa.-H = (L,H)´´ Pk þ���CX§½ÂXe
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• L(v0) = X1, L(vl) = X2, L(v1) = X1 ∪M1 ∪ Z1.

• |L(v2i+1)| = N2i ∪M2i+1 ∪ Z2i+1, i = 1, 2, 3, ..., q − 2.

• |L(v2j)| = N2j ∪M2j−1 ∪ Z2j−1, j = 1, 2, 3, ..., q − 1.

• XJk = 2q, @oL(v2q−1) = X2 ∪N2q−2 ∪ Z2q−1;XJk = 2q + 1, @oL(v2q) = X2 ∪M2q−1 ∪
Z2q−1.

·�AT�y² Pk Ø´ (H, a) -/Ú

äó1 éu?¿ j ∈ {2, 3, 4, ..., q}§XJ φ´´ P2j−2þ���(H, a) -/Ú§@o |φ(v2j−2)∩
N2j−2| ≥ a− (j − 1)εa"

y² ·��e5éeI j ?18Bb�§?�¤ù�y²"b� j = 2¿� φ´´ P2 þ

���(H, a)-/Ú"Ï� φ(v0) = X1§·��±��φ(v1) ⊆M1∪Z1"K |φ(v2)∩(M1∪Z1)| ≤ εa"
Ïd |φ(v2) ∩N2| ≥ a− εa"

b� j ≥ 3¿�ù�äóéu j′ < j¤á" φ´´ P2j−2þ��� (H, a) -/Ú"é´ P2j−4þ

/Ú φ���A^8Bb�§·��±��

|φ(v2j−4) ∩N2j−4| ≥ a− (j − 2)εa

K |φ(v2j−3) ∩N2j−4| ≤ (j − 2)εa"dd�í

|φ(v2j−3) ∩ (M2j−3 ∪ Z2j−3)| ≥ a− (j − 2)εa

Ïd

|φ(v2j−2) ∩ (M2j−3 ∪ Z2j−3)| ≤ (j − 1)εa

l�� |φ(v2j−2) ∩N2j−2| ≥ a− (j − 1)εa

b� k = 2q ´��óê§¿�´ φ´´ P2q���(H, a) -/Ú"@o |φ(v2q−2) ∩ N2q−2| ≥
a − (q − 1)εa"Ï� φ(v2q) = X2 §·��±�� φ(v2q−1) ⊆ (N2q−2 − φ(v2q−2)) ∪ Z2q−1"�´

|(N2q−2 − φ(v2q−2)) ∪Z2q−1| ≤ (q − 1)εa+ εa = qεa < a§K: v2q−1�/� a�ôÚ�: v2q−2/

�ôÚ7½��§gñ"

b� k = 2q + 1´��Ûê§� φ´´ P2q+1��� (H, a) -/Ú"däó1��§ |φ(v2q−2)∩
N2q−2| ≥ a− (q− 1)εa"Ïd |φ(v2q−1)∩N2q−2| ≤ (q− 1)εa"Ï� φ(v2q+1) = X2"¤± φ(v2q) ⊆
(M2q−1∪Z2q−1)−φ(v2q−1)"�´|(M2q−1∪Z2q−1)−φ(v2q−1)| ≤ a+ εa− (a− (q−1)εa) = qεa < a"

dd·���: v2q �/� a�ôÚ�: v2q−1/�ôÚ7½��§gñ"

½n3 b� q§a´����ê§¿�b� ε´���¢ê§¦� εa´���ê§� ε < 1
q
"

éu k ∈ {4q − 1, 4q, 4q + 1, 4q + 2}§@o�3��ã G ∈ Qt , ¦� GØ´ ((2 + ε)a, a -/Ú"

y² - p =
(
(2+ε)a
a

)2
"- Gd���

⌈
t
2

⌉
�´¿�E��§ü�à:P� xÚ y §@o

G ∈ Qt"

·�ATy² GØ´ ((2 + ε)a, a) -/Ú"- X Ú Y ´¹k (2a + εa)���8Ü§¿�-

L(x) = X and L(y) = Y "@oÒk p« (H, a) -/Ú�ª"z«/Ú φÑéA�^���
⌈
t
2

⌉
�

´"3z^´§½Â (H, a)ÓÚn 3�CX§X1^ φ(x)O�§ Y1^ φ(y)O�"@odÚn 3�
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�§3 xÚ yþ� (H, a) -/ÚØ�±òÿ��ã G�/Ú"

ÏL½n 3§éu k ∈ {4q − 1, 4q, 4q + 1, 4q + 2}§ãa Qt �©êDP-/Úê��´ 2 + 1
q
"

(Ü½n 2§K�¤
½n 1�y²"
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[3] Dvořák, Z., Hu, X. and Sereni, H.-S. (2018) A 4-Choosable Graph That Is Not (8:2)-Choosable.

arXiv:1806.03880 (preprint).
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