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Abstract

In this paper, we mainly study the H1 regularity of the solution of 3D incompressible

Navier-Stokes equations. Firstly, the local well-fit lemma for solutions of 3D incom-

pressible Navier-Stokes equations is given and proved in detail. Secondly, by applying

the local well-fit lemma of the solution mentioned above, firstly, the global regularity

of the solution in the case of small initial data can be proved strictly. Second, the H1

regularity of the solution of 3D incompressible Navier-Stokes equations is proved for

all possible U0 and all possible F . In this paper, it is emphasized that the solution

is H1 regular not only for the maximum possible U0 and a fixed F , but also for the

maximum possible U0 and the maximum possible F .

Keywords

H1 Regularity, The Local Well-Fit Lemma, 3D Incompressible Navier-Stokes Equations

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

Navier-Stokes�§´¦)6N6Ä¯K�Ä��., T�§�2�^uÊ��Æ!í�Æ!

�hó�!�lfNÔnÆ��nØïÄ. Ù¥, n��m¥�N-S�§|1w)��35¯

K��½�Ô�Z$c�øJK��: =é¤kU0ÚF , �§´Ääk���Û�K), Ïdn

�N-S�§)��K5¯K´ �©�§nØ¥���âÑ¯K. �3DØ�ØNavier-Stokes�§Ø

Ó, Ladyzhenskaya [1]ÚTemam [2] [3] [4]Ñ�Ñ
2DØ�ØNavier-Stokes �§é¤kU0ÚF , �§

�3���Û�K). éu3D Ø�ØNavier-Stokes�§, �Ð©êâU0ÚF¿©��, �§�3�

��Û�K), ë�Temam [4].

é���UU0(A
1
2
ε v0||2 ≤ η−2

1 , ||A
1
2
ε ω0||2 ≤ εpη−2

3 )Ú,��½Fù��/, 3DØ�ØNavier-

Stokes �§3Ä«�þ�)äkH1�K5, äN·��±ë�©z [1]. �Ø©ÉT©zéu,

Ó�3Ä«�þ�Ä3DØ�ØNavier-Stokes�§, ·��±��éu���U�U0(A
1
2
ε v0||2 ≤
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η−2
1 , ||A

1
2
ε ω0||2 ≤ εpη−2

3 )Ú���U�F (||MPεf ||2∞ ≤ η−2
2 , ||(I −M)Pεf ||2∞ ≤ ε

r
3 η−2

4 )§)äkH1

�K5.

�©1�!�Ñ�'�ý��£, äNSN�±ë�©z [1] [2] [5] [6]. 1�!, �Ñ7��b

�^�Ú·�3y²L§����Ø�ª. 1n!, y²3D Ø�ØNavier-Stokes �§)�ÛÜ

·½5Ún, ÛÜ·½5Ún3�©¥åX�~���^. Ùg, ·�î�y²
)3�Ð©ê

â�/���Û�K5, ��, (ÜÚn(4.2)ÚÚn(4.3), ·��Ñéu���U�U0(A
1
2
ε v0||2 ≤

η−2
1 , ||A

1
2
ε ω0||2 ≤ εpη−2

3 )Ú���U�F (||MPεf ||2∞ ≤ η−2
2 , ||(I −M)Pεf ||2∞ ≤ ε

r
3 η−2

4 ), )äkH1 �

K5.

2. ý��£

�©3��k.«�Ω ⊂ R3þ�Ä3DØ�ØNavier-Stokes�§Ut − ν∆U + (U · V ) +∇P = F,

∇ · U = 0,
(2.1)

Ù¥Ω ´Ä«�, =Ω = Ωε = Q2 × (0, ε), Q2 ´R3¥���k.«�, ε > 0 ´���ëê. AO

�, b�Q2 = (0, l1)× (0, l2), Ù¥l1, l2 > 0, ε ≤ l2 ≤ l1, 0 < ε ≤ 1, ¿�·��b�(2.1)�)U ÷v

eã±Ï>.^� U(y + liei, t) = U(y, t), i = 1, 2,

U(y + εy3) = U(y, t),

Ù¥{e1, e2, e3} ´R3 ¥�IO��Ä. ,	, b�F ÚU0 ÷v∫
Ωε

Fdy =

∫
Ωε

U0dy = 0.

�
�zù�¯K, ÏL�òzCþO�, �±ò«�Cz�§�½�¯K=z�«��½�

§Cz�¯K. Ùg, ½Â"ÑÝ"þ��m, ò�z��§Ä�¤"ÑÝ"þ��mþ�uÐ�§

uÐ�§.

u
′
+ νAεu+Bε(u, u) = Pεf. (2.2)

ùÜ©äNSN�±ë�©z [5]

3. b�^�Ú�Ø�ª

Äk, b�  ||A
1
2
ε v0||2 ≤ η−2

1 ,

||A
1
2
ε w0||2 ≤ εpη−2

3 .

 ||MPεf ||2∞ ≤ η−2
2 ,

||(I −M)Pεf ||2∞ ≤ ε
r
3 η−2

4 .
(3.1)
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Ùg, e¡b�^�P�(H1)

(1) − 1 ≤ p ≤ 0, −2 ≤ r ≤ 0,

(2) �ε→ 0 �§ε
1
4 η−1
i → 0, i = 1, 2.

(3) �ε→ 0 �§ε
1
8 η−1
i → 0, i = 3, 4.

(4) éu0 < ε ≤ 1, ε
1
4Q(ε) ´k.�.

Ù¥

Q(ε) = | ln(2C2
5ν
−2ε2+ r

3−pη−2
4 η2

3)|,

��0 < ε ≤ 1�§ηi(ε)�k.üN¼ê,i = 1, 2, 3, 4.

e¡b�^�P�H(a,b)

(5) �½a > 0, @o�ε→ 0+, �§k ε
5
8 η−2eaη

−4

→ 0,

η−2 → 0,
(3.2)

Ù¥

η−2 def
= max(4η−2

1 + k2
1η
−4
3 + k2

2ε
2+ r

3 η−2
4 , 1),

�éu0 < ε ≤ 1, ε
5
8 e2aη−4

2 ´k.�, (~êk1Úk23Ún(4.2)k½Â)

(6) �½b > 0§@oéu?¿�λ, 0 < λ < 1, �3ε4 = ε4(b, λ) > 0 , ¦�

η−2
2 ebη

−4
2 ≤ λ(4η−2

1 + k2
1η
−4
3 ), 0 < ε < ε4.

(7) �ε→ 0§¼êε4+ 2r
3 η−4

4 (ln η−4 + 1) ´k.�.

e¡�Ñ��Oªµ

λ1||u||2 ≤ ||A
1
2
ε u||2, u ∈ D(A

1
2
ε ), (3.3)

||ω||2 ≤ C2
5ε

2||A
1
2
ε ω||2, ω ∈ V 1

ε ,Mω = 0, (3.4)

Ù¥C5Ø�6ε.

4. Ì�(J9Ùy²

Ún 4.1 ()�ÛÜ·½5) �u0 ∈ D(A
1
2
ε ) Úf ∈ L∞(0, T ;Hε), @o�3��T∗, 0 < T∗ < ∞, ¦

�(2.3) 3(0, T∗) þ�3����)u, ÷vu ∈ C([0, T∗], V
1
ε ) ∩ L2(0, T∗;V

2
ε ) Úut ∈ L2(0, T∗;Hε).

XJN > 1 ¿�||A
1
2
ε u0||2 + ||Pεf ||2∞ ≤ NR2

0, @o�3T
N , ¦�||A

1
2
ε u(t)||2 ≤ NR2

0, 0 ≤ TN ≤ T∗.
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y². (2.2) ª�Aεu�SÈ, ¦^��Oª [5]ÚYoungØ�ª�±��

1

2

d

dt
||A

1
2
ε u||2 + ν||Aεu||2 ≤ |(Pεf,Aεu)|+ |(Bε(u, u), Aεu)|

≤ ||Pεf ||||Aεu||+ C8(Ω)||A
1
2
ε u||

3
2 ||Aεu||

1
2

≤ ν

4
||Aεu||2 +

1

ν
||Pεf ||+

27

4ν3
C4

8 ||A
1
2
ε u||6 +

ν

4
||Aεu||2,

=k

d

dt
||A

1
2
ε u||2 + ν||Aεu||2 ≤

2

ν
||Pεf ||∞ +

27

2ν3
C4

8 ||A
1
2
ε u||6. (4.1)

l0�tÈ©, �

||A
1
2
ε u(t)||2 ≤ ||A

1
2
ε u0||2 +

2

ν
||Pεf ||∞ +

27

2ν3
C4

8

∫ t

0

||A
1
2
ε u||6ds. (4.2)

2A^AÏ/ª�GronwallØ�ª [7], �

||A
1
2
ε u(t)||2 ≤ (||A

1
2
ε u0||2 +

2

ν
||Pεf ||∞t)[1− 2

∫ t

0

27

2ν3
C4

8 ||A
1
2
ε u(t)||2 +

2

ν
||Pεf ||∞ds]−

1
2 .

·�-

T ∗∗∗ = sup

{
t ∈ [0, T ]

∣∣∣∣ 2

∫ t

0

27

2ν3
C4

8 ||A
1
2
ε u(t)||2 +

2

ν
||Pεf ||∞ds < 1

}
,

Ïdk

||A
1
2
ε u(t)||2 ≤ ||A

1
2
ε u0||2 +

2

ν
||Pεf ||∞t.

®�||A
1
2
ε u0||2 + ||Pεf ||2∞ ≤ NR2

0§@o�3T
N ′ > 0§¦�

||A
1
2
ε u0||2 +

2

ν
||Pεf ||2∞TN

′
≤ NR2

0,

��, �

TN = min{TN
′

, T ∗∗∗},

¤±�3TN , ¦�

||A
1
2
ε u(t)||2 ≤ NR2

0, [0, TN ].

½n 4.1 (�êâ�K5)

3?¿��k.«�Ω ⊂ R3þ�Äeã¯K

U
′
+ νAU +B(U,U) = PF, (4.3)
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Ù¥P L«L2(Ω) �"ÑÝ�m���ÝK�f, (4.3) ÷vDirechlet>.^�, �F Ø�6t, X

J(4.17)�Ð©êâ¿©�, @o(4.17)k���Û�K).

y². (4.3)ª�AU�SÈ, ¦^��Oª [5]ÚYoungØ�ª�±��

1

2

d

dt
||A 1

2U ||2L2(Ω) + ν||AU ||2L2(Ω) ≤ |(PF,AU)|+ |(B(U,U), AU)|

≤ ||PF ||L2(Ω)||AU ||L2(Ω) + C8(Ω)||A 1
2U ||

3
2

L2(Ω)||AU ||
1
2

L2(Ω)

≤ ν

4
||AU ||2L2(Ω) +

1

ν
||PF ||L2(Ω) +

27

4ν3
C4

8 ||A
1
2U ||6L2(Ω) +

ν

4
||AU ||2L2(Ω),

=k

d

dt
||A 1

2U ||2L2(Ω) + λ1ν||A
1
2U ||2L2(Ω) ≤

d

dt
||A 1

2U ||2L2(Ω) + ν||AU ||2L2(Ω)

≤ 2

ν
||PF ||L2(Ω) +

27

2ν3
C4

8 ||A
1
2U ||6L2(Ω).

-R2
0 = ||A 1

2U0||2L2(Ω) + ||PF ||2L2(Ω), �½N > max(1, 4
λ1ν2 ), éþãN > 1, k||A 1

2U0||2L2(Ω) +

||PF ||2L2(Ω) ≤ NR2
0, |^Lamma(4.1), �3TN ¦�

||A 1
2U(t)||2L2(Ω) ≤ NR2

0, 0 ≤ t ≤ TN . (4.4)

Ø�b�[0, T∞)´¦�(4.4)ª¤á����m«m, eã?Ø·�3[0, T∞)þ?1

d

dt
||A 1

2U ||2L2(Ω) + λ1ν||A
1
2U ||2L2(Ω) ≤

2

ν
||PF ||2L2(Ω) +

27

2ν3
C4

8 ||A
1
2U ||6L2(Ω),

du(4.3)�Ð©êâ¿©�, ·��±b�

27

2ν3
C4

8NR
2
0 ≤

λ1ν

2
,

��
d

dt
||A 1

2U ||2L2(Ω) +
λ1ν

2
||A 1

2U ||2L2(Ω) ≤
2

ν
||PF ||2L2(Ω). (4.5)

A^GronwallØ�ª, �

||A 1
2U ||2L2(Ω) ≤ e−

λ1νt
2 (||A 1

2U0||2L2(Ω) +

∫ t

0

2

ν
||PF ||2L2(Ω)ds)

≤ max(1,
4

λ1ν2
)(||A 1

2U0||2L2(Ω) + ||PF ||2L2(Ω))

< NR2
0,

(4.6)

��, A^�y{5y²Tmax =∞.
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Äk, Ä½1�«�/µT∞ = Tmax <∞, d�, [0, T∞) = [0, Tmax) , Ï�Tmax <∞, ¤±

lim
t→T−max

||A 1
2U(t)||2L2(Ω) =∞.

=��M = NR2
0 �, ∃δ > 0,∀t ∈ (0, Tmax), ��Tmax − δ < t < Tmax, Òk

||A 1
2U(t)||2 > NR2

0,

=∃t0 ∈ (Tmax − δ, Tmax) = (T∞ − δ, T∞), ¦�

||A 1
2U(t)||2L2(Ω) > NR2

0,

ù�[0, T∞)�½Âgñ.

Ùg, Ä½1�«�/µT∞ < Tmax < ∞, du||A 1
2U(t)||2L2(Ω), 3[0, Tmax) þ'utëY, ¤

±||A 1
2U(t)||2L2(Ω) �3[0, T∞)þëY¿�

||A 1
2U(t)||2L2(Ω) ≤ NR2

0, [0, T∞) .

du||A 1
2U(t)||2L2(Ω) 3T

∞ ëY, ¤±

||A 1
2U(t)||2L2(Ω) ≤ NR2

0, [0, T∞] .

l(4.6) �

||A 1
2U(t)||2L2(Ω) < NR2

0, [0, T∞]. (4.7)

é(4.7)ª|^3T∞�ëY5, �

||A 1
2U(t)||2L2(Ω) ≤ NR2

0, t ∈ (T∞, T∞ + δ).

ù�[0, T∞)�½Âgñ.

nþ¤ã, Tmax =∞, y..

Ún 4.2 �^�H1Ú(3.1) ¤á, @o�3k1, k2, ε1 > 0, éu0 < ε ≤ ε1, �3T1 = T1(ε) > 0, ¦

�u(t) ∈ D(A
1
2
ε ), 0 ≤ t ≤ T1 �¤á

||A
1
2
ε v(T1)||2 ≤ 4η−2

1 + k2
1η
−4
3 ,

||A
1
2
ε w(T1)||2 ≤ k2

2ε
2+ r

3 η−2
4 .

(4.8)
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y². ½Â

R2
0 = η−2

1 + εpη−2
3 + η−4

3 + 2η−2
2 + 2ε

r
3 η−2

4 ,

Ï�

||A
1
2
ε u0||2 + ||Pεf ||2∞ = ||A

1
2
ε v0||2 + ||A

1
2
ε ω0||2 + ||(M + I −M)Pεf ||2∞

≤ ||A
1
2
ε v0||2 + ||A

1
2
ε ω0||2 + 2||MPεf ||2∞ + 2||(I −M)Pεf ||2∞

≤ η−2
1 + εpη−2

3 + 2η−2
2 + 2ε

r
3 η−2

4

≤ η−2
1 + εpη−2

3 + 2η−2
2 + 2ε

r
3 η−2

4 + η−4
3

= R2
0,

À�N = max{4, 7
2
D2}+ 1 > 1, A^Lemma4.1, �3TN > 0, ¦�

||A
1
2
ε u(t)||2 ≤ NR2

0, [0, TN ]. (4.9)

P[0, T∞) L«¦�(4.23) ¤á����m«m. XJT∞ <∞, @o

||A
1
2
ε u(t)||2 = NR2

0. (4.10)

�e5, rt ��3[0, T∞)þ?1?Ø

Ï�

(I −M)Bε(v, v) = Bε(v, v)−MBε(v, v) = Bε(v, v)−Bε(v, v) = 0,

@o'uω�©þ�§�

dω

dt
+ νAεω = (I −M)Pεf − (I −M)(Bε(ω, v) +Bε(v, ω) +Bε(ω, ω)). (4.11)

(4.11) ª�Aεω�SÈ, �

1

2

dω

dt
||A

1
2
ε ω||2 + ν||Aεω||2 ≤ |((I −M)Pεf,Aεω)|

+ |(bε(ω, v,Aεw))|

+ |(bε(v, ω,Aεw))|

+ |(bε(ω, ω,Aεw))|,
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|^YoungØ�ª�

1

2

dω

dt
||A

1
2
ε ω||2 + ν||Aεω||2 ≤ |((I −M)Pεf,Aεω)|+ |(bε(ω, v,Aεw))|

+ |(bε(v, ω,Aεw))|+ |(bε(ω, ω,Aεw))|

≤ ν

2
||Aεω||2 +

1

2ν
||(I −M)Pεf ||2∞

+ C3ε
5
32 ||A

1
2
ε ω||

15
32 ||A

1
2
ε v||||A

1
2
ε ω||

49
32

+ C4ε
1
4 ||A

1
2
ε v||||A

1
2
ε ω||

1
2 ||Aεω||

3
2

+ C2ε
1
2 ||A

1
2
ε ω||

3
2 ||Aεω||

3
2 ,

duMω = 0, ¦^(3.4)�

d

dt
||A

1
2
ε ω||2 + ν||Aεω||2 ≤

1

ν
||(I −M)Pεf ||∞2

+ 2C
15
32
5 C3ε

5
8 ||A

1
2
ε v||||Aεω||2

+ 2C
1
2
5 C4ε

3
4 ||A

1
2
ε v||||Aεω||2

+ 2C
1
2
5 C2ε||A

1
2
ε ω||||Aεω||2,

5¿�

||A
1
2
ε ω|| ≤ ||A

1
2
ε u||, ||A

1
2
ε v|| ≤ ||A

1
2
ε u||,

¤±·���
d

dt
||A

1
2
ε ω||2 + (ν −D1ε

5
8 ||A

1
2
ε u||)||Aεω||2 ≤

1

ν
||(I −M)Pεf ||2∞, (4.12)

Ù¥D1 = 2C
15
32
5 C3 + +2C

1
2
5 C4 + 2C

1
2
5 C2.

éu0 ≤ t < T∞, |^b�^�H1 �

D1ε
5
8 ||A

1
2
ε u|| ≤ D1ε

5
8N

1
2R0 = D1ε

5
8N

1
2 (η−1

1 + ε
p
2 η−1

3 + η−2
3 +

√
2η−1

2 +
√

2ε
r
6 η−1

4 )→ 0, ε→ 0.

Ïd, ∃ε2 > 0, ¦�

D1ε
5
8N

1
2R0 ≤

ν

2
, 0 < ε ≤ ε2. (4.13)

(Ü(4.12) Ú(4.13)�
d

dt
||A

1
2
ε ω||2 +

ν

2
||Aεω||2 ≤

1

ν
||(I −M)Pεf ||2∞, (4.14)

|^Ø�ª(3.4)�

d

dt
||A

1
2
ε ω||2 +

νC−2
5 ε−2

2
||A

1
2
ε ω||2 ≤

1

ν
||(I −M)Pεf ||2∞, (4.15)
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^GronwallØ�ª, ��

||A
1
2
ε ω||2 ≤ e−

∫ t
0

νC
−2
5 ε−2

2 ds

[
||A

1
2
ε ω0||2 +

∫ t

0

1

ν
||(I −M)Pεf ||2∞

]

≤ e
νC
−2
5 ε−2

2 t||A
1
2
ε ω0||2 +

2C2
5ε

2

ν2
||(I −M)Pεf ||2∞,

(4.16)

�
¦�

e
νC
−2
5 ε−2

2 t||A
1
2
ε ω0||2 =

2C2
5ε

2

ν2
||(I −M)Pεf ||2∞,

=

e
νC
−2
5 ε−2

2 tεpη−2
3 =

2C2
5ε

2

ν2
ε
r
3 η−2

4 , (4.17)

�±é�T1 > 0, ÷v(4.17), ÏdÀ�T1 = T1(ε) > 0,

T1
def
= 2C2

5ε
2ν−1Q(ε),

Ù¥

Q(ε) = | ln(2C2
5ν
−2ε2+ r

3−pη−2
4 η2

3)|. (4.18)

�
�y(4, 18)¤á, A�÷ve¡�¦

2C2
5ε

2+ r
3−pη2

3η
−2
4 ≤ 1, (4.19)

~X§�IÀ�η4 = − ln ε,=�÷v�¦.

Ïd, ∃ε3 > 0, éu0 < ε ≤ ε3, �3T1 = T1(ε) > 0 ÷v(4.19).

�e5, äóT1 < T∞. éuT1 ≤ t < T∞, k

||A
1
2
ε ω||2 ≤ e

νC
−2
5 ε−2

2 T1 ||A
1
2
ε ω0||2 +

2C2
5ε

2

ν2
||(I −M)Pεf ||2∞

=
4C−2

5 ε2

ν2
ε
r
3 η−2

4

= k2
2ε

2+ r
3 η−2

4 ,

Ù¥k2
2 = 4C−2

5 ν−2.

'uv ��O, ·���t 3[0, T1]þ

dv

dt
+ νAεv = MPεf −MBε(v, v)−MBε(ω, v)−Bε(v, ω)−Bε(ω, ω), (4.20)
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(4.20) ª�Aεv �SÈ, ��

1

2

d

dt
||A

1
2
ε v||2 + ν||Aεv||2 ≤ |(MPεf,Aεv)|+ |(MBε(v, v), Aεv)|+ |(MBε(ω, ω), Aεω)|

≤ |(MPεf,Aεv)|+ |bε(v, v, Aεv)|+ |ε(w,w,Aεv)|,

dubε(v, ω,Aεv) = bε(ω, v,Aεv) = 0 äN(Ø�� [1]

éþª|^YoungØ�ª, ��

1

2

d

dt
||A

1
2
ε v||2 + ν||Aεv||2 ≤ ||MPεf ||2∞||Aεv||+ C1||v||

1
2 ||A

1
2
ε v||||Aεv||

3
2

+ C2ε
1
2 ||A

1
2
ε ω||

3
2 ||Aεω||

1
2 ||Aεv||

≤ ν

2
||Aεv||2 +

1

2ν
||MPεf ||2∞||2 + C1||v||

1
2 ||A

1
2
ε v||||Aεv||

3
2

+ C2ε
1
2 ||A

1
2
ε ω||

3
2 ||Aεω||

1
2 ||Aεv||,

=k

d

dt
||A

1
2
ε v||2 + ν||Aεv||2 ≤

1

ν
||MPεf ||2∞

+ 2(
ν

4
||Aεv||2 +

27

4ν3
C4

1 ||v||2||A
1
2
ε v||4 +

ν

4
||Aεv||2 +

1

ν
C2

2ε||A
1
2
ε ω||3||Aεω||)

≤ 1

ν
||MPεf ||2∞ +

ν

2
||Aεv||2 +

27

2ν3
C4

1 ||v||2||A
1
2
ε v||4

+
ν

2
||Aεv||2 +

2

ν
C2

2ε||A
1
2
ε ω||3||Aεω||,

�X��

d

dt
||A

1
2
ε v||2 ≤

1

ν
||MPεf ||2∞ +

27

2ν3
C4

1 ||v||2||A
1
2
ε v||4 +

2

ν
C2

2ε||A
1
2
ε ω||3||Aεω||

= (
27

2ν3
C4

1 ||v||2||A
1
2
ε v||2)||A

1
2
ε v||2 +

1

ν
||MPεf ||2∞ +

2

ν
C2

2ε||A
1
2
ε ω||3||Aεω||,

éþªA^GronwallØ�ª, �

||A
1
2
ε v||2 ≤ e

∫ t
0

27
2ν3

C4
1 ||v||

2||A
1
2
ε v||2ds[||A

1
2
ε v0||2 +

∫ t

0

1

ν
||MPεf ||2∞ +

2

ν
C2

2ε||A
1
2
ε ω||3||Aεω||ds]

≤ eG(t)(||A
1
2
ε v0||2 +H(t)),

(4.21)

Ù¥

H(t) =

∫ t

0

1

ν
||MPεf ||2∞ +

2

ν
C2

2ε||A
1
2
ε ω||3||Aεω||ds,

G(t) =

∫ t

0

27

2ν3
C4

1 ||v||2||A
1
2
ε v||2ds.
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y3§�OH(t), 0 ≤ t ≤ T1. é(4.14) ªÈ©�

ν

2

∫ t

0

||Aεω||2ds ≤
t

ν
||(I −M)Pεf ||2∞ + ||A

1
2
ε w0||2,

@o ∫ t

0

||Aεω||2ds ≤
2t

ν2
||(I −M)Pεf ||2∞ +

2

ν
||A

1
2
ε w0||2,

(4.16)ü>ng�§Ø�ª���

||A
1
2
ε ω||6 ≤ (e

−νC−2
5 ε−2

2 t||A
1
2
ε ω0||2 +

2C2
5ε

2

ν2
||(I −M)Pεf ||2∞)3

≤ 4(e
−3νC

−2
5 ε−2

2 t||A
1
2
ε ω0||6 +

8C6
5ε

6

ν6
||(I −M)Pεf ||6∞),

(4.22)

é(4.22)ªÈ©�∫ t

0

||A
1
2
ε ω||6ds ≤ 4

∫ t

0

(e
−3νC

−2
5 ε−2

2 t||A
1
2
ε ω0||6 +

8C6
5ε

6

ν6
||(I −M)Pεf ||2∞)6ds

≤ 4(
2C2

5ε
2

3ν
||A

1
2
ε ω0||6 +

8C6
5ε

6

ν6
t||(I −M)Pεf ||6∞),

¦^H?lderØ�ª�∫ t

0

||A
1
2
ε ω||3||Aεω||ds ≤ (

∫ t

0

||Aεω||ds)
1
2 (

∫ t

0

||A
1
2
ε ω||6ds)

1
2

≤ 2(
2t

ν2
||(I −M)Pεf ||2∞ +

2

ν
||A

1
2
ε w0||2)

1
2

(
2C2

5ε
2

3ν
||A

1
2
ε ω0||6 +

8C6
5ε

6

ν6
t||(I −M)Pεf ||6∞)

1
2

≤ 4C5ε

ν
(
t

1
2

ν
1
2

||(I −M)Pεf ||2∞ + ||A
1
2
ε w0||)

(
1√
3
||A

1
2
ε ω0||3 +

2C2
5ε

2

ν
5
2

t
1
2 ||(I −M)Pεf ||3∞),

@o

2C2
2ε

ν

∫ t

0

||A
1
2
ε ω||3||Aεω||ds ≤

8C2
2C5

ν−2
ε2(

t
1
2

ν
1
2

||(I −M)Pεf ||2∞ + ||A
1
2
ε w0||)

(
1√
3
||A

1
2
ε ω0||3 +

2C2
5ε

2

ν
5
2

t
1
2 ||(I −M)Pεf ||3∞)

≤ D2(t
1
2 ||(I −M)Pεf ||2∞ + ||A

1
2
ε w0||)

(||A
1
2
ε ω0||3 + ε2t

1
2 ||(I −M)Pεf ||3∞),
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Ù¥ D2 = 8C2
2C5

ν−2 max( 1√
3
, 2C2

5

ν
5
2

) max(1, 1

ν
1
2

).

����

H(t) ≤ 1

ν
T1η

−2
2 +D2ε

2(T
1
2

1 ε
r
6 η−1

4 + ε
p
2 η−1

3 )(ε
3p
2 η−3

3 + T
1
2

1 ε
2+ r

3 η−3
4 )

≤ 2C2
5

ν2
ε2Q(ε)η−2

2 +D2η
−4
3 +

2D2C
2
5

ν
ε2Q(ε)η−4

4 +
3D2

4
η−4

3

+
D2C

4
5

ν2
ε2Q(ε)2η−4

4 +

√
2D2C5

ν
1
2

ε
3
2Q(ε)

1
2 η−1

3 η−3
4

≤ E1(ε) +
7

4
D2η

−4
3 ,

Ù¥

E1(ε) = D3(ε2Qη−2
2 + ε2Qη−4

4 +Q
1
2 ε

3
2 η−1

3 η−3
4 + ε2Qη−4

4 ),

�

D3 = max(
2C2

5

ν−2
,

2D2C
2
5

ν
,

√
2D2C5

ν
1
2

,
D2C

4
5

ν2
),

db�^�H1, ØJ�y�ε→ 0+�k

E1(ε)→ 0,

Ïd,

||A
1
2
ε v(t)||2 ≤ eG(t)(η−2

1 + E1(ε) +
7

4
D2η

−4
3 ), 0 ≤ t ≤ T1.

�e5,�OG(t)§¿`²G(t) ¿©�.

(2.2)ª�u�SÈ, |^bε(u, u, u) = 0,Ú©z [8]��

1

2

d

dt
||u||2 + ν|| A

1
2
ε u||2 ≤ |(Pεf, u)|

≤ |(A−
1
2

ε Pεf,A
1
2
ε u)|

≤ ||A
1
2
ε u||||A−

1
2

ε Pεf ||∞

≤ ν

2
||A

1
2
ε u||2 +

1

2ν
||A−

1
2

ε Pεf ||2∞,

=k

d

dt
||u||2 + ν||A

1
2
ε u0||2 ≤

1

ν
||A−

1
2

ε Pεf ||2∞, (4.23)

DOI: 10.12677/aam.2021.107264 2541 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.107264


¤²§w� 

È©�

||u||2 − ||u0||2 + ν

∫ t

0

||A
1
2
ε u0||2ds ≤

t

ν
||A−

1
2

ε Pεf ||2∞

≤ 2t

ν
(||A−

1
2

ε MPεf ||2∞ + ||A−
1
2

ε (I −M)Pεf ||2∞)

≤ 2T1

ν
(||A−

1
2

ε MPεf ||2∞ + ||A−
1
2

ε (I −M)Pεf ||2∞)

≤ 4C2
5ε

2Q

ν2
(||A−

1
2

ε MPεf ||2∞ + ||A−
1
2

ε (I −M)Pεf ||2∞),

¦^(3.3)�(3.4)�

||u||2 ≤ ||u0||2 +
4C2

5ε
2Q

ν2λ1

||MPεf ||2∞ +
4C4

5ε
4Q

ν2
||(I −M)Pεf ||2∞

= ||v0||2 + ||ω0||2 +
4C2

5ε
2Q

ν2λ1

||MPεf ||2∞ +
4C4

5ε
4Q

ν2
||(I −M)Pεf ||2∞

≤ 1

λ1

||A
1
2
ε v0||2 + C2

5ε
2||A

1
2
ε ω0||2 +

4C2
5ε

2Q

ν2λ1

||MPεf ||2∞ +
4C4

5ε
4Q

ν2
||(I −M)Pεf ||2∞,

=k

||v||2 ≤ ||u||2 ≤ 1

λ1

||A
1
2
ε v0||2 + C2

5ε
2||A

1
2
ε ω0||2 +

4C2
5ε

2Q

ν2λ1

||MPεf ||2∞ +
4C4

5ε
4Q

ν2
||(I −M)Pεf ||2∞

≤ D4(||A
1
2
ε v0||2 + ε2||A

1
2
ε ω0||2 + ε2Q||MPεf ||2∞ + ε4Q||(I −M)Pεf ||2∞),

Ù¥

D4 = max(
1

λ1

, C2
5 ,

4C4
5

ν2
,

4C2
5

ν2λ1

).

|^eã(Ø

||A
1
2
ε v(t)||2 ≤ ||A

1
2
ε u(t)||2 ≤ NR2

0,

·��±��

G(t) =

∫ t

0

27

2ν3
C4

1 ||v||2||A
1
2
ε v||2ds

≤ 27

2ν3
C4

1D4T1(η−2
1 + ε2+pη−2

3 + ε2Qη−4
2 + ε4+ r

3Qη−2
4 )NR2

0

≤ 27C2
5C

4
1D4

ν4
ε2Q(ε)(η−2

1 + ε2+pη−2
3 + ε2Qη−4

2 + ε4+ r
3Qη−2

4 )(η−2
1 + εpη−2

3 + η−4
3 + 2η−2

2 + 2ε
r
3 η−2

4 )

≤ E2(ε),

Ù¥

E2(ε) = D5ε
2Q(ε)(η−2

1 + ε2+pη−2
3 + ε2Qη−4

2 + ε4+ r
3Qη−2

4 )(η−2
1 + εpη−2

3 + η−4
3 + 2η−2

2 + 2ε
r
3 η−2

4 ),
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�

D5 =
27C2

5C
4
1D4

ν4
.

aq/§|^b�^�H1,ØJ�y

E2(ε)→ 0 as ε→ 0.

��, 3N = 1 + max(4, 7
2
D2)e, ·�À�ε4 > 0, ¦�

eE2(ε)≤2, E1(ε) ≤ η−2
1 , 2C2

5ε
2
3 ≤ ν2, 0 < ε ≤ ε4

�
y²T1 < T∞,, ·�¦^�y{b�T∞ = ∞, @ow,kT1 < T∞ = ∞. Ïd·��Ib

�T∞ ≤ T1 <∞, ��¡, k

||A
1
2
ε ω(T∞)||2 ≤ ||A

1
2
ε ω0||2 +

1

2
k2

2ε
2||(I −M)Pεf ||2∞

≤ εpη−2
3 +

1

2
k2

2ε
2+ r

3 η−2
4

≤ εpη−2
3 +

1

2
k2

2ε
2
3 + r

3 η−2
4

≤ εpη−2
3 + ε

r
3 η−2

4 ,

�

||A
1
2
ε v(T∞)||2 ≤ eE2(ε)(η−2

1 + E1(ε) +
7

4
D2η

−4
3 )

≤ 4η−2
1 +

7

2
D2η

−4
3 .

��, ·���

||A
1
2
ε u(T∞)||2 = 4η−2

1 +
7

2
D2η

−4
3 + εpη−2

3 + ε
r
3 η−2

4

< (1 + max(4,
7

2
D2))R2

0

= NR2
0.

(4.24)

,��¡, XJT∞ <∞, @o
||A

1
2
ε u(T∞)||2 = NR2

0,

ù�(4.23)ªgñ. Ïd, T1 < T∞.

-k2
1 = 7

2
D2, k

2
2 = 4C2

5ν
−2, ε1

def
= ε4, ·�k

||A
1
2
ε v(T1)||2 ≤ 4η−2

1 + k2
1η
−4
3 ,

||A
1
2
ε ω(T1)||2 ≤ k2

2ε
2+ r

3 η−2
4 .
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y..

Ún 4.3 �^�H1ÚH(a, b)¤á, Ù¥aÚb ¿©�, @o�3ε0 > 0 ¦�éz�ε, 0 < ε ≤ ε0, e

Ð©êâ÷vb�^�(3.1)§K�§(2.2) �)u(t) ÷vµ�0 ≤ t ≤ 2T0 �ku(t) ∈ D(A
1
2
ε ) , �

�T0 ≤ t ≤ 2T0�k 
||A

1
2
ε v(t)||2 ≤ 1

2
(4η−2

1 + k2
1η
−4
3 ),

||A
1
2
ε w(t)||2 ≤ k2

2ε
2+ r

3 η−2
4 .

(4.25)

y². ·�3Ún4.2�Ä:þy²Ún4.3. ½Â

R2
0 = 1 + (η−2 + 2η−2

2 + d1)[1 + e2D19η
−4

e4D19η
−4
2 ] + 2ε

r
3 η−2

4 .

du

||A
1
2
ε u0||2 + ||Pεf ||2∞ ≤ ||A

1
2
ε v0||2 + ||A

1
2
ε ω0||2 + 2||MPεf ||2∞ + 2||(I −M)Pεf ||2∞

≤ 4η−2
1 + k2

1η
−4
3 + k2

2ε
2+ r

3 η−2
4 + 2η−2

2 + 2ε
r
3 η−2

4

≤ R2
0,

�½N = max(1, D21, D22) > 1, A^Lemma 4.1, �3TN > 0, ¦�

||A
1
2
ε u(t)||2 ≤ NR2

0 t ∈ [0, TN ].

P[0, T∞) L«¦�þ¡Ø�ª¤á����m«m. eT∞ <∞, Kk

||A
1
2
ε u(t)||2 = NR2

0. (4.26)

(4.11) ª�Aεω , ��(4.13) ªÚD1. éu0 ≤ t < T∞ k

D2
1ε

5
4 ||A

1
2
ε u||2 ≤ D2

1Nε
5
4R2

0 → 0, as ε→ 0

b�a ≥ 2D19, b ≥ 4D19, lb�^�H1 ÚH(a, b)��µ�ε→ 0ª, eªªu0

ε
5
4R2

0 = ε
5
4 (1+η−2+2η−2

2 +d1+η−2e2D19η−4

e4D19η
−4
2 +2η−2

2 e2D19η
−4

e4D19η
−4
2 +d1e

2D19η
−4

e4D19η
−4
2 +2ε

r
3 η−2

4 ).

@o, �3ε5 > 0, ¦�

D1N
1
2 ε

5
8R0 ≤

ν

2
, 0 < ε ≤ ε5

l(4.16)ª�

||A
1
2
ε ω(t)||2 ≤ e−

νC
−2
5 ε−2

2 t||A
1
2
ε ω0||2 +

2C2
5ε

2

ν2
||(I −M)Pεf ||2∞

≤ 3

2
k2

2ε
2+ r

3 η−2
4 ,

(4.27)
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éþªl0�tÈ©� ∫ t

0

||A
1
2
ε ω||2ds ≤

2

ν
||A

1
2
ε ω0||2 +

2t

ν2
||(I −M)Pεf ||2∞

≤ max(
2k2

2

ν
,

2

ν2
)[ε2 + t]ε

r
3 η−2

4

≤ D2
9[ε2 + t]ε

r
3 η−2

4 ,

Ù¥0 ≤ t < 1.

éþªlt− 1�tÈ©�∫ t

t−1

||A
1
2
ε ω||2ds ≤

2

ν
||A

1
2
ε ω(t− 1)||2 +

2

ν2
||(I −M)Pεf ||2∞

≤ max(
3

ν
k2

2,
2

ν2
)ε

r
3 η−2

4

≤ D2
10ε

r
3 η−2

4 ,

Ù¥1 ≤ t < T∞.

Ó�§È©� ∫ t

0

||A
1
2
ε ω(s)||6ds ≤ 4

∫ t

0

(e−
3νC
−2
5 ε2

2 k2
2ε

6+rη−6
4 +

8C6
5ε

2

ν6
εrη−6

4 ds)

≤ 4

∫ t

0

(e−
3νC
−2
5 ε2

2 k2
2 +

1

8
k6

2)ds ε6+rη−6
4

≤ 4k6
2 max(

2C2
5

3ν
,

1

8
)[ε2 + t]ε6+rη−6

4

≤ D2
11[ε2 + t]ε6+rη−6

4 ,

Ù¥0 ≤ t < 1.

d0 < ε ≤ 1k, aq�� ∫ t

t−1

||A
1
2
ε ω(s)||6ds ≤ 2D2

11ε
6+rη−6

4 ,

Ù¥1 ≤ t < T∞.

¦^H?lderØ�ª��∫ t

0

||A
1
2
ε ω||3||Aεω|| ≤ (

∫ t

0

||A
1
2
ε ω||6)

1
2 (

∫ t

0

||Aεω||2)
1
2

≤ D9[ε2 + t]
1
2 ε

r
6 η−1

4 D11[ε2 + t]
1
2 ε3+ r

2 η−3
4

= D9D11[ε2 + t]ε3+ 2r
3 η−4

4 ,

(4.28)
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Ù¥0 ≤ t < 1.

Ó�¦^H?lderØ�ª��∫ t

t−1

||A
1
2
ε ω||3||Aεω|| ≤ (

∫ t

t−1

||A
1
2
ε ω||6)

1
2 (

∫ t

t−1

||Aεω||2)
1
2

≤ D10ε
r
6 η−1

4

√
2D11ε

3+ r
2 η−3

4

≤ 2D10D11ε
3+ 2r

3 η−4
4 ,

(4.29)

Ù¥1 ≤ t < T∞.

�e5, (4.20) ª�v �SÈ, (Übε(v, v, v) = 0!(3.3) ªÚ(3.4)ª��

1

2

d

dt
||v||2 + λ1ν||v||2 ≤

1

2

d

dt
||v||2 + ν||Aεv||2

≤ ||MPεf ||∞||v||+ C2ε
1
2 ||A

1
2
ε ω||

3
2 ||Aεω||

1
2 ||v||

≤ 1

λ
1
2
1

(||MPεf ||∞ + C2ε
1
2 ||A

1
2
ε ω||

3
2 ||Aεω||

1
2 ),

|^YoungØ�ª�
1
2

d
dt
||v||2 + ν||A

1
2
ε v||2 ≤ ν

4
||A

1
2
ε v||2 + 1

νλ1
||MPεf ||2∞ + ν

4
||A

1
2
ε v||2 + 1

νλ1
C2

2ε||A
1
2
ε ω||3||Aεω||,

ØJy�eã(Ø

d

dt
||v||2 + ν||A

1
2
ε v||2 ≤

2

νλ1

(||MPεf ||2∞ + C2
2ε||A

1
2
ε ω||3||Aεω||),

d

dt
||v||2 + λ1ν||A

1
2
ε v||2 ≤

2

νλ1

(||MPεf ||2∞ + C2
2ε||A

1
2
ε ω||3||Aεω||),

¦^GronwallØ�ª�

||v||2 ≤ e−λ1t(||v0||2 +

∫ t

0

2

νλ1

(||MPεf ||2∞ + C2
2ε||A

1
2
ε ω||3||Aεω||))ds

≤ e−λ1t||v0||2 +
2

νλ1

||MPεf ||2∞te−λ1t +
2

νλ1

C2
2εe
−λ1t

∫ t

0

||A
1
2
ε ω||3||Aεω||ds

≤ e−λ1t||v0||2 +
2

(νλ1)2
||MPεf ||2∞ +

2

νλ1

C2
2ε

∫ t

0

||A
1
2
ε ω||3||Aεω||ds

≤ e−λ1t
1

λ1

||A
1
2
ε v0||2 +

2

(νλ1)2
||MPεf ||2∞ +

2

νλ1

C2
2ε

∫ t

0

||A
1
2
ε ω||3||Aεω||ds

≤ e−λ1t
1

λ1

(4η−2
1 + k2

1η
−4
3 ) +

2

(νλ1)2
η−2

2 +
2

(νλ1)2
C2

2εD9D11[ε2 + t]ε3+ 2r
3 η−4

4

≤ max(
1

λ1

,
2

(νλ1)2
,

2

(νλ1)2
C2

2D9D11)(e−νλ1t(4η−2
1 + k2

1η
−4
3 ) + η−2

2 + [ε2 + t]ε4+ 2r
3 η−4

4 )

= D12γ(ε, t),
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D12
def
= max(

1

λ1

,
2

(νλ1)2
,

2

(νλ1)2
C2

2D9D11),

γ(ε, t)
def
= e−νλ1tη−2 + η−2

2 + [ε2 + t]ε4+ 2r
3 η−4

4 .

aq/, ��

||v||2 − ||v0||2 − ν
∫ t

0

||A
1
2
ε v||2ds ≤

2

νλ1

(||MPεf ||2∞t+ C2
2ε

∫ t

0

||A
1
2
ε ω||3||Aεω||ds),

db�^�(3.1)Ú(4.28)∫ t

0

||A
1
2
ε v||2ds ≤

2t

λ1ν2
||MPεf ||2∞ +

1

ν
||v0||2 +

2

λ1ν2
C2

2ε

∫ t

0

||A
1
2
ε ω||3||Aεω||ds

≤ 2t

λ1ν2
η−2

2 +
1

νλ1

(4η−2
1 + k2

1η
−4
3 ) +

2

λ1ν2
C2

2εD9D11[ε2 + t]ε3+ 2r
3 η−4

4

≤ max(
eνλ1

νλ1

,
2

λ1ν2
,

2

λ1ν2
C2

2D9D11)(e−νλ1(4η−2
1 + k2

1η
−4
3 ) + η−2

2 + [ε2 + t]ε3+ 2r
3 η−4

4 )

≤ D13γ(ε, t),

Ù¥

D13
def
= max(

eνλ1

νλ1

,
2

λ1ν2
,

2

λ1ν2
C2

2D9D11).

aq/ ∫ t

t−1

||A
1
2
ε v||2ds ≤

2

λ1ν2
||MPεf ||2∞ +

1

ν
||v(t− 1)||2 +

2

λ1ν2
C2

2ε

∫ t

t−1

||A
1
2
ε ω||3||Aεω||ds

≤ 1

ν
D12γ(ε, t) +

2

λ1ν2
η−2

2 +
2

λ1ν2
C2

2ε2D9D11[ε2 + t]ε3+ 2r
3 η−4

4

≤ 1

ν
(D12γ(ε, t) +

2

λ1ν
η−2

2 +
2

λ1ν
C2

22D10D11ε
3+ 2r

3 η−4
4 )

≤ 1

ν
max(D12,

2

λ1ν
+D12, 2D12 +

4

λ1ν
C2

210D11)γ(ε, t)

≤ D14γ(ε, t),

|^±þ�O§k ∫ t

0

||v||2||A
1
2
ε v||2ds ≤ sup

0≤s≤t
||v||2

∫ t

0

||A
1
2
ε v||2ds

≤ D12D13γ
2(ε, t)

≤ eνλ1D12D13γ
2(ε, t).
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aq/, �� ∫ t

t−1

||v||2||A
1
2
ε v||2ds ≤ eνλ1D12D14γ

2(ε, t).

l(4.21)ª�

||A
1
2
ε v||2 ≤ eG(t)(||A

1
2
ε v0||2 +H(t)),

Ù¥

G(t) =

∫ t

0

27

2ν3
C4

1 ||A
1
2
ε v||2||v||2ds

=
27

2ν3
C4

1e
νλ1D12D13γ

2(ε, t)

= D17γ
2(ε, t),

�

H(t) =
1

ν

∫ t

0

||MPεf ||2∞ +
2C2

2ε

ν

∫ t

0

||A
1
2
ε ω||3||Aεω||2ds

≤ 1

ν
η−2

2 +
2C2

2D9D11

ν
[ε2 + t]ε4+ 2r

3 η−4
4 .

(Üþã�O§��

||A
1
2
ε v(t)||2 ≤ eD17γ2(ε, t)(

1

ν
η−2

2 +
2C2

2D9D11

ν
[ε2 + t]ε4+ 2r

3 η−4
4 + 4η−2

1 + k2
1η
−4
3 )

≤ max(eνλ1 ,
1

ν
,

2C2
2D9D11

ν
)

= D16γ(ε, t)eD17γ2(ε, t)

,

5¿�

d

dt
||A

1
2
ε v||2 ≤ (

27

2ν3
C4

1 ||v||2||A
1
2
ε v||2)||A

1
2
ε v||2 +

1

ν
||MPεf ||2∞ +

2C2
2ε

ν
||A

1
2
ε ω||3||Aεω||2,

éþª3t ∈ [1,∞)þ¦^��GronwallØ�ª§��

||A
1
2
ε v||2 ≤ [

∫ t

t−1

||A
1
2
ε v||2ds+

∫ t

t−1

(
1

ν
||MPεf ||2∞ +

2C2
2ε

ν
||A

1
2
ε ω||3||Aεω||2)ds]e

27
2ν3C4

1e
νλ1D12D14γ

2(ε, t)

≤ [D14ν
2γ(ε, t) +

1

ν
η−2

2 +
4C2

2D10D11ε

ν
ε3+ 2r

3 η−4
4 ]e

27
2ν3C4

1e
νλ1D12D14γ

2(ε, t)

≤ [D14ν
2γ(ε, t) +

1

ν
η−2

2 +
4C2

2D10D11

ν
ε4+ 2r

3 η−4
4 ]e

27
2ν3C4

1e
νλ1D12D14γ

2(ε, t)

≤ (D14 + max(
1

ν
,

4C2
2D10D11

ν
))γ(ε, t)e

27
2ν3C4

1e
νλ1D12D14γ

2(ε, t),

DOI: 10.12677/aam.2021.107264 2548 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.107264


¤²§w� 

@o·���
||A

1
2
ε v(t)||2 ≤ D16γ(ε, t)eD17γ

2(ε,t)

||A
1
2
ε v(t)||2 ≤ (D14 + max(

1

ν
,

4C2
2D10D11

ν
))γ(ε, t)e

27
2ν3C4

1e
νλ1D12D14γ

2(ε, t),

�

||A
1
2
ε v(t)||2 ≤ D18γ(ε, t)eD19γ

2(ε,t),

Ù¥D18 = max(D16, D14 + max( 1
ν
, 4C2

2D10D11

ν
)), D19 = 27C4

1

2ν3 e
νλ1 max(D13, D14)D12.

·���é�T0 = T0(ε). Ï�η →∞§ε→ 0+, �±b�

2D19η
−4 > 1,

�¦

2D19e
−2νλ1tη−4 ≤ 1.

-

T0
def
=

1

2νλ1

ln(2D19η
−4) > 0,

�

E3(ε)
def
= (ε2 + 2T0(ε))ε4+ 2r

3 η−4
4 ,

ØJ�OE3(ε) Ú 3
2
k2

2ε
2+ r

3 η−2
4

E3(ε) = (ε2 + 2T0(ε))ε4+ 2r
3 η−4

4

= (1 +
1

νλ1

ln(2D19)η−4)ε4+ 2r
3 η−4

4

= (1 +
1

νλ1

(ln(2D19) + ln η−4))ε4+ 2r
3 η−4

4

= (1 +
1

νλ1

max(ln(2D19, 1)))(1 + ln η−4)ε4+ 2r
3 η−4

4

≤ D20,

�

3

2
k2

2ε
2+ r

3 η−2
4 ≤ 3

2
k2

2(ε4+ 2r
3 η−4

4 )
1
2

≤ 3

2
k2

2(1 + ln η−4)
1
2 (ε4+ 2r

3 η−4
4 )

1
2

≤ 3

2
k2

2(1 + ln η−4)(ε4+ 2r
3 η−4

4 )
1
2

≤ D21,
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�k

||A
1
2
ε v(t)||2 ≤ D18γ(ε, t)eD19γ

2(ε,t)

≤ D18(e−νλ1tη−2 + η−2
2 + [ε+ t]ε4+ 2r

3 η−4
4 )eD19(2e−2νλ1η−4+4η−2

2 +4D2
19)

≤ D18e
4D19D

2
20(e−νλ1tη−2 + η−2

2 +D20)e(4D19η
−4
2 + 1)

≤ D22(e−νλ1tη−2 + η−2
2 +D20)e(4D19η

−4
2 + 1)

,

Ïd,

||A
1
2
ε u(t)||2 = ||A

1
2
ε v(t)||2 + ||A

1
2
ε ω(t)||2

≤ D22(e−νλ1tη−2 + η−2
2 +D20)e2D19η

−4

e4D19η
−4
2 +D21e

0

≤ max(1, D21, D22)((η−2 + η−2
2 +D20)e2D19η

−4

e4D19η
−4
2 )

< NR2
0.

(4.30)

�e5, ·�¦^�y{y²2T0 ≤ T∞ . XJT∞ =∞, @o2T0 ≤ T∞.
Ïd·�b�T∞ < 2T0 <∞,
l(4.30) ª�

||A
1
2
ε u(T∞)||2 < NR2

0,

ù�(4.26)ªgñ. Ïd2T0 ≤ T∞.
��, ·�5y²(4.25)ª. ��t 3[T0, 2T0]þ

l(4.27) ª�

||A
1
2
ε ω(t)||2 ≤ [k2

2e
− 2νC

−2
5 ε−2

2 T0 +
1

2
k2

2]ε2+ r
3 η
−2
4 ,

��À�T0 ≥ 2 ln 2C2
5ε

2

ν
, @o∃ε8, 0 < ε ≤ ε8, ¦�

e−
νC
−2
5 ε−2

2 T0 ≤ 1

2
, 0 < ε ≤ ε8.

Ïd,

||A
1
2
ε ω(t)||2 ≤ [k2

2e
− νC

−2
5 ε−2

2 T0 +
1

2
k2

2]ε2+ r
3 η
−2
4

≤ [
1

2
k2

2 +
1

2
k2

2]ε2+ r
3 η
−2
4

= k2
2ε

2+ r
3 η
−2
4 ,
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||A
1
2
ε v(t)||2 ≤ D22(e−νλ1tη−2 + η−2

2 +D20)e4D19η
−2
2 +1

≤ D22(η−2
2 +

1√
2D19

+D20)e4D19η
−2
2 +1

≤ D22(η−2
2 +D24)e4D19η

−2
2 +1

= Γ(η−2
2 ),

@ok

Γ(η−2
2 ) = D22η

−2
2 e4D19η

−4
2 +1 +

D22√
2D19

e4D19η
−4
2 +1 +D20D22e

4D19η
−4
2 +1. (4.31)

db�^�H(a, b), �∃ε10, f u0 < ε ≤ ε10

D22η
−2
2 e4D19η

−4
2 +1 = D22η

−2
2 e4D19η

−4
2 e

≤ 1

6
(4η−2

1 + k2
1η
−4
3 ).

aq/, ∃ε11, éu0 < ε ≤ ε11,

D22√
2D19

e4D19η
−4
2 +1 ≤ 1

6
(4η−2

1 + k2
1η
−4
3 ).

aq/, ∃ε12, éu0 < ε ≤ ε12,

D20D22e
4D19η

−4
2 +1 ≤ 1

6
(4η−2

1 + k2
1η
−4
3 ).

�ε13 = min(ε10, ε11, ε12), ¦�

Γ(η−2
2 ) ≤ 1

2
(4η−2

1 + k2
1η
−4
3 ), 0 < ε ≤ ε13.

éu0 < ε ≤ ε13,k

||A
1
2
ε v(t)||2 ≤ 1

2
(4η−2

1 + k2
1η
−4
3 ), T0 ≤ t ≤ 2T0.

�ε0 = ε13. y..

½n 4.2 (H1�K5)

�ηi, i = 1, 2, 3, 4, r,Úp ÷v^�H1 ÚH(a, b), Ù¥aÚb¿©�§@o�3ε0 > 0, k2 > 0,

Ú��ëY¼êΓ ∈ C([0,∞) , R), �éε, 0 < ε ≤ ε0, �3T̂1 = T̂1(ε) > 0 ¦�éε, 0 <

ε ≤ ε0, �u0 ∈ D(A
1
2
ε )�f ∈ L∞([0,∞) , L2(Q3)) ÷vb�^�(3.1).@o(2.5)�3��)u÷

vC([0,∞) , V 1
ε ) ∩ L∞([0,∞) , V 1

ε ), =k

||A
1
2
ε u(t)||2 ≤ K2

1 , t ≥ 0,
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Ù¥K1 �6ν, λ1, Úηi, i = 1, 2, 3, 4, �Ø�6t ≥ 0. �v Úω ÷v

||A
1
2
ε v(t)||2 ≤ Γ(η−2

2 ), t ≥ T̂1,

Ù¥Γd(4.31)ª�Ñ§�

||A
1
2
ε ω(t)||2 ≤ k2

2ε
2+ r

3 η−2
4 , t ≥ T̂1.

y². k|^Ún(4.2), 2|^Ún(4.3), ��éÚn(4.3)|^êÆ8B{, ØJy�½n¤á(

Ø¤á.
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