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Abstract

Firefighter Problem can be viewed as a discrete dynamic propagation model, which is

closely related to the propagation of viruses, rumours or epidemics. Firefighter Prob-

lem was introduced by Hartnell at the 25th Manitoba Conference on Combinatorial

Mathematics and Computing. Let G be a connected graph with n(n ≥ 2) vertices. As-

sume that a fire breaks out at a vertex v of G, a firefighter (or defender) chooses a set

of vertices not yet on fire to protect; once a vertex has been chosen by the firefighter,

it is considered protected or safe from any further moves of the fire. The process ends

when the fire can no longer spread. Let sn(v) denote the maximum number of vertices

in G that the firefighter can save when a fire breaks out at vertex v, which can be

referred to as the surviving number for v. The surviving rate ρ(G) of graph G is de-

fined to be the average percentage of vertices that can be saved when a fire randomly

breaks out at one vertex of graph, i.e.,
∑

v∈V (G) sn(v)

n2 . In this paper, we firstly study the

surviving rate of finite 4 · 82 grids, and present the exact value of the surviving rate

of finite 4 · 82 grids. Moreover, we prove that when fire breaks out at any vertex in

infinite 4 · 82 grids, using one firefighter in each turn can control the spread of a fire

after a limited amount of protection.
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1. Úó

#)¡ö (COVID-19)�61�2�@�´y��Æ¤þ¡����9)·�¯K, §�3

6Ï.�/�<aèxÚ²L. §�å��k½Ø, �®×�3IS!	øò. �� 2020c 4

� 3F, �¥(�¾~� 1,116,643~, Ù¥�) 59,158~k� (�â.¤L&E). ���8c, Ñ

�vk�éù«#;¾�äNA��Ô. ��
¯K (Firefighter Problem)´��lÑ�Ä�

DÂ�., �¼���!�óDÂ!Ü��»�¢S¯K���', §�@´dÍ¶O�ÅnØ

Æ[Hartnell3 1995c�1 253|ÜêÆ�O��¬þÄgJÑ� [1]. b�3�m t = 0��,

ãG = (V (G), E(G))¥?¿��º: v��»:, éuz��ü �m (i, i+ 1], i ≥ 0,����


�o���-��: (ù�:����o, K3��L§¥Ñò?u��oG�), ,�»øò� v

��\�o�vkX»��:. �ge�, »Ú��
�O/3ãGþ£Ä, ��»ØUUYøò,

��L§(å. ��, ãG¥�º:kn«G�, ©O´�X�º:!��o�º:ÚQvk�X

�vk��o�º:, vk�X�:¡��¼Í�:. du3��L§¥, �k��
kZýüÑ,

»¿vkæ�üÑ, §�´øò�§��:, ¤±��
¯K��±w¤´��<�|ÜiZ. D

Ú�61¾�.Ñ´b�+N�m´�p·,�, �N�m�péX¿��±r;¾DÂ�*d.

,, �C61¾Æ[Áãò�m&E��¹3¦���.¥. Ïd, ��
¯K3,«¿Âþ�±

w¤vk£��#);¾�DÂ�.. ¯¢þ, du3y¢)¹¥k��¼¢´k��¿�¼¢�

+n<
�´k��, Ïd, z�Ú�#Nk��vka/�<�«¼¢. @o��ég,�¯KÒ

´XÛ�«¦���a/�<ê����º

gHartnellJÑ��
¯K�, Nõû)�VgÚ¯K�U�JÑ. 2009c����< [2]Çk

Ú\ã��¹Ç�Vg, ¿éä!	�²¡ãÚM�ã�AÏãaïÄ
ü<�»¯K. - sn(v)

L«3ãG¥�: v��»:����
3���oL§(å��±�o:��õº:ê,

¡�: v��¹ê. dd, ãG��¹ê sn(G)�½Â��»�Å/3ãG¥?¿��º:�

u�, ����
�õ�±�o�º:ê, = sn(G) =
∑

v∈V (G) sn(v). ãG��¹Ç½ÂXe:

ρ(G) = sn(V (G))
n2 , L«����
�õ�±�o�²þº:ê.

� k´��ê, k-��
¯KÒ´�¦��
z�Ú�o k��\�o�vk��X�:, �

�»Ø2øò��L§(å (=e����
ÀJ��º:?1�o, Kz�ÚI� k���
).

aq/, ^ snk(v)L«ãG¥�º: v��»:�^ k���
�õ�±�o�º:ê. ãG

� k-�¹ê snk(G)�½Â��Å/ÀJG¥�,�:�»:, @o k���
�õ�±�o�

º:ê, = snk(G) =
∑

v∈V (G) snk(v), ãG� k-�¹½Â�: ρk(G) = snk(V (G))
n2 . w,, k-��
¯

K´��
¯K�í2.

3ØÓãa��
¯K�U�ïÄ. 3 1995cHartnell�<3©z [1]Ò®²y²
éu�Ü

ã��
¯K´NP -��¯K. NgÚRaff3 2008c [3]y², XJ�^���
êþ3�m t¥´

±Ï5Cz�, ¿�z��m±Ï�²þ��
�ê�u 3
2
,@oéu��Ã��fã¥, ?¿k�

�º:m©-��»/Ñ�±���. 2010cFinbow�< [4]&Ä
XeAÏã��¹Ç, X: ²¡

ã!��'���²¡ã, Ø¹K4 minorfª�ãÚ d -òzã�, ¿y²
Xe(J:

1)A�¤kã� k-�¹Ç?¿ªu 0.

2)éu����´ 9�²¡ãG, k ρ(G) ≥ 2
35

.

DOI: 10.12677/aam.2021.1011431 4058 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.1011431


0���

3)éuØ¹K4 minorfª�ã, k ρ2(G) ≥ 1
16

.

4)éu d-òzãG, k ρ2d−1(G) ≥ 2
5d

.

5)éu²¡ãG,k ρ5(G) ≥ 2
15

.

3 2017cAdjiashvili�< [5]ïÄ
ê���
¯KÚ]����»��¯K, ¿y²
é

uä���
¯Kk��PTAS�{.

�©Ì�ïÄ
²¡ 4 · 82�fã���
¯K. ÄkïÄk�²¡ 4 · 82�fã��¹Ç, ©

Û�fã¥:�¹ê�Cz5Æ¿�Ñk� 4 · 82�fã��¹Ç�(��, ly²
éuÃ�

²¡ 4 · 82�fã, z�£Ü¦^����
²Lk�g�o��±��»�øò.

2. Ì�(J

2.1. k� 4 · 82�fã

2000c, ShrockÚWu3©z [6]�Ñ
²¡ 4 · 82�fGt(n,m)�)¤êê8Úì?~ê�

O�úª. �!¥Äu²¡ 4 · 82�fã�Ä3k��¹e?¿��:��å©»:¿�z�

£Ü�^����
��oÙ¦:. Gt(n,m)¥mL«���/��ê, nL«z����/�

�ê, �âã��E�±wÑz���l>/��ê�n + 1. - lL«:��ê, �±��'X

ª l = 3m+ 4. N´wÑùa�fã´d�
�l>/Êb|¤, ã¥�k�Ý½önÝ:, ¿�Ê

ba.�8��fãaq, Êb�ªXã 1¤«:

Figure 1. The grid graph Gt(4, 1)

ã 1. Gt(4, 1)�fã

Ún 2.1 éuk�²¡ 4 · 82�f, '�Ð��oüÑÒ´���
�o�:/¤����

�C.

y² Ï��Ä�´k��fã, ¤±ã´k>.�. �â� r�»p©�ÀÜ!ÜÜ!H

Ü!�Ü. �ª8�´^�»pÚ�fã>.Ü/¤�����C.

3 t = 0�b�»�u3ãG¥?¿��: v; t = 1���
ÀJ v�?��:��o¦��

�
3»�C �; t = 2�»øò�: vvk��oÚvk-���:. ����
3Ü·� 

�þ�
(�ù
��
é��»�øò´k�/. UYþãL§, ����
�o�:|¤��

»p��fã�>.Ü3�å/¤�����C, @o»òØ2øò. Xã 2¥, :�>�êiL

«3�m t = 0, 1, 2, · · · , 9éù�:¤?1�ö�. ã¥ùÚ�:L«�»øò�:(Ù¥IÒ� 0

�ùÚ:�»:), 7Ú�:L«���
�o�:.

Ï�²¡ 4 · 82�fãäké¡5, ¤±��
�o:/¤����, �±uy3�½:�
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�ê�k
:äk�Ó��¹ê¿�kaq��oüÑ. ~X, : vi2, v
i+1
2 , · · · , vi+j

2 Ñ3Ó�

�, ¿�§���¹ê�g� sn(vi2), sn(vi+1
2 ), · · · , sn(vi+j

2 ), @o�±���ª sn(vi2)=sn(vi+1
2 )

=· · ·=sn(vi+j
2 ).

�â²¡ 4 · 82�fã�Êb�ªÚ�E, �±½Ân«ØÓ�:8, ¿�±e�y²L§Ñ¦

^ù«:8�©a.

V2
1={v ∈ V2 | v �����Ý:Ú��nÝ:, ½ö���Ñ´�Ý:}.

V3
1={v ∈ V3 | v ���Ý:ÚnÝ:}.

V3
2={v ∈ V3 | v ���Ñ´nÝ:}, ùpV2L«3Gt(n,m)¥Ýê� 2�:8, V3äkaq

½Â�:8.

Äky²Gt(n, 3)��¹Ç¿�3Gt(n, 3)¥�[Qãù��oL§.

½n 2.2 éuGt(n, 3), K ρ(Gt(n, 3)) = 324n2+784n+684
(18n+26)2

.

y² -1 1 �:ê�n, Kk1 4, 7, 10 �:ê� n
2

+ 1, Ù{�:êÑ�1 1 ��Ó,

V (Gt(n, 3)) = 18n+ 26 (n ≥ 3).

�/ 1 e»:´V 1
2 ¥�:.

XJ v11 ∈ V 1
2 ´»:. 3�� t = 1�o v21; t = 2�o v13, d�»ÒØ2øò. dd�±�

� sn(v11) = 18n+ 24. � v11kaq�oüÑÚ�Ó�¹ê�:k: v12, v
n
2 +1
2 , v13, v

n
2 +1
3 , v15, v

n
2 +1
5 , v16,

v
n
2 +1
6 , v18, v

n
2 +1
8 , v19, v

n
2 +1
9 , v111, v

n
2 +1
11 , v112, v

n
2 +1
12 ; v21, · · · , vn1 ; v113, · · · , vn13.

�/ 2 e»:´V 1
3 ¥�:.

XJ v22 ∈ V 1
3 ´»:. 3�� t = 1�o v23; t = 2�o v41; t = 3�o v12, d�»Ø2øò. d

d�±�� sn(v22) = 18n + 22. �: v22kaq�oüÑÚ�Ó�¹ê�:k: v32, v42, · · · , v
n
2
2 ; v212,

v312, · · · , v
n
2
12; v

1
7, vn7 .

�/ 3 e»:´V 2
3 ¥�:.

f�/ 3.1 XJ v23 ∈ V 2
3 ´»:. 3�� t = 1�o v22m©ïá��ÜÜ�»p; t = 2�

o v44¦�·�ò�ÜÜ�»p��Ý; t = 3�o v26m©ïá��HÜY²���»p; t = 4�

o v16¦�·�ò�HÜ�»p��Ý¿���fã�ÀÜ>.Ü; t = 5�o v11m©ïá���

Ü�»p¿���fã�ÀÜ>.Ü. �dù
ØÓ����»pÚ�fã�>.*dÑp�

Ü�ª/¤���¦�»Ê�øò, v23�¹êL�ª sn(v23) = 18n+ 18. �: v23kaq�oüÑÚ

�Ó�¹ê�:k: v
n
2
3 ; v24, v34, · · · , vn−14 ; v211, v

n
2
11; v

2
10, v

3
10, · · · , vn−110 ; v25, v

n
2
5 , v26, v

n
2
6 , v27, vn−17 , v28,

v
n
2
8 , v29, v

n
2
9 .

f�/ 3.2 XJ v33 ∈ V 2
3 ´»:. 3�� t = 1�o v44m©ïá��ÜÜ�»p; t = 2�

o v64m©ïá��ÀÜ�»p; t = 3�o v36¦�·�ò�ÜÜ�»p��Ý¿��ÀÜ�»p

Ü; t = 4�o v22¦�·�ò�ÜÜ�»p��Ý¿���fã��Ü>.Ü; t = 5�o: v43¦

�·�ò�ÀÜ�»p��Ý; t = 6 �o v81¦�ÀÜ�»p��fã��Ü>.Ü. ��ù


�»p��fã�>.*dÜ¿�/¤���, v33�¹êL�ª sn(v33) = 18n+ 16. �: v33ka
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q�oüÑÚ�Ó�¹ê�:k: v43, v53, · · · , v
n
2−1
3 ; v311, v

4
11, · · · , v

n
2−1
11 .

f�/ 3.3 XJ v35 ∈ V 2
3 ´»:. 3�� t = 1�o v36m©ïá��HÜ�»p; t = 2�

o v64m©ïá��ÀÜ�»p; t = 3�o v25m©ïá��ÜÜ�»p; t = 4�o v24¦�·�ò

�ÜÜ�»p��Ý; t = 5�o v61¦�·�ò�ÀÜ�»p��Ý¿���fã��Ü>.Ü;

t = 6�o v11¦�ÜÜ�»p��fã��Ü>.�Ü. ��ù
�»p��fã�>.*d

Ü/¤�����¿�{�»�øò, v35�¹êL�ª sn(v35) = 18n+ 14. �: v35kaq�oüÑ

Ú�Ó�¹ê�:k: v45, v55, · · · , v
n
2−1
5 ; v39, v49, · · · , v

n
2−1
9 ; v37, vn−27 .

f�/ 3.4 XJ v36 ∈ V 2
3 ´»:. 3�� t = 1�o v35m©ïá���Ü�»p; t = 2�

o v37m©ïá��ÜÜ�»p; t = 3�o v39¦�·�ò�ÜÜ�»p��Ý; t = 4�o v45m©ï

á��ÀÜ�»p; t = 5�o v87¦�·�ò�ÀÜ�»p��Ý; t = 6�o v810?·�ò�À

Ü�»p��Ý; t = 7�o v412m©ïá��HÜ�»p¿��ÜÜ�»pÜ; t = 8�o v312¦

�·�ò�HÜ�»p��Ý; t = 9�o v310¦�·�ò�ÜÜ�»p��Ý¿��HÜ�»p

Ü. ��ù
�»p��fã�>.*dÜ/¤�����¿�{�»�øò. v36�¹êL�

ª sn(v36) = 18n + 11. �: v36kaq�oüÑÚ�Ó�¹ê�:k: v46, v56 , · · · , v
n
2−1
6 ; v47 , v57, · · · ,

vn−37 ; v38, v48, · · · , v
n
2−1
8 .

Figure 2. The graph of subcase 3.4

ã 2. f�/ 3.4�«¿ã

nÜþã�ínL§,�±���¹ê� sn(v) = 18n+24, sn(v) = 18n+22, sn(v) = 18n+18,

sn(v) = 18n + 16, sn(v) = 18n + 14, sn(v) = 18n + 11�:éA��êL�ª�g� 4n + 20,

2n+ 6, 4n+ 14, 2n− 4, 2n− 2, 4n− 8. rù
�ê?1¦Ú, ���±��Gt(n, 3)��¹Ç. O

�L§L�ªXe:

sn(Gt(n, 3)) = (4n+ 20)(18n+ 24) + (2n+ 6)(18n+ 22)

+(4n+ 14)(18n+ 18) + (2n− 4)(18n+ 16)

+(2n− 2)(18n+ 14) + (4n− 8)(18n+ 11)

= 324n2 + 784n+ 684
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¤±, ρ(Gt(n, 3)) = 324n2+784n+684
(18n+26)2

(n ≥ 3).

éum=1!2, �±�âþãm = 3��¹?1aq�íny²L§��Xe�(J.

½n 2.3 éuGt(n, 1), K ρ(Gt(n, 1)) = 100n2+228n+172
(10n+14)2

.

y² 3Gt(n, 1)�fã¥:��êV (Gt(n, 1)) = 10n + 14. ¿��±���¹ê� sn(v) =

10n + 12, sn(v) = 10n + 10, sn(v) = 10n + 6, sn(v) = 10n + 4�:éA��êÏ�L�ª�g

� 4n+ 12, 2n+ 2, 2n+ 4, 2n− 4. ����ãGt(n, 1)�¹êXeO�L�ª:

sn(Gt(n, 1)) = (4n+ 12)(10n+ 12) + (2n+ 2)(10n+ 10)

+(2n+ 4)(10n+ 6) + (2n− 4)(10n+ 4)

= 100n2 + 228n+ 172

¤±, ρ(Gt(n, 1)) = 100n2+228n+172
(10n+14)2

(n ≥ 2).

½n 2.4 éuGt(n, 2), K ρ(Gt(n, 2)) = 196n2+468n+316
(14n+20)2

.

y² 3Gt(n, 2)�fã:��êV (Gt(n, 2)) = 14n+ 20.�±���¹ê� sn(v) = 14n+ 18,

sn(v) = 14 + 16, sn(v) = 14n+ 12, sn(v) = 14n+ 10, sn(v) = 14n+ 8�:éA��êÏ�L�ª

�g� 4n+ 16, 2n+ 4, 4n+ 8, 2n− 4, 2n− 4. ���±��ãGt(n, 2)�¹êXeO�ínL§:

sn(Gt(n, 2)) = (4n+ 16)(14n+ 18) + (2n+ 4)(14n+ 16)

+(4n+ 8)(14n+ 12) + (2n− 4)(14n+ 10)

+(2n− 4)(14n+ 8) = 196n2 + 468n+ 316

¤±, ρ(Gt(n, 2)) = 196n2+468n+316
(14n+20)2

(n ≥ 3).

�m = 4�, �±��Gt(n, 4)�º:êV (Gt(n, 4)) = 22n + 32, ¿�ã¥¤k:éA��¹

ê«aê�þãm = 3��¹�Ó. ÏLo(Úí2, éu?¿k��mÚn, �±��ãGt(n,m)

�º:êÚm, n�m�'XL�ªV (Gt(n,m)) = 4(m+1)(n+1)+2(m+n+2),ùpm,n ∈ N+.

¿��±��3�fãGt(n,m)¥: (1)�¹ê� sn(v) = (V (Gt(n,m)) − 2)�:ê 4(n + m + 2);

(2)�¹ê� sn(v) = (V (Gt(n,m)) − 4)�:ê 2(m + n); (3)�¹ê� sn(v) = (V (Gt(n,m)) − 8)

�:ê 4n+ 6m− 4; (4)�¹ê� sn(v) = (V (Gt(n,m))− 10)�:ê 2n− 4; (5)�¹ê� sn(v) =

(V (Gt(n,m))− 12)�:ê 2(m+ n)− 8; (6)�¹ê� sn(v) = (V (Gt(n,m))− 15)�:3ã¥äk

Xe� �A�: ù
: u��Ý/«�¥, ù�Ý/«�>.þ�:Ú«�p¡�:Ñ´ÎÜ

�:, �ù�Ý/«�>.þ�:��fã>.þÝê� 2�:ålÑ´ 5. ùp�ål´�ü:

�m�á´��Ý.

2.2. Ã�²¡4 · 82�f

Ã�ã���
¯KÌ�ïÄ3�½��
ê8�cJe´ÄU3k��mSò»��4, ½

ö��
XÛ�o¦���¼Í�º:ê�õ. éuÃ�²¡ 4 · 82�fã, '5�:´XJz�

£Ü�¦^����
@oéu?¿��»:´Ä�±��»�øò. �âÚn 2.1��og�

UÄ�±é���'�Ð��oüÑ¦���
/¤�����. e¡½n 2.6y²
ù�ß�¿

��Ñ
��»��L§¦^�£ÜêÚ-�:�ê�e.. - vji L«²¡ 4 · 82�fã¥?¿�

:, : vji �I9Ù�:IP�ªXã 3¤«.
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Figure 3. The coordinate of vji and its neighbourhood

ã 3. vji :�I9Ù�:«¿ã

½n 2.5 éuÃ�²¡ 4 · 82�fãXJz�£Ü¦^����
, @o31 9�£Ü(åù�

»ÒØ2øò, �-�:��ê��� 15.

y² 3Ã�²¡ 4 · 82�fã¥, �knÝ:�3ã¥. ¦^��oüÑXe: 3�m t = 0, b

�²¡ 4 · 82�fã¥?�: vji �»:; t = 1����
3 vj+1
i ; t = 2��
�3 vj−1i−2 ; t = 3�

�
�3 vj−3i ¿�·�ò��»p��Ý; t = 4��
�3 vj+1
i+3 {�»�øò; t = 5����


3 vj−1i+5 m©ïá��ÀÜ�»p; t = 6 ����
3 vj−4i+5 ·�ò�ÀÜ�»p��Ý; t = 7��

��
3 vj−6i+3 ¿�m©ï
��HÜ�»p; t = 8����
3 vj−6i ·�ò�HÜ�»p��Ý;

t = 9����
3 vj−4i−2 ·�ò�ÜÜ�»p��Ý¿��HÜ�»p�Ü. �ªù
�»p*

d�Ü/¤�����¦�»Ø2DÂ. Xã 2¤«, ����
3ù
:� �þ�±��:

��¹ê� sn(v) = V (Gt(n,m))− 15.

lÃ�²¡ 4 · 82�fã�(�, �±wÑdu�l>/�Êb�ª�)�
���/, ù


���/þ�X»:3k�g��o£Ü�¦�£�c¡®²�-��:�C �, Ïd�±~�

-�:CX�«�. ¤±F"������
�±¦�U£�»:�C� �þ, ?/¤��

���¦�»Ø2øò. �»Ê�øò�, þã¦^��oüÑ¦�-�«���¹ 9��l>/,

��±w�ù�-�«��	¡����
��ê� 9, ¿�ù�-�«�o��-�:��ê�

�� 15, Xã 2¤«.
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