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Abstract

This paper concers an optimal dividend-penalty problem for the compound Poisson

model. The objective is to maximize the difference of the expected cumulative dis-
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counted penalty payment taken at the moment of ruin and a discounted penalty pay-

ment taken at the moment of ruin. Firstly, this paper gives the basic properties of

the value function. Then, we derive the HJB equation of the value function. Finally,

it is verified that the value function is the solution of the HJB equation.
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2. �.£ã

�¦¯Kkî��êÆ£ã§Äk�Ñ�����VÇ�m (Ω,F , {Ft}t≥0,P), Ω ´¤k�m

4��;�8Ü"b��xúi�J{ÑlEÜ Poission L§§K�xúi�J{L§�

Xt = x+ ct−
Nt∑
i=1

Yi,

Ù¥ x ´Ð©O�7§c ´�¤Â\Ç§{Nt} ´rÝ� λ > 0 � Poision L§§¢��� Y1,

Y2, ..., � {Nt} ´�pÕá�§�´ i.i.d. ���ÅCþ§Ñl�©Ù¼ê� Q"τi (i = 1, 2, ...) ´

1 i g¢���"

�
�x»��î§Ý§�©�Ä
Gerber-Shiu Ï"òyv7¼ê§

Φ(x) = Ex(e−δτω(Xτ )I{τ<∞}). (2.1)

Ù¥ ω(x) ´���§�L»����v7§�÷vÈ©^�

K = sup
x≥0

E[ω(x− Y1)|Y1 > x] <∞. (2.2)

©ùüÑ L = {Lt, t ≥ 0} ´��L§§Ù¥ Lt ´���m t �\O©ù"�½©ùüÑ L �

AÉ���J{L§�

XL
t = x+ ct−

Nt∑
i=1

Yi − Lt. (2.3)

�A�»��m� τL = inf{t ≥ 0 : XL
t < 0}"Ø�7L$^ τL§�
{zÎÒ�Ù^ τ O� τL"

¡©ùüÑ L ´�1�XJ÷vµ

• Lt ´càglàd (�ëm4), �ü�, 'ug,6(Ft)t≥0 ´·A��L0 = 0;

• éu?¿�0 ≤ t < τ , L§Lt ÷v

Lt ≤ x+ ct−
Nt−∑
i=1

Yi Ú ∆L = Lt+ − Lt ≤ XL
t .

� Πx �Ð©J{ x ≥ 0 �1©ùüÑ�8Ü"

½Â¼ê V L(x) ´��»����Ï"òy\Èòy©ùÚòyv7��§=
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V L(x) =

{
Ex(

∫ τ
0
e−δsdLs − e−δτ$(XL

τ )), x ≥ 0;

0, x < 0,
(2.4)

Ù¥δ ≥ 0 ´byÇ"�¼ê½Â�

V (x) = sup{V L(x), L ∈ Πx}, x ≥ 0 (2.5)

3. �¼ê5�

Ún 3.1 �¼ê V (x) ´ûÐ½Â��÷v

x+
g(0)− λK
λ+ δ

≤ V (x) ≤ x+
c

δ
(3.1)

Ù¥ x ≥ 0"

ky²m>Ø�ª"éu?¿�1üÑ L = (Lt)t≥0 ∈ Πx§÷v Lt ≤ x + ct −
∑Nt

i=1 Yi§K

Lt ≤ φ(t) := x+ ct"du e−δt ´����ü¼ê§k

V L(x) ≤Ex(

∫ ∞
0

e−δtdφ(t))

= x+ c

∫ ∞
0

e−δtdt

= x+
c

δ

K V (x) = supL∈Πx
´ûÐ½Â��÷vm>Ø�ª"

e¡y²�>Ø�ª"�½Ð©J{ x ≥ 0§�Ä�1�©ùüÑ L0 ∈ Πx: r x ��©ù,

�r¤k�¤Â\��©ù��1�gn���§¿�X»�u)§K

L0
t = x+

∫ t

0

cdt = x+ ct

d (2.2) ª��

V L0

(x) =Ex(

∫ τ1

0

e−δsdL0
s − e−δτω(XL0

τ1
))

=x+
c

λ+ δ
− c

λ+ δ

∫ ∞
0

ω(−y)dQ(y)

≥x+
c

λ+ δ
− λK

λ+ δ

Ún 3.2 �¼ê V (x) ´O�§ÛÜ Lipschitz ëY��÷v

y − x ≤ V (y)− V (x) ≤ V (b)(λ+ δ) + λK

c
(y − x) (3.2)
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Ù¥ b ≥ y > x ≥ 0"

?¿ ε > 0§�Ä�1©ùüÑ L̄ ∈ Πx ¦� V L̄(x) ≥ V (x)− ε"é y > x ≥ 0§½Â#�©ùüÑ

L̄1: r y − x ��©ù,�æ�üÑ L̄§´�1��÷v

V (y) ≥ V L̄1(y) = y − x+ V L̄(x) ≥ y − x+ V (x)− ε (3.3)

éuÐ©J{ y > x ≥ 0 � ε > 0, æ��1©ùüÑ L̄ ∈ Πy ¦� V L̄(y) > V (y)− ε"�Ä©ùü
Ñ L0 ∈ Πx: Ð©J{� x§�J{L§ XL0

t < y �Ü©Ú¶�J{ XL0

t �� y �æ�©ùüÑ

L̄"3vkn����§J{L§l x �� y ��m� t0§�Ò´ y = c + ct0,K t0 = y−x
c
"½Â

©ùüÑ L̃ ∈ Πy �

L̃t =

{
L0, XJ t < τ1 ∧ t0;

L̄t−t0 , XJ τ1 > t0 and t ≥ t0.

Ï�31�gn����cJ{l x �� y �VÇ� e−λt0§K

V (x) ≥V L̃(x)

≥e−(λ+δ)t0V L̄(y)−
∫ t

0

λe−(λ+δ)t

∫ ∞
x+ct

ω(x+ ct− y)dQ(y)dt

≥e−(λ+δ)t0V L̄(y)− λKt0

≥(V (y)− ε)e−(λ+δ)t0 − λKt0

Ïd§k

V (y)− V (x) ≤V (y)− V (y)e−(λ+δ)t0 + λKt0

≤[V (y)(λ+ δ) + λK]t0

≤ [V (b)(λ+ δ) + λK]

c
(y − x)

4. Ä�5y�nÚHJB�§

Ún 4.1 (Ä�5y�n)éu?¿ x ≥ 0 Ú?¿Ê� T§K

V (x) = sup
L̄∈Πx

Ex[

∫ T∧τ1
e−δsdLs + e−δ(T∧τ1)V (XL

T∧τ1)− e−δτω(XL
τ )I{τ≤T∧τ1}] (4.1)

d {Ft} ´a6§X0 = x,éu�½ t ≥ 0 A�??k T ∧ τ1 = t ∧ τ1,Ke¡ùy²�r t w� T§

-

v(x, t) = sup
L̄∈Πx

Ex[

∫ t∧τ1
e−δsdLs + e−δ(t∧τ1)V (XL

t∧τ1)− e−δτω(XL
τ )I{τ≤t∧τ1}]
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Äky² V (x) ≥ v(x, t)"�?¿©ùüÑ L ∈ Πx§·�k

V L(x) = Ex[

∫ t∧τ1
e−δsdLs +

∫ τ

t∧τ1
e−δsdLs − e−δτω(XL

τ )] (4.2)

e¡O�þ¡(4.2)¥m�Ü©µ

Ex[

∫ τ

t∧τ1
e−δsdLs] = Ex[

∫ τ−t∧τ1

0

e−δ(s+t∧τ1)dLs+t∧τ1 ]

= Ex[e−δ(t∧τ1)E[θt∧τ1 ◦
∫ τ

0

e−δs|XL
t∧τ1 ]]

= Ex[e−δ(t∧τ1)V L(XL
t∧τ1)]

≤ Ex[e−δ(t∧τ1)V (XLt∧τ1
)]

�\(4.2)ª��

V L(x) = Ex[

∫ t∧τ1
e−δsdLs + e−δ(t∧τ1)V (XLt∧τ1

) − e−δτω(XL
τ )]

Ïd§�±�y V (x) ≤ v(x, t)"

e¡y² V (x) ≥ v(x, t)"?� ε > 0§��1üÑ L = (Lt) ∈ Πx ¦�

Ex[

∫ t∧τ1

0

e−δsdLs + e−δ(t∧τ1)V (XL
t∧τ1)− e−δτω(XL

τ )I{τ≤t∧τ1}] ≥ v(x, t)− ε

2

Ù¥ X L̄
t ´�AÉ��J{L§"Ï� V ´�K�§·��±é��X�OS� (xi)i∈N , x0 �

limi→∞ =∞ ¦�XJ y ∈ [xi, xi+1)§K

V (y)− V (xi) ≤
ε

4

æ��1üÑ L̄i = (Lit)t≥0 ∈ Πxi ¦� V (xi)− V L̄i(xi) ≤ ε
4
"½Â#��1üÑ L∗ = (L∗t )t≥0

÷ve�^�µ

• XJ τ1 ≤ t,æ� L∗t = Lt é?¿ t ≥ 0;

• XJ τ1 > t,æ� L∗t = Lt é?¿ t ∈ [0, τ1];

• XJ τ1 > t�X L̄
t ∈ [xi, xi+1),á=3�m t|GX L̄

t −xi��©ù,�Ò´Lt+−Lt = X L̄
t −xi,,

�æ�üÑ L̄i"

dþã�E�� L̄∗1 ´�1üÑ§XJ X L̄
t ∈ [xi, xi+1)§Kk

V L̄∗(X L̄
t ) = X L̄

t − xi + V L̄i(xi) ≥ V (xi)−
ε

4
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Ïd§��

v(x, t)− V L̄∗(x) ≤Ex[

∫ t∧τ1

0

e−δsdLs + e−δ(t∧τ1)V (X L̄
t∧τ1)− e−δτω(XL

τ )Iτ<t∧τ1 ]

− V L̄∗(x) +
ε

2
< ε

(Ø�y"

$^� Azcue ÚMuler [5]�Ó�©Û�{§dÚn4.1 ����¼ê÷v�HJB �§�

max{LV (x), 1− V ′(x)} = 0 (4.3)

Ù¥ LV (x) = cV ′(x)− (λ+ δ)V (x) +
∫ x

0
V (x− y)dQ(y)− λ

∫∞
0
ω(x− y)dQ(y)"

½n 4.2 �¼ê V(x) ´HJB�§�)"

dÚn 3.2 �¼ê V (x) ´ÛÜ Lipschitz ëY�5�§�� V ′(x) ≥ 1,= 1 − V ′(x) ≤ 0"Ï�

Ex
∫ τ

0
e−δsdLs ≥ 0 Ú(4.1)§éu?¿ h ≥ 0 ��

V (x) ≥ Ex[e−δ(h∧τ1)V (XL
h∧τ1)− e−δτω(XL

{τ<h∧τ1})] (4.4)

=

0 ≥ Ex[e−δ(h∧τ1)V (XL
h∧τ1)− e−δτω(XL

{τ<h∧τ1})]− V (x)

≥ V (x+ ch)− V (x)

h
− 1− e−(λ+δ)h

h
V (x+ ch)

+
1

h

∫ h

0

λe−(λ+δ)s

∫ x+ch

0

V (x+ ch− y)dQ(y)ds

+
1

h

∫ h

0

λe−(λ+δ)s

∫ ∞
x+ch

ω(x+ ch− y)dQ(y)ds

þªü>- h→ 0§��

0 ≥ cV ′(x)− (λ+ δ)V (x) + λ

∫ x

0

V (x− y)dQ(y)− λ
∫ ∞
x

ω(x− y)dQ(y) (4.5)

- A = {x : 1 − V ′(x) = 0,LV (x) = 0}§d V (x) Ú LV (x) �ëY5§�� A ´4�"-
B = {x : 1− V ′(x) = 0,LV (x) < 0} d Azcue ÚMuler [5] ·K 5.4 �� B ´�m�� B �e4�
áu A"K C = R+ \ (A ∪ B), éu?¿ h > 0§XJ1�gn�§Ø©ù´�`�§K

V (x) = Ex[e−δ(h∧τ1)V (Xh∧τ1)− e−δτω(Xτ )Iτ≤h∧τ1 ] (4.6)

$^u (4.7) �Ó�í��{��

0 = cV ′(x)− (λ+ δ)V (x) + λ

∫ x

0

V (x− y)dQ(y)− λ
∫ ∞
x

ω(x− y)dQ(y) (4.7)
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d R+ = A ∪ B ∪ C, Ké?¿ x ∈ R+ ��

max{1− V ′(x),LV (x)} = 0, a.e. (4.8)

Ïd§�¼ê V (x) A�??´HJB�§�)"

e¡$^ê�©Û��{©Û»����v7é�`©ùüÑ�K�"�©b�n�Ñl³

ê©Ù§= Q(x) = 1 − (1 + x)e−x§�v7¼ê ω(x) = ke−
1
2x§ëê c = 21.4, λ = 10, δ = 0.1,

a∗1, a
∗
2 ��`©ù>.§K

Table 1. The optimal dividend band levels

L 1. �`©ù>.

k 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
a∗1 0 0 0 0 0 0 0 0 10.21 10.24
a∗2 10.06 10.09 10.10 10.12 10.13 10.15 10.16 10.19 +∞ +∞

dL 1êâ©Û�±��§��»�v74O§�`©ù>.�´4O�"

5. (Ø

�©3v7²LÏ�eïÄ
EÜ Poisson �.��`©ù¯K"�©î�í�
�¼ê÷v

�Ä�5y�n§��
�¼ê÷v� HJB �§§�y
�¼ê´ HJB �§�)§¿�ê�©

Û
»����v7é�`©ùüÑ�K�"dê�©Û�±��»����v7�±³�LÝ
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