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Abstract

This paper considers the product graph of simple graph tree and path, gives a linear

order of the product graph of tree and path, and introduces the generalized coloring

number of the product graph of tree and path. Meanwhile, we give an orientation that

the maximum out-degree of the product graph of tree and path is at most a constant

and introduce the game coloring number of the product graph of tree and path.
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1. Úó

32003c, ã�2Â/Úê [1] Äg�JÑ, 3 1991c, BodlaenderJÑ
ã�Æ�/Úê [2]

�Vg. aq�, KiersteadJÑ
 (a, b) -Æ�/Úê [3] �Vg. ¦Èã��´2É'5��aã,

,éu¦Èã��2Â/Úê±9Æ�/Úê, ïÄ���, �©òlã�2Â/ÚêÚÆ�/

Úêùü�ëêÑu, �ÄäÚ´�¦Èã�2Â/ÚêÚÆ�/Úê.

�©�Ä�¦Èã�±en«: (k�È, �È, rÈ. Äk·��Ñùn«¦Èã�½Â:

ã AÚã B�(k�È(P� A2B )d:8 V (A)× V (B)|¤, Ù¥, ØÓ�: (v, x), (w, y)∈
V (A)× V (B)����=�÷v: (1) v = w� xy ∈ E(B) , ½(2) x = y� vw ∈ E(A) .

ã AÚã B ��È(P� A × B )d:8 V (A) × V (B)|¤, Ù¥, ØÓ�: (v, x), (w, y) ∈
V (A)× V (B)����=�÷v: vw ∈ E(A)� xy ∈ E(B) .

ã AÚã B �rÈ(P� A � B )d:8 V (A) × V (B)|¤, Ù¥, ØÓ�: (v, x), (w, y) ∈
V (A) × V (B) ����=�÷v: (1) v = w � xy ∈ E(B) , ½(2) x = y � vw ∈ E(A) , ½(3)

vw ∈ E(A)� xy ∈ E(B) .

d(k�È,�È,rÈ�½Â��: rÈ A�B ´ A2B Ú A×B �¿.
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�e5, ·�0�ã�2Â/Úê�Vg, - G = (V,E)´��ã, - k ´����ê. -∏
(G)´ V (G)�¤k�5S�8Ü, L∈

∏
(G) . - xÚ y´ã G�ü�º:. XJ x ≺L y¿��

3�^ y−x��Ý�õ� k�´ P ¦�é´þ�¤kS: z÷v x≺L z ,·�¡ x´l yf k-�

��. d	, XJé´ P þ�¤kS: z÷v y ≺L z , ·�¡ x´l y k- ���. - Rk(GL§y)

´¤kl y k- ���º:8. Qk(GL§y)´¤kl y f k- ���º:8, Rk[GL§y] = Rk(GL§

y)∪{y}§Qk[GL§y] = Qk(GL§y)∪{y}. ½Âã G� k-coloring number (P� colk(G) )ÚãG �

weak k-coloring number ( P� wcolk(G) )�

colk(G) = min
L∈

∏
(G)

max
v∈V (G)

|Rk[GL, y]| Ú

wcolk(G) = min
L∈

∏
(G)

max
v∈V (G)

|Qk[GL, y]|.

éuã�Æ�/Ú, 3 1991c, BodlaenderJÑ
ã�Æ�/Úê�Vg. aq�, Kierstead

JÑ
ã� (a, b) -Æ�/Úê�Vg. � a = 1, b = 1�, ã� (a, b) - Æ�/Úê=�ã�Æ�/

Úê, Ïd�©Ì��ÄäÚ´�¦Èã��é¡�¹e�Æ�/Úê= (a, 1) -Æ�/Úê. �e

5·��Ñã�Æ�/ÚêÚ (a, b) -Æ�/Úê�½Â. ã G�Æ�/Úê´d��IPÆ�½Â

�. ã G�IPÆ�¥, åÐ¤k�:Ñ��IP, AliceÚ BobÓ6IP G¥�IP�º:, d

Alicekm©IP. ��Üº:�IPÆ�(å. éuã G�z��º: x , - b(x)L«�3 x�

IPc x�IP��Øê. Æ�©ê½Â�

s = 1 + max
x∈V (G)

b(x).

Alice�8I´¦�©ê��,  Bob�8I´¦�©ê��. Æ�/Úê���� s¦� Alicek

��üÑ¦�©ê�õ� s . P� colg(G) .

ã G � (a, b) -Æ�/Úê�Æ�9©êÚIPÆ���, ØÓ�?3uz��IP£Ü¥

AliceIP a�:,  BobIP b�:. (a, b) -Æ�/Úê���� s¦� Alicek��üÑ¦�©

ê�õ� s . P� (a, b)-colg(G) .

éu��ã G , � O (G)´ã G¤k½��8Ü. éuã G���½� ~G±9 ~G���: x ,

- N+
~G

(x)P��: x�¤k	�Ø�8Ü, i.e., N+
~G

(x) = {y : x→ y} . - d+~G(x)� x�ÑÝ, i.e.,

d+~G(x) = |N+
~G

(x)| . -∆+
(
~G
)

= maxv∈V d
+
~G
(v) , ∆∗ (G) = min~G∈O(G) ∆+

(
~G
)

.

éu��ã G ,� ~G´ã G���½�, éu G¥�z�: v , - Lv � N+
~G

(v)����5S.

-
∑

={Lv : v ∈ V (G)} , XJ v <Lz
u , @o¡ z é' u`k v . XJ v ∈ N+

~G
(u)½ö�3��:

z¦� u, v ∈ N+
~G

(z)� zé' u`k v , @o¡ v´ u���t	�Ø , R~G(
∑
, U)P�: u�t

	�Ø�8Ü. -

r~G(
∑

) = max
u∈V (G)

|R~G(
∑

, U)|

~G� rank½Â�

r~G = min∑ |r~G(
∑

)|.
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Ún 1 [4] � a´���ê, XJã G÷v∆∗(G) = k ≤ a , @o (a, 1)-colg(G)≤ 2k + 2 .

Ún 2 [5] XJ ~G´�� ∆+
(
~G
)

= k > a�k�ã, - r~G (
∑

) = r , @o (a, 1)-colg(G)≤
k + b(1 + 1

a
)rc+ 2 .

2. äÚ´�¦Èã�2Â/Úê

- T ´��ä, P ´�^´. éuä T Ú´ P �¦Èã G , ·��âä T ¥:�°Ý`kü

S±9´ P ¥:�üS, �ã G�:?1üS. �â¦Èã�A:9ã G�:��5S, ÏLO�

y²�ÑØÓ¦Èã�2Â/Úê.

½n 1 é¤k��ê k > 0 XJã G = T × P , Ù¥ T ´��ä, P ´�^´, @o

wcolk(G) ≤ k2 + k + 1 . colk(G) ≤ k + 2 .

y² éuä T , ·��§�:?1°Ý`küS, ��ä T �:��5SP� σ∈
∏

(T ) . b

� x0,1´ä�ä�, x0,1�°Ý`k©��1 0�, -1 i��1 j �:P� xi,j . éu´ P , ·�

�§�: (y1, y2, ..., ym, ...)?1��üSP� τ , yi <τ yj ��=� i < j . @oéuã G = T �P ,

:8� V (G)=((x0,1, y1), (x0,1, y2), ..., (x0,1, ym), ..., (x1,1, y1), (x1,1, y2)

, ..., (x1,1, ym), ..., (xi,1, y1), (xi,1, y2), ..., (xi,1, ym), ...) .

éuã G�:?1üS, - L�ã G�º:Uì±e5Kü���5S. éã G�?¿ü�

: (xi,j , ym) , (xi′ ,j′ , ym′ ) :

1. XJ i 6= i
′
, @o (xi,j , ym) ≺L (xi′ ,j′ , ym′ )��=� i ≤ i′ .

2. XJ i = i
′
,j 6= j

′
, @o (xi,j , ym) ≺L (xi′ ,j′ , ym′ )��=� j ≤ j′

.

3. XJ i = i
′
�j = j

′
, @o (xi,j , ym) ≺L (xi′ ,j′ , ym′ )��=�m ≤ m′

.

éuã G�:?1©�: - (x0,1, y1) , (x0,1, y2) ,..., (x0,1, ym) ,...�1���:, - (x1,1, y1) ,

(x1,1, y2) ,..., (x1,1, ym) ,...�1���:, ...§- (xi,1, y1) , (xi,1, y2) ,..., (xi,1, ym)

,...�1 i��:.

dã G�©�±9f k -���½Â��µ� | i − j |≥ 2�, 1 i��:�1 j ��:vk>

�ë, Ïdéu?¿��: v ∈ G(�: v �1 l ��:)5`, l v f k -���: y0 �Uá31

p(l − k ≤ p ≤ l, l ≥ k)�, � y0 ≺L v , du G¥�:3Ó��vk>, Ïd,

l vf k -���:31 l��õ� bk
2
c ,

l vf k -���:31 l − 1��õ� 2dk
2
e ,

l vf k -���:31 l − 2��õ� 1 + 2bk
2
c, (k ≥ 2) ,

l vf k -���:31 l − 3��õ� 2dk
2
e, (k ≥ 3) ,

l vf k -���:31 l − 4��õ� 1 + 2bk
2
c, (k ≥ 4) ,

,...,

l vf k -���:31 l − i��õ� 2dk
2
e, (k ≥ i)

l vf k -���:31 l − i− 1��õ� 1 + 2bk
2
c, (k ≥ i+ 1) ,
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Ïd, ·�k� k�óê�, wcolk(G) ≤ bk
2
c+ (2dk

2
e+ 1 + 2bk

2
c)k

2
+ 1 . � k�Ûê�, wcolk(G) ≤

bk
2
c+ (2dk

2
e+ 1 + 2bk

2
c)k−1

2
+ 2dk

2
c+ 1 . �n�: wcolk(G) ≤ k2 + k + 1 .

dã G�©���µ� | i− j |≥ 2�, 1 i��:�1 j��:vk>�ë, Ïd, éu?¿�

�: v ∈ G5`, � k ≥ 2�,l v k -���: y0�Uá3: v¤3��þ(Ø���1 l�)9: v

�þ��(Ø���1 l − 1�), � y0 ≺L v , du G¥�:3Ó��vk>, Ïdl v k -���

:31 l��õ� bk
2
c ,l v k -���:31 l−1��õ� dk+2

2
e ,Ïd,·�kcolk(G) ≤ k+2.

½n 2 é¤k��ê k > 0 XJã G = T2P , Ù¥ T ´��ä, P ´�^´, @o

wcolk(G) ≤ k2 + k + 1 . 0 < k ≤ 2�§ colk(G) ≤ 3 ; k > 2�§ colk(G) ≤ 2k − 1 .

y² éuä T , ·��§�:?1°Ý`küS, ��ä T �:��5SP� σ∈
∏

(T ) . b

� x0,1´ä�ä�, x0,1�°Ý`k©��1 0�, -1 i��1 j �:P� xi,j . éu´ P , ·�

�§�: (y1, y2, ..., ym, ...)?1��üSP� τ ,yi <τ yj ��=� i < j . @oéuã G = T � P ,

:8� V (G)=((x0,1, y1), (x0,1, y2), ..., (x0,1, ym), ..., (x1,1, y1), (x1,1, y2), ...,

(x1,1, ym), ..., (xi,1, y1), (xi,1, y2), ..., (xi,1, ym), ...) .

duü�ã T � P Ú T × P �:8�Ó, ·�éã T × P ¥:�üSÚ©�æ^½n1¥��

{, �
;�E, ùp��¦^½n1¥�:�üSÚ©�.

dã G�©�±9f k -���½Â��µ� | i − j |≥ 2�, 1 i��:�1 j ��:vk>

�ë, Ïdéu?¿��: v ∈ G(�: v �1 l ��:)5`, l v f k -���: y0 �Uá31

p(l − k ≤ p ≤ l, l ≥ k)�, � y0 ≺L v , Ïd,

l vf k -���:31 l��õ� k ,

l vf k -���:31 l − 1��õ� 1 + 2(k − 1) ,

l vf k -���:31 l − 2��õ� 1 + 2(k − 2), (k ≥ 2) ,

l vf k -���:31 l − 3��õ� 1 + 2(k − 3), (k ≥ 3) ,

,...,

l vf k -���:31 l − i��õ� 1 + 2(k − i), (k ≥ i) ,

Ïd, ·�k wcolk(G) ≤ k + 1 + 2(k − 1) + 1 + 2(k − 2) + ... + 1 + 2(k − k) + 1 . �n�:

wcolk(G) ≤ k2 + k + 1 .

dã G�©���µ� | i− j |≥ 2�, 1 i��:�1 j��:vk>�ë, Ïd, éu?¿�

�: v ∈ G5`, � k ≥ 2�,l v k -���: y0�Uá3: v¤3��þ(Ø���1 l�)9: v

�þ��(Ø���1 l − 1�), � y0 ≺L v , d½Â�� G¥�:3Ó��k>, �éu?¿�:

(xi,j , ym)�õ�kü��Ø� (xi,j , ym−1) , (xi,j , ym+1) , Ïd k > 2�, l v k -���:31 l�

�õ� k− 2 , l v k -���:31 l− 1��õ� k , Ïd, ·�k 0 < k ≤ 2�§ colk(G) ≤ 3 ;

k > 2�§ colk(G) ≤ 2k − 1 .

½n 3 é¤k��ê k > 0 XJã G = T � P , Ù¥ T ´��ä, P ´�^´, @o

wcolk(G) ≤ 2k2 + k + 1 . colk(G) ≤ 2k + 3 .

y² éuä T , ·��§�:?1°Ý`küS, ��ä T �:��5SP� σ∈
∏

(T ) . b

� x0,1´ä�ä�§ x0,1�°Ý`k©��1 0�, -1 i��1 j�:P� xi,j . éu´ P , ·�
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�§�: (y1, y2, ..., ym, ...)?1��üSP� τ , yi <τ yj ��=� i < j . @oéuã G = T �P ,

:8� V (G)=((x0,1, y1), (x0,1, y2), ..., (x0,1, ym), ..., (x1,1, y1), (x1,1, y2)

, ..., (x1,1, ym), ..., (xi,1, y1), (xi,1, y2), ..., (xi,1, ym), ...) .

duü�ã T � P Ú T × P �:8�Ó, ·�éã T × P ¥:�üSÚ©�æ^½n 1¥�

�{, �
;�E, ùp��¦^½n1¥�:�üSÚ©�.

dã G�©�±9f k -���½Â��µ� | i − j |≥ 2�, 1 i��:�1 j ��:vk>

�ë, Ïdéu?¿��: v ∈ G(�: v �1 l ��:)5`, l v f k -���: y0 �Uá31

p(l − k ≤ p ≤ l, l ≥ k)�, � y0 ≺L v , Ïd,

l vf k -���:31 l��õ� k ,

l vf k -���:31 l − 1��õ� 1 + 2k ,

l vf k -���:31 l − 2��õ� 1 + 2k, (k ≥ 2) ,

,...,

l vf k -���:31 l − i��õ� 1 + 2k, (k ≥ i) ,

Ïd, ·�k wcolk(G) ≤ k + (1 + 2k)k + 1 . �n�: wcolk(G) ≤ 2k2 + k + 1 .

dã G�©���µ� | i− j |≥ 2�, 1 i��:�1 j��:vk>�ë, Ïd, éu?¿�

�: v ∈ G5`, � k ≥ 2�, l v k -���: y0 �Uá3: v¤3��þ(Ø���1 l�)9:

v�þ��(Ø���1 l− 1�), � y0 ≺L v , d½Â�� G¥�:3Ó��k>, �éu?¿�:

(xi,j , ym)�õ�kü��Ø� (xi,j , ym−1) , (xi,j , ym+1) , Ïd k > 2�, l v k -���:31 l�

�õ� k , l v k -���:31 l − 1��õ� k + 2 , Ïd, ·�k colk(G) ≤ 2k + 3 .

3. äÚ´�¦Èã�Æ�/Úê

- T ´��ä, P ´�^´. éuä T Ú´ P �¦Èã G�Æ�/Úê, ·�ÏL�ã G�

�Ü·�½�, ¦�ã G���ÑÝ���~ê, 2(ÜÚn 1�Ñã G� (a, 1) -Æ�/Úê.

½n 4 éu?¿�ê a ≥ 2 XJ G = T × P , Ù¥ T ´��ä, P ´�^´, @o

(a, 1)-colg(G)≤6 .

y² éuã G�:, ·���æ^½n 1�üSÚ©�.

�e5·�éã G�>?1½�, d T × P ½Â±9·�é T × P ¥:�©�´�, ã T × P
vkÓ���>. éu����>©�ü«�¹µ

1. e = ((xi−1,a, ym−1), (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym−1) .

2. e = ((xi−1,a, ym+1), (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym+1) .

Ïd, é?¿��: (xi,j , ym)Ñk d+G((xi,j , ym)) ≤ 2�âÚn 1�� (a, 1)-colg(G)≤6 .

½n 5 éu?¿�ê a ≥ 2 XJ G = T2P , Ù¥ T ´��ä, P ´�^´, @o

(a, 1)-colg(G)≤6 .

y² éuã G�:, ·���æ^½n 1�üSÚ©�.

�e5·�éãG�>?1½�,éuÓ���> e = ((xi,j , ym−1), (xi,j , ym))��l (xi,j , ym)
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� (xi,j , ym−1) . éu����> e = ((xi−1,a, ym) , (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym) . Ï

d,é?¿��: (xi,j , ym)Ñk d+G((xi,j , ym)) ≤ 2�âÚn 1�� (a, 1)-colg(G)≤6 .

½n 6 éu?¿�ê a ≥ 4 , XJ G = T � P , Ù¥ T ´��ä, P ´�^´, @o

(a, 1)-colg(G)≤10 .

y² éuã G�:, ·���æ^½n 1�üSÚ©�.

�e5·�éãG�>?1½�,éuÓ���> e = ((xi,j , ym−1), (xi,j , ym))��l (xi,j , ym)

� (xi,j , ym−1) . éu����>©�n«�¹µ

1. e = ((xi−1,a, ym), (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym) .

2. e = ((xi−1,a, ym−1), (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym−1) .

3. e = ((xi−1,a, ym+1), (xi,j , ym))��l (xi,j , ym)� (xi−1,a, ym+1) .

Ïd, é?¿��: (xi,j , ym)Ñk d+G((xi,j , ym)) ≤ 4�âÚn 1�� (a, 1)-colg(G)≤10 .

éu a < 4�, (Ü½n 1�½�, �±��±eíØµ

íØ 1 éu?¿�ê a < 4XJ G = T �P , Ù¥ T ´��ä, P ´�^´, - r~G (
∑

) = r ,

@o (a, 1)− colg(G)≤4+ b(1 + 1
a
)rc+ 2 .

y² d½n 3 ��é?¿��: (xi,j , ym) , d+G((xi,j , ym)) ≤ 4 , �âÚn 2 �� (a, 1) −
colg(G)≤4+ b(1 + 1

a
)rc+ 2 .

4. (�

�©�Ñ
äÚ´�¦Èã�2Â/Úê�þ.±9 (a, b) -Æ�/Úê�þ.. ¿3y²L§

¥�Ñ
äÚ´�¦Èã����5S±9��ÑÝ�����~ê�½�, 3ïÄ,
ã�ëê

�, I�^�ã���ÑÝ. T½�Jø
ïÄg´. 3ãØ¥, ¦Èã�2Â/ÚêÚÆ�/Úê

�ïÄ��, ØÓã�¦Èã�2Â/Úê9Æ�/Úê�Ñ´��?�Ú&?�¯K. �©�

Ñ
äÚ´�¦Èã±9¦��2Â/Úê, ?Ø
¦Èã�Æ�/Úê, @oéu?¿ü�ã�

¦Èã�2Â/Úê´Äk���5�þ.Q, ù�´��?�Ú&?�¯K.
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