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Abstract

We call an edge-colored graph G rainbow, if all of its edges have different colors.
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The anti-Ramsey number of the graph H in G, denoted by AR(G,H), is the maximum

number of colors in an edge-coloring of G which does not contain any rainbow subgraph

isomorphic to H. In this paper, we consider the anti-Ramsey number for matchings

in planar graphs T−n .
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1. Úó

é�½�>/Úã G, e G�z^>�ôÚÑØÓ, K G´çô�. é�½�ã GÚ H, H 3

Gþ� anti-Ramseyê, P� AR(G,H), L«ã G¥Ø�¹?ÛÓ�u H �çôfã���>/

Úê. Anti-Ramsey¯K�@dErdős �<JÑ [1]. Cc5, ²¡ã¥���anti-Ramsey ¯Kk


�õ?Ð [2] [3]. Jendrol′ [4] �<Äké Tn ¥��� anti-Ramseyê¯K?1
ïÄ, Ù¥ Tn �

n�:�²¡n�¿©ã. ¦���
 Tn ¥��� anti-Ramseyê�þe., �þe.��L�.

�IÆö�åu �þ.Úe.�m��å. �ª, Qin �< [5] (½
 Tn ¥��� anti-Ramsey

ê�O(�. �©·��Ä T−n ¥��� anti-Ramseyê. Ù¥ T−n � Tn íK�^>, 	¡�o�

�²¡ã, w,k |E(T−n )| = 3n− 7.

2. ý��£

ÚÚÚnnn 2.1. é�½�>/Úã G, - d� G���çô��ê. @o�3��:8 S ∈ V (G)¦�

d = 1
2
(n− (o(G− S)− |S|)), Ù¥ o(H)� H �Û©|ê, Û©|ä�Ïf�.5.

é�½�>/Úã G, XJé?¿ v ∈ V (G), G− vÑk�{��, @o·�¡ GäkÏf�

.5.

ÚÚÚnnn 2.2. é�½�>/Úã G. XJ G�¹��çôo� v1v2v3v4v1 � G − {v1, v2, v3, v4}¥�
�3>, @o G�¹��çô 3K2 .

ÚÚÚnnn 2.3. é�½�>/ÚãG. XJG�¹��çô8� v1v2v3v4v5v6v1�G−{v1, v2, v3, v4, v5, v6}
¥��3>, @o G�¹��çô 4K2 .
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3. çô 3K2 Ú4K2

½½½nnn 3.1. AR(T−6 , 3K2) = 7 .

y². Äky²e.. ���ã G ∈ T−6 , - G �:8�{v1, v2, v3, v4, v5, v6}, G >8�
E(G) = {v1v2, v3v4, v4v5} ∪ {v1vi, v2vi|3 ≤ i ≤ 6}. éuãG, ò> v3v4, v1v3, v1v6, v2v3, v3v6/ôÚ

1, �e�>/ 6«ØÓ�ôÚ(��ã 1). d�, ·�^
 7«ôÚ5/, ã G¥Ø¹çô 3K2.

dde.�±y².

Figure 1. The coloring of T−
6

ã 1. T−
6 �/Ú

Figure 2. s = 1, a1 = 3

ã 2. s = 1, a1 = 3

éuþ.,·�^�y{. b�^ 8«ôÚ5/ T−6 �>,d�G¥Ø¹çô 3K2. w,, T−6 ¥

kçô 2K2. - G´ T−6 �çô)¤fã, G�>ê E(G) = 8. dÚn2.1, �3 V (G)���f8

S , ¦� o(G− S)− |S| = 2. - |S| = s, o(G− S)− |S| = q. - G− S �Û©|� A1, A2, · · · , Aq,

Ù¥ |Ai| = ai(1 ≤ i ≤ q), Ø���5, ·�� a1 ≥ a2 ≥ · · · ≥ aq ≥ 1. - G − S �ó©|�

C(G) = G−
q⋃

i=1

V (Ai) ∪ S. du q = s + 2� s + q ≤ 6, Ïd 0 ≤ s ≤ 2.

e s = 0, q = 2. XJ a1 ≤ 3, @o |E(G)| ≤ 6 < 8, �b�gñ. Ïd, C(G) = ∅, a1 = 5,

a2 = 1, |E(G)| ≤ 3 × 5 − 7 = 8. d�, ·�� V (A1) = {u1, u2, u3, u4, u5}, V (A2) = {v2}. d
|E(V (A1))| = 8��, V (A1)¥���3n�:, Ø��� u1, u2, u3, ¦� A1 − ui(i = 1, 2, 3)�¹

��çôo�. 3 T−6 ¥, : v2 � V (A1)¥�n�:��, �Ò´` v2 ��� {u1, u2, u3}¥��
�:��, Ø��� u1. dÚn2.2, T−6 ¹k��çô 3K2, �b�gñ.
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Figure 3. s = 2, a1 = 3

ã 3. s = 2, a1 = 3

e s = 1, q = 3. XJ a1 ≤ 1, @o |E(G)| ≤ 6 < 8, �b�gñ. Ïd, C(G) = ∅,
a1 = 3, a2 = a3 = 1, |E(G)| ≤ 5 + 3 = 8. d�, ·�� S = {w}, V (A1) = {u1, u2, u3},
V (Ai) = vi(i = 2, 3) (��ã 2). d |E(T−6 )| = 11��, 3 {v2, v3}� {u2, u3}¥k 3^>, Ø�

�� v2u2, v3u2, v3u2. ©Û��, c(v2u2) ∈ {c(wv3), c(u1u3)}, c(v3u3) ∈ {c(wv2), c(u1u2)}. d�,

{v2u2, v3u3, wu1}�¤��çô 3K2, �b�gñ.

e s = 2, q = 4, |E(G)| ≤ 2× 4 = 8. d�, ·�� S = {w1, w2}, V (Ai) = {vi}(i = 1, 2, 3, 4)

(��ã 3). ©Û��, c(v1v2) ∈ {c(w1v3), c(w2v4)}. d�, {v1v2, w1v3, w2v4}�¤��çô 3K2,

�b�gñ.

ddþ.�±y².

½½½nnn 3.2. é?¿� n ≥ 7, AR(T−n , 3K2) = n .

y². Äky²e.. ���ã G ∈ T−n , §�:8� V (G) = {v1, v2, · · · , vn}, >8�
E(G) = {v1v2} ∪ {v1vi, v1vi|3 ≤ i ≤ n} ∪ {vivi+1|3 ≤ i ≤ n − 2}. éuã G, Äkr� v1 ��

�n− 1^>/þØÓ�ôÚ. éuã G¥�e�>, ·�^1 n«ôÚ5/. d�, ã G¥vkç

ô kK2dd·���, é?¿� n ≥ 7, AR(T−n , 3K2) ≥ n.

éuþ., ·�^�y{. b�^ n + 1«ôÚ5/ T−n �>, d� T−n ¥Ø¹çô 3K2. w

, T−n ¥kçô 2K2. - G´ T−n �çô)¤fã, w, E(G) = n + 1. dÚn2.1, �3 V (G)�

��f8 S, ¦� o(G − S) − |S| = n − 4. - |S| = s, o(G − S) − |S| = q. - G − S �Û©|�

A1, A1, · · · , Aq, - |Ai| = ai(1 ≤ i ≤ q). Ø���5, ·�� a1 ≥ a2 ≥ · · · ≥ aq ≥ 1. - G − S �

ó©|� C(G) = G−
q⋃

i=1

V (Ai) ∪ S. du q = s + n− 4� s + q ≤ n , Ïd 0 ≤ s ≤ 2.

e s = 0, q = n − 4. � a1 ≤ 3�, k |E(G)| ≤ 6 < n − 1, �b�gñ. Ïd, C(G) = ∅,
a1 = 5, a2 = a2 = · · · = aq = 1, |E(G)| ≤ 3 × 5 − 7 = 8. ¤±, n = 7. - V (A1) =

{u1, u2, u3, u4, u5} , V (A2) = {v2} , V (A3) = {v3} . ·��±��3 V (A1) ���3 3 �:, Ø

��� u1, u2, u3 , ¦� A1 − ui(i = 1, 2, 3) �¹��çôo�. dÚn2.2 �� v2v3 /∈ T−7 , =

|E(T−7 )| = |E(A1)|+ |E(A1, v2)|+ |E(A1, v3)|, |E(A1, v2)|+ |E(A1, v3)| = |E(T−7 )| − |E(A1)| = 6.

©Û��, 3 T−7 ¥, {v2, v3}�ui(i = 1, 2, 3) �½��. Ø�� u1v2 ∈ T−7 , ®�A1 − u1 �¹��
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çôo�, dÚn2.2 �� T−7 ¥�3��çô 3K2, �b�gñ.

e s = 1, q = n − 3. XJ |C(G)| = 2, @o |E(G)| ≤ n − 1 + 1 = n < n + 1, �b�

gñ. ÏdC(G) = ∅, a1 = 3, a2 = a2 = · · · = aq = 1. - S = {w}, A1 = {u1, u2, u3},
V (Ai) = {vi}(i = 2, 3, · · · , n − 3), V = {v2, v2, · · · , vn−3}. d A1 äkÏf�.5�� A1 Ó�u

K3 � |E(S, V (A1) ∪ V )| = n− 2 . Ø���5, ·�© wu1 /∈ E(G)½ö wun−3 /∈ E(G)ü«�¹

?Ø. d�, wu2, wu3 ∈ E(G), wvi ∈ E(G)(i = 2, 3, · · · , n − 4). Xã 4, - c(u1u2) = 1, c(u1u3) =

2, c(u2u3) = 3, c(wu2) = 4, c(wu3) = 5, c(wv2) = 6, c(wv3) = 7. du G(S ∪ V (A1))�¹��çô

o�, dÚn2.2 ·�kET−
n

(V ) = ∅. du E(A1, V ) = 3n − 7 − (n + 1) = 2n − 8, = V ¥�z�

�:Ñ��� A1 ¥�ü�:��. Ø�� v2u3, v3u1 ∈ E(T−n ). � wu1 ∈ E(G), wvn−3 /∈ E(G)

�, d T−n Ø¹çô3K2, ¤± c(v2u3) ∈ {1, 7}, c(v3u1) ∈ {3, 6}. d�, {v2u3, v3u1, wu2}´��ç
ô 3k2, �b�gñ. � wu1 /∈ E(G), wvn−3 ∈ E(G)�, - c(wv4) = 8. du T−n Ø¹çô3K2,

¤± c(v2u3) ∈ {1, 7} ∩ {1, 8}. Ïd, c(v2u3) = 1. du T−n Ø¹çô3K2, ¤± c(v3u1) = 7. d�,

{v2u3, v3u1, wv4}´��çô 3K2, �b�gñ.

e s = 2, q = n − 2. d� |C(G)| = ∅, a1 = a2 = · · · = an−2 = 1. - S = {w1, w2},
V (Ai) = {vi}(i = 1, 2, · · · , n− 2), V = {v2, v2, · · · , vn−2}. � w1w2 /∈ E(G)�, 3 V ¥��kn�

:�Ý� 2. Ø���5, ·�� dG(v1) = dG(v2) = dG(v3) = 2. {ü©Û�� G[w1, w2, vi, vj ](1 ≤
i, j ≤ 3) �¹��çôo�, dÚn2.2 �� ET−

n
(V ) = ∅ � ET−

n
({vi}, {v4, v5, · · · , vn−2}) =

∅(i = 1, 2, 3). Ïd, ET−
n
≤ 2(n − 2) + 1 + 3 = 2n ≤ 3n − 7, = n = 7 . d� w1, w2, v1, v2, v3

� K5 Ó�, ù� T−n ´²¡ãgñ. � w1w2 ∈ E(G) �, XJ3 {v1, v2, · · · , vn−2} ¥��k
n�:�Ý� 2 . Ø���5, ·�� dG(v1) = dG(v2) = dG(v3) = 2 , dc¡�y²�±í

Ñgñ. Ïd, 3 {v1, v2, · · · , vn−2} ¥��3ü�:�Ý� 2 . Ø���5, ·�� dG(v1) =

dG(v2) = 2, dG(v2) = dG(v3) = · · · = dG(vn−2) = 1. Ø���5, - {w1v3, w2v4} ⊆ E(G). du

E({w1, w2}, V ) = 3n − 7 − (n + 1) = 2n − 8, = V ¥�z�:Ñ�du v1, v2 ��. {ü©Û�

� c(v2v3) ∈ {c(w1v1), c(w2v4)}, c(v1v4) ∈ {c(w1v3), c(w2v2)}. d�, {w1w2, v2v3, v1v4}´��çô
3K2, �b�gñ.

dd, ·�y²
 n ≥ 7, AR(T−n , 3K2) ≤ n.

½½½nnn 3.3. é?¿�n ≥ 8, AR(T−n , 4K2) = 2n− 2.

y². Äky²e.. ���ã G ∈ T−n , §�:8� V (G) = {v1, v2, · · · , vn}, >8�
E(G) = {v1v2} ∪ {v1vi, v1vi|3 ≤ i ≤ n} ∪ {vivi+1|3 ≤ i ≤ n− 2}. éuã G, Äkr¤k� v1, v2�

�� 2n − 3^>/þØÓ�ôÚ. éuã G¥�e�>, ·�^Ó�«#�ôÚ5/. d�, ã G

¥vkçô 4K2dd·���, é?¿� n ≥ 8, AR(T−n , 4K2) ≥ 2n− 2.

éuþ., ·�^�y{. b�^ 2n− 1«ôÚ5/ T−n �>, d� T−n ¥Ø¹çô 4K2. w,,

T−n ¥kçô 3K2. - G´ T−n �çô)¤fã, w,, E(G) = 2n − 1. d�, G¥¹kçô 3K2

Ø¹çô 4K2. dÚn2.1, �3 V (G)���f8 S, ¦� o(G − S) − |S| = n − 6. - |S| = s,

o(G− S)− |S| = q. - G− S�Û©|� A1, A1, · · · , Aq Ù¥ |Ai| = ai(1 ≤ i ≤ q). Ø���5, ·

�� a1 ≥ a2 ≥ · · · ≥ aq ≥ 1. - G− S �ó©|� C(G) = G−
q⋃

i=1

V (Ai) ∪ S. du q = s + n− 6

� s + q ≤ n, Ïd 0 ≤ s ≤ 3.
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e s = 0, q = n− 6. � a1 ≤ 5�, |E(G)| ≤ 3× 5− 7 = 11 < 2n− 1, �b�gñ. Ïd a1 = 7,

a2 = a3 = · · · = aq = 1. d� |E(G)| ≤ 3× 7− 7 = 14 < 2n− 1, �b�gñ.

e s = 1, q = n−5. � a1 ≤ 3�, |E(G)| ≤ n−1+6 = n+5 < 2n−1,�b�gñ. Ïd a1 = 5,

a2 = a3 = · · · = aq = 1. d� |EG(S∪V (A1))| ≤ 3×6−7 = 11, |E(G)| ≤ 11+n−6 = n+5 < 2n−1,

�b�gñ.

e s = 2, q = n − 4. d� a1 ≤ 3, a2 = a3 = · · · = vq = 1. - S = {w1, w2}, Ai = {vi}(2 ≤
i ≤ q). w,, H = G[{w1, w2, v2, · · · , vn−2}] − EG({w1, w2}) ´��k n − 3 �:��Ü²¡

ã. Ïd, |E(H)| ≤ 2(n − 3) − 4 = 2n − 10, |EG(S ∪ C(G) ∪ V (A1))| ≤ 3 × 5 − 7 = 8. ¤±

|E(G)| ≤ 8 + |E(H)| = 2n− 2 < 2n− 1, �b�gñ.

e s = 3, q = n− 3, a2 = a3 = · · · = vq = 1. - S = {w1, w2, w3}, V(Ai) = {vi}(1 ≤ i ≤ n− 3),

V {v1, v2, · · · , vn}. w,, G−{e|e ∈ EG(S)}]´��kn�:��Ü²¡ã,= |E(G)| ≤ 2n−4+3 =

2n− 1. d�, G[S] ∼= K3, Ø���5, � dG(v1) = dG(v2) = 3, dG(vi) = 2(3 ≤ i ≤ n− 3). w,,

v1v2 /∈ E(T−n ),ÄK T−n (S∪{v1, v2}) ∼= K5,ù� T−n ´²¡ãgñ. d²¡ãØ¹K3,3��E(T−n )\
E(G)�à:Ñ3 V ¥. ·�*	�G[w1, w2, w3, v1, v2, vi](3 ≤ i ≤ n− 3)�¹��çô8�. dÚ

n2.3��ET−
n

({v1v2, · · · , vn−3}) = ∅. ¤± |ET−
n

({v1, v2}, {v3v4, · · · , vn−3})| = 3n−7−(2n−1) =

n − 6 ≥ 2. - a = |ET−
n

({v1}, {v3v4, · · · , vn−3})|, b = |ET−
n

({v2}, {v3v4, · · · , vn−3})|. Ø���5,

·�� a ≥ b. � n ≥ 9�·�k a ≥ 2. - v1v3 ∈ T−n ,XJ c(v2wi) 6= c(v1v3)(1 ≤ i ≤ 3) ,@o v1v3

Ú EG[w1, w2, w3, v2, v4, v5]�¤��çô 4K2, �b�gñ. XJ b ≥ 1, d��3ü^>, Ø��

� v1v3, v2v4, ·�k c(v1v3) ∈ {c(v2w1), c(v2w2), c(v2w3)}, c(v2v4) ∈ {c(v1w1), c(v1w2), c(v1w3)}.
d�, v1v3, v2v4 Ú EG({w1, w2, w3, v5}) |¤��çô 4K2, �b�gñ. XJ b = 0, d�

v1vi ∈ T−n (3 ≤ i ≤ n − 3). d²¡ãØ¹ K3,3 ��, �3ü�: vivj(3 ≤ i < j ≤ 5), ¦�

NS(vi) 6= NS(vj). Ø�� i = 3, j = 4, d� G[{v2, v3, v4, w1w2, w3}]�¹��çô8�. dÚn2.3

±9 v1v5 ∈ ET−
n
��T−n k��çô 4K2, �b�gñ. � n = 8�, ·�k a+ b = 2. � a = b = 1

�� n ≥ 9��¹�Ó.� a = 2, b = 0�,Ø�� {v1v3, v1v4} ⊂ E(T−n ). du dG(v4) = dG(v5) = 2,

Ø���5, ·�� {v4w1, v4w2, v5w1, v5w2} ⊂ E(G), d� {v4w1, v5w2, v2w3, v1v3} ´��çô
4K2, �b�gñ.

dd, ·�y²
é?¿�n ≥ 8, AR(T−n , 4K2) ≤ 2n− 2.

Figure 4. wu1 ∈ E(G) or wvn−3 ∈ E(G)

ã 4. wu1 ∈ E(G) ½wvn−3 ∈ E(G)
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Figure 5. k = 6, n = 13

ã 5. k = 6, n = 13

4. çôkK2

½½½nnn 4.1. é?¿�k ≥ 6 � n ≥ 3k − 7, 2n + 3k − 16 ≤ AR(T−n , kK2) ≤ 2n + 4k − 15.

y². Äky²e.. ·��E��ã G ∈ T−n §�:8� V (G) = {v1, v2, · · · , vn}. ·�3
k−4´ P1 = v2v3 · · · vk−2�Ä:þ�EãG. 1�Ú,·�3 P1�Ä:þV\�^> v1v2,- P1þ

�z��:Ñ©O� v1Ú v2��, Ù¥ v1v3v2´	¡. 1�Ú, 3 v1vivi+1, v2vivi+1(3 ≤ i ≤ k− 3)

±9 v1v2vk−2 �SÜ©OV\��:, V\� 2k − 9 :�g� vk−1, · · · , v3k−11. -V\�:�
�þ�n�:Ñ��, d�·���
��k 3k − 11 �:�²¡n�¿©ã. 1nÚ, V\�

^ n − 3k + 11 ´ P2 = v3k−11v3k−10 · · · v3k−7, - P2 þ�z��:Ñ©O� v1 Ú v2 ��, Ù¥

v1v3v2v3k−7 ´	¡. dd, ·��EÑã G. ·�3ã 5¥�Ñ k = 6�äN�E�{. éuã G,

·�r P2 ´þ�¤k>/þôÚ 1, �e�¤k>/þ 2n− 3k − 17«ØÓ�ôÚ. d�, ã G¥

Ø¹çô kK2. dd·���, é?¿� k ≥ 6� n ≥ 3k − 7, AR(T−n , kK2) ≥ 2n + 3k − 16.

éuþ., ·�^�y{. b�, �3k ≥ 6 �n ≥ 3k − 7, ¦� AR(T−n , kK2) ≥ 2n + 3k − 14.

@o, �3 T−n ��� 2n + 3k − 14 >/Ú, ¦�ã T−n Ø¹çô kK2. - G ´ T−n �çô)¤

fã, w, E(G) = 2n + 3k − 14. d�, G ¥¹kçô (k − 1)K2 Ø¹çô kK2. - M =

{uiwi ∈ E(G) : 1 ≤ i ≤ k − 1}´G¥�çô(k − 1)K2. - V (M) = {u1, · · · , uk−1, w1, · · · , wk−1},
R = V (G) \ V (M). éu i ∈ [k − 1], ·�Ø�b� |NG(ui) ∩ R| ≤ |NG(wi) ∩ R|. duã G¥

�����ê�k − 1, ·��±�� G[R] = ∅ � wi � vi(1 ≥ i ≥ k − 1) 3 R ¥vkú��

:. é?¿� i ∈ [k − 1], � |NG(ui) ∩ R| = 0 k |NG(wi) ∩ R| ≥ 0, � |NG(ui) ∩ R| = 1 �k

NG(ui) ∩R = NG(wi) ∩R. ·�Ø��, � 1 ≤ i ≤ l�, k |NG(ui) ∩R| = 1. � l + 1 ≤ i ≤ k − 1

�, k |NG(ui)∩R| = 0. ·�k |EG({u1, · · · , ul, w1, · · · , wl}, R)| = 2l. - L = {wl+1, · · ·wt−1}. �
l = k−1�,k |EG(L,R)| = 0. � l ≤ k−2�,kEG(L,R) ≤ 2(n−(k−1)−l)−4 = 2n−2k−2l−2.

d |EG(M)| ≤ 3(2k− 2)− 7 = 6k− 13�, |E(G)| = |EG(M)|+ |EG({u1, · · · , ul, w1, · · · , wl}, R)|+
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|EG(L,R)| ≤ (6k− 12) + 2l + (2n− 2k− 2l− 2) = 2n+ 4k− 15, ù�·��b�gñ. dd·��

�, é?¿� k ≥ 6� n ≥ 3k − 7, AR(T−n , kK2) ≤ 2n + 4k − 15.
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