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Abstract

Let G = (V (G), E(G)) be a simple connected graph, a function f : V (G) −→ {0, 1, 2, 3}
satisfies with the property that 1) if f(v) = 0, then vertex v must exist at least two

neighbors v1, v2 such that f(v1) = f(v2) = 2 or one neighbor u such that f(u) = 3; 2)

if f(v) = 1, then there must exist at least one neighbor u of v such that f(u) = 2 or

3, and f is called a double Roman domination function (DRDF). The weight of a

DRDF is f(V (G)) =
∑

u∈V (G) f(u). The minimum weight of a DRDF on G is the double

Roman domination number, denoted by γdR(G). A double Roman domination function

with the weight of γdR(G) is called a γdR-function of G. In this paper, we present the

exact values of the double Roman domination numbers of some special graphs, such

as Pm � Pn (m = 2, 3), Pn,t, K
∗
n, M(Cn), M(Pn).
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1. Úó

ã���¯K´ãØ¥����ïÄ+�, T¯KåuIS�Ú¯K. ��ê�Vg�@

dBerge [1]3ÙÑ��5ãØ6¥JÑ, ÉBerge�é«, Oystein Ore [2]�ªJÑ
��ê9Ù�

'â�. 1999c, StewartÄg3©z [3]¥JÑ
Ûê���Vg, ùã
�¥Ûê2I��¯, Û

ê2I���¢½XJvk7S�è, KT¢½vk��o. ��vk��o�¢½3É�ôÂ�,

���¢½�±��è|�, ��k�|�è�¢½Ã{�	NÄ, eNÄÑ��, T¢½KØ��

o. XJz��¢½Ñ7S�|�è, �¯s¤�p. �^¦�U���è5�o��Ûê2I, é
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AÛê��ê. �XéÛê��¯K�ïÄ, ÅìÑy
éõÛê���í2/ª. VÛê���

Vg´dBeeler [4]�<�@JÑ�, =Ûê2I���¢½XJ;�'<ôÂ�, ekü|�è�

�o, Ò��
V�o, Ûê2IÒPk
�r���üÑ.

Beeler3©z [4]¥�@JÑ
VÛê���Vg, ¿ïÄ
VÛê��ê���êÚÛê�

��m�'X, Ó��Ñ
'uãG��ê�VÛê��ê�þ., ¿��x
��þ.�ãa.

Lakshmanan3©z [5]¥�Ñ
��ã�Mycielskianã�VÛê��ê�.±9éu��ã\�

^>�é�ã�VÛê��ê�K�. 3©z [6]¥AhangarJÑ
éu�ÜãÚuã�VÛê�

�ê��ä¯K´NP -���, �Ñ
PnÚCn�VÛê��ê�(��, ¿��Ñ
äk��V

Ûê��ê�ã��x. �`3 [7]¥�Ñ
P2�Cn, C3�Cn�VÛê��ê. Úûw3 [8]¥�Ñ


P2�Pn�VÛê��ê. Nazari-Moghaddam3 [9]�Ñ
VÛê��ê�.5�Vg¿�xÑ


�'�ã.

�©Ì��Ñ
�
AÏãX: Pm � Pn (m = 2, 3), Pn,t, K
∗
n, M(Cn), M(Pn)�VÛê��ê

�(��.

2. Ä�Vg

-G = (V (G), E(G))´��{üã, º:8�V (G), >8�E(G), |V (G)| = n�ãG�º:

�ê. éu v ∈ V (G), ½Â v�m���N(v) = {u ∈ V : uv ∈ E}, v�4���N [v] = N(v) ∪ v.

w,, º: v�Ý deg(v) = N(v).

XJ¼ê f : V (G) −→ {0, 1, 2, 3}÷v:

1) XJ f(v) = 0, @o���3 v�ü��: v1, v2¦� f(v1) = f(v2) = 2, ½���3 v��

��:u¦� f(u) = 3;

2) XJ f(v) = 1, K���3 v����:u¦� f(u) = 2½3. K¡ f�G���VÛê��

¼ê (DRDF ).

��VÛê��¼ê��� f(V (G)) =
∑

u∈V (G) f(u). ãG¤kVÛê��¼ê����

�¡�ãG�VÛê��ê, P� γdR(G). ��� γdR(G)�VÛê��¼ê¡�G� γdR -¼ê.

-Vi = {v ∈ V : f(v) = i}, i = {0, 1, 2, 3}, KVÛê��¼ê�±P� f = (V0, V1, V2, V3), ¼ê�

��ω(f) = f(V ) = |V1|+ 2|V2|+ 3|V3|.

éu?¿ü�{üãGÚH, G � H ¡�ãGÚH �rÈã, Ùº:8�V (G) × V (H),

: (u1, v1)Ú (u2, v2)����=�eu1u2 ∈ E(G), v1 = v2½u1 = u2, v1v2 ∈ E(H)½u1u2 ∈
E(G), v1v2 ∈ E(H). n�{üãG�eã [10]´�3ãG�z�º: vi þ©OV\ li(i =

1, 2, ..., n)��fº:��¤�ã, P�G∗.��e�´dn�º:|¤�´, 3´�ü�à:�V

\ t− 1�]!:¤|¤�ã, P�Pn,t. ãG�¥mã [11] ´�3ãG�z^>þÑ�\��#�

º:, 2rãG¥��>þ�\�#:�ë���ã¡�ãG�¥mã, P�M(G). ^CnÚPn

©OL«n�º:��Ú´.

·K2.1 [4] éu?¿ãG, f = (V0, V1, V2, V3)´ãG� γdR -¼ê, KV1 = ∅.
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3. Ì�(J

½n3.1 -P2 � Pn�P2�Pn�r�È, Ù¥��ên ≥ 2. K

γdR(P2 � Pn) = 3dn
3
e.

y²�
�B?Ø,PP2�Pn�1���º:�u1, u2, ···, un,1���º:P� v1, v2, ···, vn,

Xã 1¤«(le�þ), Ø���5, 5½ f(ui) ≤ f(vi).

Figure 1. P2 � Pn

ã 1. P2 � Pn

�Ä¼ê f : V (P2 � Pn)→ {0, 2, 3},

�n ≡ 0(mod3)�, f(v3i−1) = 3, 1 ≤ i ≤ n
3
, Ù{º:D��0;

�n ≡ 1(mod3)�, f(v3i−1) = 3, 1 ≤ i ≤ n−1
3

, f(vn) = 3, Ù{º:D��0;

�n ≡ 2(mod3)�, f(v3i−1) = 3, 1 ≤ i ≤ n−2
3

, f(vn) = 3, Ù{º:D��0.

w, f�P2 � Pn���VÛê��¼ê, ¦� γdR(P2 � Pn) ≤ 3dn
3
e.

�L5, éº:8?18B, w,éun ≤ 5¤á, b�éun ≥ 6¿�éu?¿�un�(Ø

Ñ¤á. - f = (V0, V2, V3)�P2 � Pn��� γdR -¼ê. ©±e3«�¹?Ø:

1) � f(vn) + f(un) = 3�.

d� f(vn) = 3, f(un) = 0. dVÛê��¼ê½Â��: f(vn−1) = f(un−1) = 0, K

k f(vn−2) + f(vn−3) ≤ 3. ÄKe f(vn−2) + f(vn−3) > 3. ½Â¢�¼ê g : V (P2 � Pn) −→
{0, 2, 3}, ¦� g(vn) = g(vn−3) = 3, Ù{:D�� f �Ó, w, g�P2 � Pn���VÛê��

¼ê, ¦�ω(g) < ω(f), gñ. ½Â¢�¼êh : V (P2 � Pn−3) −→ {0, 2, 3}, ¦�h(vn−3) =

f(vn−2) + f(vn−3), h(un−3) = f(un−2) + f(un−3), Ù{:D�� f �Ó, Kk γdR(P2 � Pn) =

ω(f) = ω(h) + 3 ≥ γdR(P2 � Pn−3) + 3 = 3dn
3
e.

2) � f(vn) + f(un) < 3�.

Ø�� f(vn) = 2, f(un) = 0, Kk f(un−1) ≥ 2½ f(vn−1) ≥ 2. Ø�� f(un−1) ≥ 2. ½Â

¢�¼ê g : V (P2 � Pn) −→ {0, 2, 3}, ¦� g(vn−1) = 3, g(vn) = 0, Ù{:D�� f �Ó, w, g

�P2 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

3) � f(vn) + f(un) > 3�.
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�/1: f(vn) = 3, f(un) = 2. ½Â¢�¼ê g : V (P2 � Pn) −→ {0, 2, 3}, ¦� g(vn) = 3,

g(un) = 0, Ù{:D�� f�Ó, w, g�P2 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

�/2: f(vn) = 2, f(un) = 2. ½Â¢�¼ê g : V (P2 � Pn) −→ {0, 2, 3}, ¦� g(vn) = 3,

g(un) = 0, Ù{:D�� f�Ó, w, g�P2 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

½n3.2 -P3 � Pn�P3�Pn�r�È, Ù¥��ên ≥ 2. K

γdR(P3 � Pn) = 3dn
3
e.

y²�
�B?Ø,PP3�Pn�1���º:�u1, u2, ···, un,1���º:P� v1, v2, ···, vn,

1n��º:�w1, w2, · · ·, wn (geþ).

�Ä¼ê f : V (P3 � Pn) −→ {0, 2, 3},

�n ≡ 0, 2(mod3)�, f(vi) = 3, i ≡ 2(mod3), Ù{º:D��0;

�n ≡ 1(mod3)�, f(vi) = 3, i ≡ 2(mod3), f(vn) = 3, Ù{º:D��0;

w, f�P3 � Pn���VÛê��¼ê, ¦� γdR(P3 � Pn) ≤ 3dn
3
e.

�L5, é:8?18B, w,éun ≤ 4¤á, b�éun ≥ 5¿�éu?¿�un�(ØÑ

¤á. b� f = (V0, V2, V3)�P3 � Pn��� γdR -¼ê.

dP3 � Pn�(�A:9VÛê��ê�½Â, �±��P3 � Pn���kD��3±9D�

�0��. ÄKb��3D��2��.

�/1: � f(wn) = 2, f(vn) = f(un) = 0�. dVÛê��ê�½Â� f(vn−1) = 3, K

k f(un−1) = 0, f(wn−1) = 0. ½Â¢�¼ê g : V (P3 � Pn) −→ {0, 2, 3}, ¦� g(wn) = 0, Ù{:

D�� f�Ó, w, g�P3 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

�/2: � f(vn) = 2, f(wn) = f(un) = 0�. dVÛê��ê�½Â� f(vn−1) ≥ 2, K

k f(wn−1) = 0, f(un−1) = 0. ½Â¢�¼ê g : V (P3 � Pn) −→ {0, 2, 3}, ¦� g(vn−1) = 3,

g(vn) = 0, Ù{:D�� f�Ó, w, g�P3 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

�/3: � f(un) = 2, f(wn) = f(vn) = 0�. duP3 � Pn�é¡5��Ú�/1aq.

�e5?Ø f(wn) + f(vn) + f(un) = 3� f(wn) + f(vn) + f(un) = 0���/.

(i)f(wn) + f(vn) + f(un) = 3

�/1: � f(wn) = 3, f(vn) = f(un) = 0�. dVÛê��ê�½Â� f(wn−1) = f(vn−1) = 0,

Kk f(un−1) = 3. ½Â¢�¼ê g : V (P3 � Pn) −→ {0, 2, 3}, ¦� g(vn−1) = 3, g(wn) = 0, Ù{:

D�� f�Ó, w, g�P3 � Pn���VÛê��¼ê, ¦�ω(g) < ω(f), gñ.

�/2: � f(vn) = 3, f(wn) = f(un) = 0�. dVÛê��ê�½Â� f(wn−1) = f(vn−1) =

f(un−1) = 0. ½Â¢�¼ê g : V (P3 � Pn−2) −→ {0, 2, 3}, ¦� g(wn−2) = f(wn−2) + f(wn−1),

g(vn−2) = f(vn−2)+f(vn−1), g(un−2) = f(un−2)+f(un−1),Ù{:D�� f�Ó,Kk γdR(P3 � Pn) =

ω(f) = ω(g) + 3 ≥ γdR(P3 � Pn−2) + 3 = 3dn
3
e.
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�/3: � f(un) = 3, f(wn) = f(vn) = 0�. duP3 � Pn�é¡5��Ú�/1aq.

(ii)f(wn) + f(vn) + f(un) = 0

d�= f(wn) = 0, f(vn) = 0, f(un) = 0. dVÛê��ê�½Â� f(vn−1) = 3, K

k f(wn−2) = f(wn−1) = f(vn−2) = f(un−2) = f(un−1) = 0. ½Â¢�¼ê g : V (P3 � Pn−3) −→
{0, 2, 3}, ¦� g(wn−3) = f(wn−3) + f(wn−2), g(vn−3) = f(vn−3) + f(vn−2), g(un−3) = f(un−3) +

f(un−2),Ù{:D�� f�Ó,Kk γdR(P3 � Pn) = ω(f) = ω(g) + 3 ≥ γdR(P3 � Pn−3)+3 = 3dn
3
e.

½n3.3 -Pn,t´��eã, Ù¥n ≥ 3, t ≥ 3. K

γdR(Pn,t) =

{
n+ 3, n ≡ 0, 2(mod3);

n+ 2, n ≡ 1(mod3).

y² �
�B?Ø, éPn,t?1·��IÒ, Xã 2¤«.

Figure 2. Pn,t

ã 2. Pn,t

�Ä¼ê f : V (Pn,t) −→ {0, 2, 3},

�n ≡ 0(mod3)�, f(ui) = 3, i ≡ 2(mod3), f(un) = 3, Ù{º:D��0;

�n ≡ 1(mod3)�, f(ui) = 3, i ≡ 2(mod3), Ù{º:D��0;

�n ≡ 2(mod3)�, f(ui) = 3, i ≡ 2(mod3)� i 6= n− 1, f(un−2) = 2, f(un) = 3, Ù{º:D

��0.

w, f�Pn,t���VÛê��¼ê, ¦�

γdR(Pn,t) ≤

{
n+ 3, n ≡ 0, 2(mod3);

n+ 2, n ≡ 1(mod3).

�L5én?18B, w,éun ≤ 6Ñ¤á, yb�éun ≥ 7±9¤k:ê�un�(ØÑ

¤á. b� g = (V0, V2, V3) �Pn,t��� γdR -¼ê. duPn,t�(�A:, 5½ g(u1) = g(un) = 3,

g(l1) = g(l2) = . . . = g(lt−1) = 0, g(k1) = g(k2) = . . . = g(kt−1) = 0. ?Ø g(un−2) ù�::

1) � g(un−2) = 0�, �� g(un−3) = 3. ½Â¢�¼êh : V (Pn−3,t) −→ {0, 2, 3}, Ù¥Pn−3,t
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´í�un−1, un−2, un−32ë�un−4�un���. w, g�Pn−3,t���VÛê��¼ê.

γdR(Pn,t) = ω(g) = ω(h) + 3 ≥ γdR(Pn−3,t) + 3 ≥

{
n+ 3, n ≡ 0, 2(mod3);

n+ 2, n ≡ 1(mod3).

2) � g(un−2) = 2�, ½Â¢�¼êh : V (Pn−2,t) −→ {0, 2, 3}, Ù¥Pn−2,t´í�un−1, un−2,

2ë�un−3�un���. w, g�Pn−2,t���VÛê��¼ê.

γdR(Pn,t) = ω(g) = ω(h) + 3 ≥ γdR(Pn−2,t) + 2 ≥

{
n+ 3, n ≡ 0, 2(mod3);

n+ 2, n ≡ 1(mod3).

3) � g(un−2) = 3�, g(un−3) = 0. ½Â¢�¼êh : V (Pn−3,t) −→ {0, 2, 3}, Ù¥Pn−3,t´í

�un−1, un−2, un−32ë�un−4�un���. w, g�Pn−3,t���VÛê��¼ê.

γdR(Pn,t) = ω(g) = ω(h) + 3 ≥ γdR(Pn−3,t) + 3 ≥

{
n+ 3, n ≡ 0, 2(mod3);

n+ 2, n ≡ 1(mod3).

�
�B?Ø, �Ñ
��ãK4�eã�º:IP�ª, Xã 3¤«.

Figure 3. K∗
4

ã 3. K∗
4

½n3.4 eK∗n´����ãKn�eã, Ù¥n ≥ 3 ,li ≥ 1, i = 1, 2, ..., n. K

1) � li = 1, i = 1, 2, ..., n�, γdR(K∗n) = 2n+ 1;

2) � li ≥ 2, i = 1, 2, ..., n�, γdR(K∗n) = 3n.

y² 1) ½Â¢�¼ê f : V (K∗n) −→ {0, 2, 3}, - f(vi) = 3, f(vi1) = 0, 1 ≤ i ≤ n�{:D�

�2. w, f�K∗n���VÛê��¼ê, Kk γdR(K∗n) ≤ 3 + 2(n− 1) = 2n+ 1.

�L5, én?18B. b� f = (V0, V2, V3)�K∗n ��� γdR -¼ê, ���¦K∗n ���

Ú��, w,¤k]!:�D��U�0½2, ÄK, eÙ¥kD��3�:, Ø��ù�:� vi1,
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= f(vi1) = 3. dVÛê��¼ê�½Â�: f(vi) = 0, K| :¥Ø vi	7,�k��:D

��3, Ø��� vj , = f(vj) = 3. K f(vj1) = 0. ½Â��¢�¼ê g : V (K∗n) −→ {0, 2, 3}, ¦
� g(vi) = 3, g(vi1) = 0, g(vj) = 0, g(vj1) = 2. Ù{:�D�� f �Ó. w, g�K∗n ���VÛ

ê��¼ê, ¦�ω(g) < ω(f) gñ. Ó�¤k�| :�D��U�0½3, ÄK, eÙ¥kD�

�2�:, Ø��ù�:� vi, = f(vi) = 2. dVÛê��¼ê�½Â�: f(vi1) = 2. ½Â��¢

�¼êh : V (K∗n) −→ {0, 2, 3}, ¦�h(vi) = 3, h(vi1) = 0, Ù{:�D�� f �Ó. w,h�K∗n

���VÛê��¼ê, ¦�ω(h) < ω(f)gñ. w, f(vi) = 3�, k f(vi1) = 0. f(vi) = 0 �,

k f(vi1) = 2. �±��K∗n¥��k��:D��3. b�K∗n¥TÐk 1 + t�:D��3( t���

ê),KK∗nTÐkn−(1+t)�:D��2. Kkω(f) = 3(1+t)+2[n−(1+t)] = 2n+ 1 + t ≥ 2n+ 1.

2) dã/A:��, z�| :��'éü�]!:, �¦K∗n���Ú��, �Iò¤k| 

:D3, ¤k]!:D0=�. ¤± γdR(K∗n) = 3n.

½n3.5 -M(Cn)ÚM(Pn)©O´CnÚPn�¥mã, Ù¥n ≥ 2.

K γdR(M(Cn)) = γdR(M(Pn)) = n+ dn
2
e.

y² �âM(Cn)�ã/(���: ã¥�:Ý©� deg(v) = 2� deg(v) = 4ü«. l?¿�

� deg(v) = 2�:Uì^����éã?1IÒ v1, v2, · · ·, v2n, Xã 4¤«.

Figure 4. M(Cn)

ã 4. M(Cn)

�¢�¼ê f : V (M(Cn)) −→ {0, 2, 3}, �n�óê�, f(vi) = 3, i ≡ 2(mod4), Ù{º:D�

�0. �n�Ûê�, f(vi) = 3, i ≡ 2(mod4), f(v2n−1) = 2, Ù{º:D��0. w, f�M(Cn)�

��VÛê��¼ê. ¦� γdR(M(Cn)) ≤ n+ dn
2
e.

�L5, én?18B. b� g = (V0, V2, V3)�M(Cn)��� γdR -¼ê. dã/IÒ9A:�

�: deg(vi) = 2, i ≡ 1(mod2), deg(vi) = 4, i ≡ 0(mod2).

Äk?Ø v2n, v2n−1ùü�::

1) g(v2n) ∈ {0, 3}. ÄK g(v2n) = 2. dVÛê��¼ê�½Â��: g(v1) = g(v2n−1) = 0,

Kk g(v2) ≥ 2, g(v2n−2) ≥ 2. ½Â¢�¼êh : V (M(Cn)) −→ {0, 2, 3}, -h(v2n) = 3, h(v2) =
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h(v2n−2) = 0, Ù{:D�� g�Ó, w,h�M(Cn)���VÛê��¼ê, ¦�ω(h) < ω(g)g

ñ.

2) g(v2n−1) ∈ {0, 2}. ÄK g(v2n−1) = 3. �n�óê�, dVÛê��¼ê�½Â��:

g(v2n) = g(v2n−2) = 0. ½Â¢�¼êh
′

: V (M(Cn)) −→ {0, 2, 3}, -h
′
(v2n−1) = 2, Ù{:D�

� g�Ó, w,h
′
�M(Cn)���VÛê��¼ê, ¦�ω(h

′
) < ω(g)gñ. �n�Ûê�, dVÛ

ê��¼ê�½Â��: g(v2n) = g(v2n−2) = g(v1) = g(v2n−2) = 0, Kk g(v2) = 3, g(v2n−4) = 3,

g(v2n−5) = 0. ½Â¢�¼êh
′

: V (M(Cn)) −→ {0, 2, 3}, -h
′
(v2n−2) = 3, h

′
(v2n−1) = h

′
(v2n−4) =

0, h
′
(v2n−5) = 2,Ù{:D�� g�Ó,w,h

′
�M(Cn)���VÛê��¼ê, ¦�ω(h

′
) < ω(g)

gñ.

Ùg, �Ä±en«�¹:

1) � g(v2n) + g(v2n−1) = 3�, = g(v2n) = 3, g(v2n−1) = 0. w,�±�� g�M(Cn−2)��

�VÛê��¼ê¿���u½�uω(g)− 3. �â8Bb� γdR(M(Cn−2)) ≥ n− 2 + dn−2
2
e =

n+ dn
2
e − 3. Ïdk γdR(M(Cn)) = ω(g) ≥ γdR(M(Cn−2)) + 3 = n+ dn

2
e.

2) � g(v2n) + g(v2n−1) < 3�. ©� g(v2n) = 0, g(v2n−1) = 2� g(v2n) = 0, g(v2n−1) = 0.

� g(v2n) = 0, g(v2n−1) = 2�, w,�±�� g �M(Cn−1)���VÛê��¼ê¿��

�u½�uω(g) − 2. �â8Bb� γdR(M(Cn−1)) ≥ n− 1 + dn−1
2
e = n − 1 + dn

2
e. Ïd

k γdR(M(Cn)) = ω(g) ≥ γdR(M(Cn−1)) + 2 = n+ dn
2
e+ 1 ≥ n+ dn

2
e. � g(v2n) = 0, g(v2n−1) = 0

�, w,�±�� g �M(Cn−2) ���VÛê��¼ê¿���u½�uω(g) − 3. �

â8Bb� γdR(M(Cn−2)) ≥ n− 2 + dn−2
2
e = n + dn

2
e − 3. Ïdk γdR(M(Cn)) = ω(g) ≥

γdR(M(Cn−2)) + 3 = n+ dn
2
e.

3) � g(v2n) + g(v2n−1) > 3�, = g(v2n) = 3, g(v2n−1) = 2. ½Â¢�¼êh
′′

: V (M(Cn)) −→
{0, 2, 3}, -h

′′
(v2n) = 3, h

′′
(v2n−1) = 0, Ù{:D�� g�Ó, w,h

′′
�M(Cn)���VÛê��

¼ê, ¦�ω(h
′′
) < ω(g)gñ.

éN´��z��M(Cn)��� γdR -¼ê�´M(Pn)��� γdR -¼ê, KéuM(Pn)(Ø

Ó�¤á.

Ä7�8

I[g,�ÆÄ7�8(11761070, 61662079, 12071194); 2021c#õ�Æ�g£«g,Ä7é

Ü�8(2021D01C078); 2020 c#õ���Æ�6;�!�6�§�8]Ï.
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