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£G6G=(V(G),EQG)R— " EREBER, ®mf:V(G) — {0,1,2,3}i#R: 1) R f(v) =0,
MAELEE v IFAENBE v, v2, ET f(01) = f(v2) =2, REDEHE—MBE wES f(u) = 3;
2) AR f(v) =1, BAZLFEEvH—PNBRuES f(u) = 283, MR f AEGH—IMNT
SEHEB (DRDF). — M RE SEHBHOBER F(V(G) = X.cvo f(w). BIGHRET S
EHRBR/NMMUERAE G HNT SIEHH, 121E1ir(G). BEHN vir(G) I T SEHI &3
A G W yar- B AXEFBHHE T —E4S%KEW: P, KP, (m=2,3), P, K:, M(C,),
M(P,) N T Di=H| B A A YIE.
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Abstract

Let G = (V(G),E(G)) be a simple connected graph, a function f : V(G) — {0,1,2,3}
satisfies with the property that 1) if f(v) = 0, then vertex v must exist at least two
neighbors vy, v, such that f(v;) = f(v2) = 2 or one neighbor u such that f(u) = 3; 2)
if f(v) = 1, then there must exist at least one neighbor u of v such that f(u) =2 or
3, and [ is called a double Roman domination function (DRDF). The weight of a
DRDF is f(V(G)) = >_,cv(g) f(v). The minimum weight of a DRDF on G is the double
Roman domination number, denoted by v,z(G). A double Roman domination function
with the weight of v,z(G) is called a y4z-function of G. In this paper, we present the
exact values of the double Roman domination numbers of some special graphs, such
as P,X P, (m=2,3), Pt, K, M(C,,), M(P,).
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1. 5|8

Ve ) ] i) A P 0 v — A S ) B 9 AR, 1% ) S VT ] o R i) R 8 i R A e
H Berge [1J7EH AR (EL) FiH, % Berge HJE7R, Oystein Ore [2)1E & H 1 42 il £ S HAH
KARTE. 19994F, Stewart H IXAESCHR [3]F 4t T Z L4Edl S, vk 7R ED 5w H i, &
24 [ P — AN T 0 R B SR AL ZE BN, I T A B OR A, — AN B ORA A3 11 7 52 B B i
AHAR I T AT AR ZE BN SCHR, (0 R — SCAE BN T Je ik i A S, 25 sl 2 5, 123800 WA o)
P WA AN IR A IR LSRN, AR . EHR AR ZE ORI AT A [ %
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% Ey AR . B % S e AT AT, BT I TR 2 % S p e R W S
W2 i Beeler [4]55 N 552 B A, RIZ By 37 [ (1 —NRiT SR IE B SN BGL I, 5 A PSR L
TRy, A2 7O RS, 2 By Al 1 B8 o A 17 40 SR s

Beeler 7E3CHR (4] e Rt 10T 5l IRk, JERIEFT 1 XS By s i 4 5 45 ) B0rn B B
il 2 (B0 &, FINFZE H T 0T B G B B o0 2 Sy il $y b5, I B Z0m 7k 2 F S EER.
Lakshmanan /£ 3CHR [5]H 45 H T — N EIH Mycielskian B 1R800 542 ) 20 5 LA SO — AN B —
SR 100 JE 0 TR B B XU S 4 | B R IR AESCHR (6] Ahangar $2 76 T ZE R 5Z B XS B 45
1S T 1) R NP -SE 1), 45t T P, A1 C, IR Tl B i UME, JF Hav i 7 R R/
T LR E R ZE. BRI [T A T ROC,,, CO0C, FIXNE stk 4. M RINE [8]h4H
T POP, X% D55 Nazari-Moghaddam 7£ [9]45 H 7 X% 428 il s S48 08 2 1 21 1)
THRATA.

AL EFL Y T R E W P, X P, (m =2,3), Puy, KX, M(C,), M(P,) FIW % ¥ %
(R YME.

2. BARE S

4G = (V(G), E(G)) M, TSN V(G), WEAN E(G), [V(G)| = n HE G KT A
ML T o e V(G), B X o BIHREA N(w) ={u eV :uw € E}, v ISR Nv] = N(v) Uw.
BAR, T v ¥ deg(v) = N (v).

WREE f - V(G) — {0,1,2,3} i 2

1) Wk f(v) = 0, WA ZBDAELE v FIPDNEBR v1, 0o (815 f(v1) = f(v2) = 2, BREDIFAE 0 1 —
ANER w3 f (u) = 3;

2) W f(v) =1, WEDLZLE v 10— N0 w15 f(u) = 2883, WHK £8 G 10— B
P (DRDF).

AT 1 BRI REN f(V(G)) = X cv (o f(w). B G BVA XU 5 32 8l o A e /ML
EHNE G I B 5, 10E var(G). BUEN yar(G) XU D45 ] 5 BAR N G 1 yar - FREL.
LV, ={veV: f(v)=1i}i=1{0,1,2,3}, WXZ Bk E 0] LIdH f = (Vo, Vi, Ve, Vs), BRELH
BAwW(f) = f(V) = |Vi]| 4+ 2|Va| + 3| V5.

WTAEBRWARPLEGMH, GRHBAHEGHH @AE, X AEAV(G) x V(H),
B (ug, v1) A (ug, v0) FHAR 2 HAL M wius € E(GQ), v1 = vy Bluy = ug, vive € E(H) Blujuy €
E(G), vive € E(H). nBrfai &G R K 102 ERG N Ao, B adinGi =
1,2,..,n) NHFT0 SR B, 2 /E G — NI 2 o AN TR R B, R B 1 A i &% WS
e — 1B ST AR B, 1A P, B G BIRIRNE] [11] 24675 K G 15254 E# A — N3
T, PR G ARSI B3R R8T RO IE TS 20 BRI G B Rl EL 12 M(G). F G, F P,
I3 MERTR n AN TR I PR 2

w21 4] FTHEZBRG, f= Vo, Vi, Vo, V3) ZE G 8 v R, MV, = 2.
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3. FELR
EIE3.1 4P, X P, AP, 5P, 5% iAn, £ B n>2 N

’YdR(P2 @PH = 3[%1

HERR A T 7R, 18 BXP, S — ERITS A uy, ug, -, Uy, 26 JERITSIC N v1, va, -+, U,
WE RN T ELR), AR, E f(u) < fv;).

VI VZ VS v"-4 v"-3 Vn»l Vn-l Vn
(YY)
(X

Figure 1. P, X P,
1. LX P,

ZREEH f: V(PR P,) — {0,2,3},

Hn = 0(mod3) B, f(uvgim1) =3,1<i <2, HRTURIEAO;

Min = 1(mod3) I, f(uzii1) =3,1<i<22L f(v,) = 3, HARTIIRAE NO;
Min = 2(mod3) I, f(ugii1) =3,1<i <222 f(v,) = 3, HRTIIRAEH0.
AR f R Py R P, 19— AW Dl i3, 18 var(P K P,) < 3[2].

SRk, X T ST A8, SRR T 0 < 5 BOL, BB T n > 6 3 B TER/AN T n 418
HRAL. 4 f = (Vo, Vo, Va) A9 Py W Py 19y -BREL 53 AR 3RS SLIT 8

1) 2 f(v,) + f(u,) = 3},

B f(u,) = 3, flu,) = 0. BT 6 mEE LT/ : f(vn1) = flup_1) = 0, NI
A f(vn_2) + fon_z) < 3. BWE f(v_a) + flvn_z) > 3. EXEHEKg : V(RRP,) —
{0,2,3}, 45 g(v,) = g(vn—s) = 3, HRSWRES fHHFE, B89 AP R P, — X D4zl
R, R w(g) < w(f), THE. & XEMERER: V(PR P, 3) — {0,2,3}, 15 h(v, 3) =
fon—2) + f(vn-3), h(un—3) = f(un—2) + f(un—3), FRFAWES fAF, WHyp(PRP,) =
w(f) =w(h) +3 = vr(P2XP,—5) +3=3[%].

2) 4 f(vn) + flun) < 3.

AL f(vn) = 2 flun) = 0, WA fluna) 2 28 flona) = 20 A f(wna) 2 20 EX
SAHEH g - V(P K P,) — {0,2,3}, {815 g(v,—1) = 3, g(va) = 0, HARGRIES f AR, AR g
Py R P, — W Bl ek L, 615 w(g) < w(f), TJE.

3) 4 f(v) + flu,) > 30
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7

HEIL f(un) = 3, flu,) = 2. @ XEEHEHg : V(PR P,) — {0,2,3}, #1158 g(v,)
0,

£, F&

g(un) =0, A HERME S £ MFE, B4R g N P, R P, —ANWUE DR, 415 w(g) < w(
B2 f(v,) = 2, flu,) = 2. EXLMER g : V(P,XP,) — {0,2,3}, £ g(v,) = 3,
g(u,) = 0, HASWRMES F A, B8 g N P, R P, — AN Dl %, 15 w(g) < w(f), TJE

EIE3.2 4 PXP, AP 5P, 095 A, P EESn>2. 0
var(PsE P,) = 3[%1.

iEHH nyﬁ@ﬁH@, ia P3|EP7L B‘J%—‘Emjﬁ)ﬁ:j“j u17u27 RS un7 %:EE/‘JTﬁﬁiayﬂ V1, 'UQ, '”7,U’n7
=R TN wy, we, - - -, w, (AR ).

Pn = 0,2(mod3) B, f(v;) =3, i = 2(mod3), FHARTT SRR HO;

Hn = 1(mod3) B, f(v;) =3, i = 2(mod3), f(v,) =3, FHRTTLIKEAO;

BR[O Py R P, (DX B R, 15 (P X P,) < 3[%].

St sk, XF A AEHEAT IR, AR T n < 4 B0, BT n > 5 I HXTTAEE /DN T n S50 ER
WAL B f = (Vo, Vo, V3) N Ps X P, =A™ yar -ER L

Hi Py X P, S5 HHE 5 OW S D i) B 2E 3, AT LA 2 Py ) P, 1951 VA AR 3 LA K i
NORIB. 15 WM e A7 A B 2K 5.

WL 24 f(w,) = 2, f(un) = flun) = O HOWUE D #1500 2 A f(vr) = 3, 1]
B F(unar) =0, fway) = 0. 5 XEMHEH g : V(P B P,) — {0,2,3}, {13 g(w,) = 0, HAH
WM IR, B4R g N Py & P, I—AN0UE Ddl A, 413 w(g) < w(f), FIE.

W2 2 (0n) = 2, f(wn) = f(un) = OFF. dE B E IR E XA S (0a) 2 2, W
A fwamr) = 0, flugm) = 0. EXSEMEE B : V(PR P) — {0,2.3), 8 g(v,) = 3,
g(va) = 0, J4 SBE S £ IR, 848 g N Py R By BI—ANOUE DR, 5 w(g) < w(f), TJ5.

B3 24 f(un) =2, f(w,) = f(v,) =08, BT Py X P, FIRIFRPER] F1 A1 K 125401

BE ORI [(wn) + (on) + f(un) = 355 f(wn) + fvn) + f(n) = OFFHIETE.

(1) f(wn) + f(vn) + flu,) =3

B 24 f(wn) =3, flvn) = fu,) = 0B, BRUE DESHIEUIE LA f(wn_y1) = f(va_1) =0,
WA f(up_y) =3. EXEMEEE g : V(R P,) — {0,2,3}, 13 g(v,_1) =3, g(w,) =0, LKA
IRAE 5 f AR, B4R g N Py R P, (— A L4l %, 515 w(g) < w(f), FIE.

W20 2 f(u,) = 3, f(wn) = flu,) = OB WP BEHIEE LA f(wpo1) = f(on-1) =
Flup 1) = 0. ELEMEER g : V(PR P,_y) — {0,2,3}, 15 g(w, o) = f(wn_2) + f(wa_1),
9(n—2) = f(vn-2)+f(Vn-1), 9(Un-2) = f(Un-2)+f (Un-1), HRFIRIES f A, WE var(Ps R P,) =
w(f) = w(g) +3 = var(Ps R P,—z) +3 =3[5].
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FETG3: 4 f(wn) = 3, f(wn) = f(vn) = OB, BT Py & P, HIRFRPERT AR TR0,

(ii) f(wn) + f(vn) + f(un) =0

WS BN f(w,) = 0, f(vn) = 0, flu,) = 0. HIXUE DI EME XA f(var) = 3, W
A flwn—2) = flwp1) = f(vn—2) = f(un—2) = fun—1) = 0. EXEKEEE g : V(BR P, 3) —
{0,2,3}, 45 g(wn-3) = f(wn—3) + f(wn-2), g(vn-3) = f(vn-3) + f(vn-2), g(un—3) = flun-3) +
f(up—2), HR RS fAHF, WA v4r(Ps R P,) = w(f) =w(g) +3 > var(Ps R P,_3)+3 = 3[2].

EH3.3 4 P, A—ARIE, b n >3, >3 0l

n+ 3, n = 0,2(mod3);

Pn:)=
Var(Far) { n+2, n=1(mod3).

WUERR A T VTS, X P, AT IE Mk S, WK 20K,

[, \ / ki
[ O C OQOOC C O k-

O/l:] u: Us U3 U2
[t-1

Figure 2. P, +
@ 2. Pn,t

= 0
c7
S

%%@ﬁf : V(Pn,t) — {07273}’
2n = 0(mod3) B, f(u;) =3, i = 2(mod3), f(u,) = 3, FRTSREAO;
*n = 1(mod3) B, f(u;) = 3, i = 2(mod3), FARTi S AE N0,

Yn = 2(mod3) B, f(u;) =3, i =2(mod3) Hi #n—1, f(u,_o) =2, f(u,) =3, HRTEMK
{2 N0.

IR fON P, A il s g, 15

n+3,  n=0,2(mod3);
Yar(Pnt) < { n+2, n=1(mod3).
REAA m AT, AR T n < 6 ADRAL, IEEEA T n > 7 DURFTA SAUN T n 0040
ﬁzi' [ g = (Vo Vi, V) jjpn,t I —A yar - E. BT P+ P ZE R A, R 8 g(u1) = g(u,) = 3,
g(h) = gll) = ... = glli1) = 0, glkr) = g(ks) = ... = g(kr—1) = 0. Wik glun ) AR

1) Hg(up_o) = 00, 115 g(u,_s) = 3. & XEAEERE A : V(P,_s,) — {0,2,3}, HH P, 5,
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FEM 25 1y U —y U g FREFE 1y 5wy REN. BIR g N P_gy DD B 4% 1] R 2L

n+ 3, n = 0,2(mod3);
Po:) = =w(h) +3 > v4r(Pa- 32
Yar(Poe) = w(g) = w(h) +3 2 Yar(Pase) + { n+2, n=1(mod3).
2) i g(un—z) = 2, SEXSHEBRECh 2 V(Pocay) — {0.2,3), Hof Pyt R wm, s,
FERE w, s 15w, 3B, AR g 9 P B XU T2 R A

n+3, n = 0, 2(mod3);
P,,) = =w(h)+3> Pr2t)+22>
Yar(Pot) = w(g) = w(h) + Yar(Po—2.) { n+2, n = 1(mod3).
3) 2 g(un—s) = 30, glup_s) = 0. FXIAERE R : V(Po_y,) — {0,2,3}, b Py, M
F 1, U, U FERE Uy 15w, BB DIRG9 Py (— 0T SRS

n+3, n = 0,2(mod3);

P,;)=w(g) =wh)+3> P, 3;,)+3>
Yar(Prt) (9) (h) Var(Fus.t) { n+ 2, n = 1(mod3).

NTIIERE, g T g A Ky R R TR ARE 77 3K, ik 3R,

Vi V2

Figure 3. K
3. Kj

FH3A4 FK A—NZ2BAK, MRAR, Adbn>30,>1i=1,2,..,n N
D SL=1i=12..n0, yar(K) =2n+1;
2) B1,>2i=1,2,...n0, yr(K*) = 3n.
MERR 1) E SCIEBREL f o V(KE) — {0,2,3}, & f(v) =3, f(va) =0, 1 <4 < nFPlRSIRME
2. AR N K — AR s R, WA var(K) <34 2(n—1) =2n+ 1.

SRR, X n ATIHGY. B f = (Vo, Vo, Va) WK A yar -0 8L, AT A0 ZLAE K (K BUE
AR /N, R AT & 4 A IRE A 082, 5 0, #5 L A A RAE D3I s, A5 B AN RN i,
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B f(vn) = 3. BT Dhda bl B A A 8 e fug) = 0, M2 3% i Bk o Ah b SRIE A — A AR
HN3, A& vy, B fvy) = 3. W fvjy) = 0. BX—DEEEEg : V(K — {0,2,3}, f#
B g(v) =3, glvir) =0, g(v;) =0, g(vy1) = 2. HRLAMRES fAHRL. B2 g8 K: H—H0E
Lyl R A, (1 w(g) < w(f) AJE. RN FrA S8 S IR AE R A oh0Ek3, &I, 45 3 A IR AE
20 B AR U v, B f(v;) = 20 B Pl R 80 e R f(vg) = 2. 8 X—/N5E
EHEE R V(K — {0,2,3}, 15 h(v;) = 3, h(vi) = 0, ERAKIRES fHF. B8 hNK:
[ — AT T s R, 3 w(h) < w(f) FHE. SR f(v) = 3B, B f(vi) = 0. f(v;) =0 I,
A fluin) = 2. MU E| K 2/ 0F — SURE NS, B K ISR 1+ e A SIREN3(t 9 IEEE
B0, W KA n— (1+6) D ASME N2, WH w(f) = 3(1+)+2n—1+t)] =2n+ 14+t > 2n + 1.

2) B Sn N, AN SO D OGRS B R AR, B K iOBUE AR /DN, R RGBT %
MRS, AT B AURORI ], T LA var(K)) = 3n.

EIE3.5 4 M(C,) = M(P,) 9 H 2 C, #= P, 69 1A B, P n > 2.
M Yar(M(Cp)) = var(M(P,)) =n+ [5].

MERR AR M (C,,) MBS k. BF SR N deg(v) = 2 5 deg(v) = 4 Hifh. MEE—
A deg(v) = 2 W SRS £ 7 [ 0 AT AR 5 v, 02, - - -, Vo, GO 4F7R.

Figure 4. M(C,)
4. M(Cr)

BB f - V(M(Cr)) — {0,2,3}, Zn A, f(v) = 3, i = 2(modd), HARTAIRE
HNO. Zn NEEES, f(u) =3, i = 2(mod4), f(van—1) = 2, R TUREN0. B2 f M(C,) K
—NUE DR S yar(M(Cy)) < n+[2].

SR, X n BEATIRGN. R g = (Vo, Vo, V) A M(Cy) K= yar -BREL I BITEAR S SR fOAT
5 deg(v;) =2, i = 1(mod2), deg(v;) = 4, i = 0(mod2).

E AR vap, va, 1 XA KL

1) g(van) € {0,3}. 0 g(vo,) = 2. HIWZ B o B 1) € AT g(v1) = g(van—1) = 0,
WA g(ve) > 2, g(van_2) > 2. & XSLEHERE R : V(M(C,)) — {0,2,3}, & h(va,) = 3, h(vs) =
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h(vap—2) = 0, R fME S g M, B K M(C,) B)—DXE Bl ki #, 15 w(h) < w(g) F
J&.

2) glom 1) € {0,2). M gloan ) = 3. Mn AEHCET, fX0E D] B R ST
G(V2) = g(van_s) = 0. FNFEAHEHER - V(M(C,h)) — {0,2,3}, 2 h' (von_y1) = 2, HA A
5 g M, AR BAM(C,) B— B Dl R, 15 w(h') < w(g) FIE. Mn NFEH, BT
L 175 81 bR AR 3E LRI g(v2n) = g(van—2) = g(v1) = g(van—2) = 0, WA g(vs) = 3, g(van_a) = 3,
G(Van_5) = 0. & XSEAHEEL R - V(M(C,)) — {0,2,3}, 2 h' (van_2) = 3, h (van_1) = A (van_4) =
0, W (Van_s) = 2, AR SIME S g MF, BAR R N M(C,) BI— AT DEHl g3, 15 w(h) < w(g)
FIE.

Hk, HRELLT =i ii:
1) i_/|g(v2’ﬂ) + g<v2’ﬂ—1) =3 Hﬂ') EI] g(v2n) = 3) g(v2n—l) = 0. E%ﬂu%‘ﬂg?ﬂM(Cn_g) El/‘]*

AR DEHI R EOE AU SRE T w(g) — 3. 8RR ar (M (Coa)) > m— 2+ [252] =
n+ 2] = 3. BIH 1r(M(C)) = w(g) > Yar(M(Crs)) +3 =n+ [2].

2) M g(van) + g(van_1) < 3BF. 43R g(ve,) = 0, g(van_1) = 25 g(ve,) = 0, g(van_1) = 0.
Hg(van) = 0, g(van—1) = 20, BARF UG E g N M(C_q) B — DX E 135 il ok 2 B AL
HNTEHETw) — 2. WIFEABR K (M (Crr)) = n—14+[272] = n -1+ [2]. B
A Yar(M(Cy)) = w(g) 2 Yar(M(Cp1)) +2=n+[2]+1>n+[2]. Zg(vn) =0, g(van_1) =0
W, RARTTLLAF B g A M (Cho) ) — DN B i F 3 ERE AN T 85 Twg) — 3. R
FTRNE B var(M(Crz)) = n—2+[252] = n+ [2] — 3. BHAHvr(M(C,)) = w(g) >
VdR(M(Cn—2)) +3=n+ [%W

3) i—,l g(UQn) + g(”?n—l) > 3 Hﬂ‘? EI] g(UQn) = 37 g(UQn—l) =2 %Xi{a@ﬁ h” : V(M(Cn)) —
{0,2,3}, 4 1" (va0) = 3, 1" (van1) = 0, HAR ARG g 4, B4R K" N M(C,) BB T
B 1Fw(h) < w(g) FIE.

BB SV M(C) 01— yan B M (P,) 01— yan-B 8L, WA T M(P,) 6
B A

HEeInH

E R @ RFHAFE 4T H (11761070, 61662079, 12071194); 202143 58 4EE /K H A X SR FE 415
A IUH (2021D01C078); 2020 FFr R ITTE K —m o, —ImERFEI H % 8.
SZ 3wk
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