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Abstract

Graph G is a simple undirected connected graph, RD(G) represents the Harary matrix
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of graph G, which is also the reciprocal distance matrix of graph G. The reciprocal

distance signless Laplacian matrix of graph G is defined as RQ(G) = RT (G) + RD(G),

where RT (G) represents the reciprocal distance transitivity diagonal matrix of G. The

second part describes the extremal graphs with maximal spectral radius of the RQ(G)

among all connected graphs of fixed order and fixed vertex connectivity. The third

part characterizes the extremal graphs with maximal spectral radius of the RQ(G)

among all connected graphs of fixed order and fixed edge connectivity.

Keywords

Reciprocal Distance Signless Laplacian Matrix, Spectral Radius, Connectivity

Copyright c© 2022 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

�©�Ä�¤kãÑ´{üÃ�ëÏã. ã G ´:8� V (G) = {v1, v2, . . . , vn}, >8� E(G)

� n �ëÏã. ^ vivj L«: vi � vj 3ã G ¥�>, d�¡: vi Ú vj ����¡: vi ½ vj �

T> vivj �'é. eéu n �:�ã G ¥?¿ü�:þ��, K¡ã G ���ã, ^Kn L«. e

: v ∈ V (G), ã G ¥�: v 'é�>�êþ¡�: v �Ý, P� dG(v). ã G ���ÝP� δ(G).

eãk:8 V (G) = {v1, v2, . . . , vn}, >8 E(G) = {v1v2, v2v3, . . . , vn−1vn}, K¡ã�´, ^ Pn L

«. ã G ¥ü:�ål dG(vi, vj) L«ã¥: vi Ú: vj m�á´��Ý, {P� dij .

Plavsić �<3© [1] ¥0�
ãG � Harary Ý
�=�êålÝ
RD(G) = (RDij)n×n, ½

Â�µ

RDij =

{
1

dG(vi,vj)
, e i 6= j,

0, ÄK.

ã G ¥: vi ��êD4Ý RTrG(vi) ½Â�: vi �ã G ¥Ø vi 	¤k:�ål�ê�

Ú, �=
∑

vj∈V (G)\{vi}
1
dij

. - n ��
 RT (G) L«ã G �:�êD4Ýé�Ý
, Ù¥é��

� RTi,i(G) ½Â�: vi ��êD4Ý RTrG(vi). © [2] ¥0�
ã��êålÃÎÒ.Ê.d

Ý
 RQ(G) = RT (G) + RD(G). ã G éA�êålÃÎÒ.Ê.dÝ
�¤kA��½Â�

ã G �êålÃÎÒ.Ê.dÌ, P� σ(RQ(G)) = {λ1(RQ(G)), λ2(RQ(G)), . . . , λn(RQ(G))},
Ù¥ λ1(RQ(G)) ≥ λ2(RQ(G)) ≥ · · · ≥ λn(RQ(G)). ã G �êålÃÎÒ.Ê.dÌ�», =

ρ(RQ(G)) = λ1(RQ(G)). Cc5, �êålÝ
É�2�ïÄ. © [2, 3]�Ñ
ã��êålÃÎÒ
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.Ê.dÝ
Ì�»�þe.. Su �3© [4]¥�x
äk n �:�©Ok�½:ëÏÝ, >ëÏ

Ý, ÚêÚÕáê�ãa¥äk���êålÌ�»�4�ã. Huang �<3© [5]¥(½
 n �

:�©Ok�½��Ý, �½��Ý��Üã, Úäk�½�>ê�ãa¥äk���êålÌ�

»�4�ã. aq�, �©�ÄïÄäk n �:�©Ok�½:ëÏÝ, >ëÏÝ�ãa¥äk�

��êålÃÎÒ.Ê.dÌ�»�4�ã.

2. äk�½:ëÏÝ��êålÃÎÒ.Ê.d4�ã

�½ã G = (V (G), E(G)) ´äk n �:�ëÏã, 3ã G �K?¿ k − 1 �:�¤��fã

ëÏ, �K k �:�¤�fãØëÏ, K¡ k �ã G�:ëÏÝ, P� κ(G). e S ´:8 V (G) ¥

�����ýf8, S = V (G)\S. >8 E(G) ¥÷v��à:3:8 S ¥, ,��à:3 S ¥�>

�8Ü½Â��>8, P� [S, S]. eã G ����>8¥k k ^>, K¡T>�8� k->�. ã G

¤k>�¥��>ê�ã G �>ëÏÝ, P� κ′(G). �â®k(J��ã G �:ëÏÝ, >ëÏ

Ý, ��Ý÷v κ(G) ≤ κ′(G) ≤ δ(G). ¤k:ëÏÝ� r �äk n�:�ã8ÜP� Grn, ¤k>

ëÏÝ� r �äk n�:�ã8ÜP� G
r

n. ´�, Gn−1n = G
n−1
n = Kn.

Ý
 RQ(G) L«ã G �ål�êÃÎÒ.Ê.dÝ
, éu?¿ n ���þ x =

(x1, x2, . . . , xn)T , k

xTRQ(G)x =

n∑
i=1

RTrG(vi)xi
2 + 2

∑
1≤i<j≤n

1

dG(vi, vj)
xixj . (1)

@o, k

xTRQ(G′)x− xTRQ(G)x =

n∑
i=1

(RTrG′(vi)−RTrG(vi))xi
2

+ 2
∑

1≤i<j≤n

(
1

dG′(vi, vj)
− 1

dG(vi, vj)
)xixj .

(2)

½n 1 ã G ´ n �ëÏã. ã G̃ = G+ e, Ù¥ e /∈ E(G). d�k

λi(RQ(G̃)) ≥ λi(RQ(G)), Ù¥ 1 ≤ i ≤ n. (3)

y² éuã G ¥?¿ü: u Ú v, k dG̃(u, v) ≤ dG(u, v), �= 1
dG̃(u,v)

≥ 1
dG(u,v)

. �âã G �

ã G′ ål�êÃÎÒ.Ê.dÝ
�m�'X��µ RQ(G̃) = RQ(G) +M , Ù¥

M =


m1 m1,2 · · · m1,n

m2,1 m2 · · · m2,n

...
...

. . .
...

mn,1 mn,2 · · · mn


�kmi =

∑n
j=1,j 6=imi,j . ´�,Ý
M ´é�Ó`Ý
. �kM ���A�� λn(M)�u½�u

". �âWeyl′sØ�ª [6],�� λi(RQ(G̃)) ≥ λi(RQ(G))+λn(M). =k λi(RQ(G̃)) ≥ λi(RQ(G))
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¤á, Ù¥ 1 ≤ i ≤ n. 2

½n 2 - n Ú r ´÷v 1 ≤ r ≤ n− 2 ���ê. Kã Kr ∨ (K1 ∪Kn−r−1) ´äk n �:,

:ëÏÝ� r �ãa Grn ¥äk��ål�êÃÎÒ.Ê.dÝ
Ì�»�ã.

y² b�ã G ´ã8 G ∈ Grn ¥äk���êålÃÎÒ.Ê.dÌ�»�ã. d½n 1 �

�ã G Ó�uKr ∨ (Kn1
∪Kn2

), Ù¥ n1 + n2 = n− r. Ø���5, b� 1 ≤ n1 ≤ n2.

|^�y{, b� n1 > 1. - x ´Ý
 RQ(G) éAuÌ�» ρ(RQ(G)) � perron �þ, �k

‖x‖ = 1 ¤á. dã G = Kr ∨ (Kn1
∪Kn2

), ��Ý
 RQ(G) � perron �þµ

xT = (x1, . . . , x1︸ ︷︷ ︸
n1

, x2, . . . , x2︸ ︷︷ ︸
n2

, x3, . . . , x3︸ ︷︷ ︸
r

).

- v1 ´ã G fãKn1
¥�:. �E#ã G′µ

G′ = G−
⋃

vi∈V (Kn1
)\{v1}

v1vi +
⋃

vj∈V (Kn2
)

v1vj .

´�ã G′ = Kr ∨ (Kn1−1 ∪Kn2+1). d�, k

ρ(RDα(G′)− ρ(RDα(G)) ≥ xTRDα(G′)x− xTRDα(G)x.

�âª (2)��, �?ØãG�ãGÌ�»�Cz�¹, I?Ø ∀vi, vj ∈ V (G), 1
dG′ (vi,vj)

− 1
dG(vi,vj)

Ú RTrG′(vi)−RTrG(vi) ��. Øe�?Ø	, 1
dG′ (vi,vj)

− 1
dG(vi,vj)

Ú RTrG′(vi)−RTrG(vi) ��

�".

1) éu?¿ vi ∈ V (Kn1
)\{v1}, k 1

dG′ (v1,vi)
− 1

dG(v1,vi)
= − 1

2
;

2) éu?¿ vj ∈ V (Kn2
), k 1

dG′ (v1,vj)
− 1

dG(v1,vj)
= 1

2
;

3) RTrG′(v1)−RTrG(v1) = n2−(n1−1)
2

;

4) éu?¿ vi ∈ V (Kn1
)\{v1}, k RTrG′(vi)−RTrG(vi) = − 1

2
;

5) éu?¿ vj ∈ V (Kn2
), k RTrG′(vj)−RTrG(vj) = 1

2
.

�âþã?Ø(Üª (2), k

xTRQ(G′)x− xTRQ(G)x =[
n2 − (n1 − 1)

2
x21 −

(n1 − 1)

2
x21 +

n2

2
x22]

+ [n2x1x2 − (n1 − 1)x21]

=
n2

2
(x1 + x2)

2 − 2(n1 − 1)x21.

e��äþª�"���'X, I(½ x1 � x2 �'X. �Bå�, -ρ = ρ(RQ(G)). �â

RQ(G)x = ρx ��µ

ρx1 = (n− 1− n2

2
)x1 + [(n1 − 1)x1 +

n2

2
x2 + rx3],
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Ú

ρx2 = (n− 1− n1

2
)x2 + [

n1

2
x1 + (n2 − 1)x2 + rx3].

�k

(ρ− n− n1 + 2 +
n1 + n2

2
)x1 = rx3 +

n1

2
x1 +

n2

2
x2,

Ú

(ρ− n− n2 + 2 +
n1 + n2

2
)x2 = rx3 +

n1

2
x1 +

n2

2
x2.

�âþãü�úª�Òm>��, ´�

((ρ− n− n1 + 2 +
n1 + n2

2
)x1 = (ρ− n− n2 + 2 +

n1 + n2

2
)x2. (4)

dPerron-Frobenius½n, éAuÝ
RQ(G)Ì�»�perron�þ¤k��Ñ�u", =x1, x2, x3�

u". �rx3 + n1

2
x1 + n2

2
x2 > 0,d���(ρ−n−n1 +2+ n1+n2

2
) > 0Ú(ρ−n−n2 +2+ n1+n2

2
) > 0.

d n2 ≥ n1, (Üª (4) �� x2

x1
≥ 1 . �k

n2

2
(x1 + x2)

2 − 2(n1 − 1)x21 ≥
n2

2
(2x1)

2 − 2(n1 − 1)x21 = 2(n2 − n1 + 1)x21 > 0,

=k ρ(RQ(G′)) > ρ(RQ(G)), �b�gñ. nþ¤ã�� n1 = 1, ã G = Kr ∨ (K1 ∪Kn−r−1) ´

ãa Grn ¥äk��ål�êÃÎÒ.Ê.dÝ
Ì�»�ã. 2

3. äk�½>ëÏÝ��êålÃÎÒ.Ê.d4�ã

e¡�x>ëÏÝ� r � n �ã G ¥äk��ål�êÃÎÒ.Ê.dÝ
Ì�»�4�ã.

Ún 3 [7] -:8 S ´�¹ã G ¥��Ý:���ýf8. e
∣∣[S, S]∣∣ < δ(G), Kk

|S| > δ(G).

½n 4 - n Ú r ´÷v 1 ≤ r ≤ n− 2 ���ê, KãKr ∨ (K1 ∪Kn−r−1) ´ãa G
r

n ¥�

�äk���êålÃÎÒ.Ê.dÌ�»�ã.

y² b�ã G ´ã8 G ∈ Grn ¥äk���êålÃÎÒ.Ê.dÌ�»�ã. e δ(G) < r,

K½k κ′(G) ≥ r. �k δ(G) ≥ r. eã G ÷v δ(G) = r, K [{v}, V (G)\{v}] ´ã G � r->�. d

½n 1 ��, p�fã G[V (G)\{v}] ´��ã. d�ã G = Kr ∨ (K1 ∪Kn−r−1).

b� δ(G) > r. eã G � r->��
[
S, S

]
, Ù¥ |S| = n1, |S| = n2. ã G1 = G[S] �

G2 = G[S] ©OL«d:8 S Ú S p��fã. d½n 1 ��ã G1 Ú G2 Ñ´��ã. Ï�

δ(G) > r, �k n1, n2 > 1. b� V (G1) = {v1, v2, . . . , vn1
}, V (G2) = {vn1+1, vn1+2, . . . , vn}. - x =

(x1, x2 . . . , xn1
, xn1+1, xn1+2, . . . , xn) ´ã G ål�êÃÎÒ.Ê.dÝ
 RDα(G) � Perron �

þ, Ù¥ xi ´éAuã G ¥: vi ���. Ø���5, - x1 = min1≤i≤n{xi}, x1 ≤ x2 ≤ · · · ≤ xn1
.

�ã G ¥: v1 �:8 S ¥ t �:���. ´� t ≤ min{r, n2}.

e¡?Ø t = r � t < rü«�¹.

�¹1: e t = r. d�, ��à:�: v1, ,��à:3:8 S ¥�¤k>�¤ã G ¥�>
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�
[
S, S

]
. d�, ½k n2 ≥ r + 2. � n2 = r ½ n2 = r + 1 �, ã G2 ¥½kÝ� r �:. �b�

δ(G) > r gñ. 3ã G �Ä:þ�E#ã G′:

G′ = G−
⋃

vi∈V (G1)\v1

v1vi +
⋃

vi∈V (G1)\{v1}, vj∈V (G2)

vivj .

´�ã G′ = Kr ∨ (K1 ∪Kn−r−1). -:8 A = V (G1)\{v1}, B = {vj ∈ V (G2) : v1vj ∈ E(G)}, :
8 C = V (G2)\B. �âª (2) ��, �?Øã G�ã G′ ål�êÃÎÒ.Ê.dÌ�»�Cz�

¹, �I?Øéu¤k vi, vj ∈ V (G), 1
dG′ (vi,vj)

− 1
dG(vi,vj)

Ú RTrG′(vi)−RTrG(vi). �âã�(�

Cz�¹©Û��µ

1) éu?¿ vi ∈ A, k 1
dG′ (v1,vi)

− 1
dG(v1,vi)

= − 1
2
;

2) éu?¿ vi ∈ A, vj ∈ B, k 1
dG′ (vi,vj)

− 1
dG(vi,vj)

= 1
2
;

3) éu?¿ vi ∈ A, vk ∈ C, k 1
dG′ (vi,vk)

− 1
dG(vi,vk)

= 2
3
;

4) RTrG′(v1)−RTrG(v1) = −|A|
2

;

5) éu?¿ vi ∈ A, k RTrG′(vi)−RTrG(vi) = − 1
2

+ 1
2
|B|+ 2

3
|C|;

6) éu?¿ vj ∈ B, k RTrG′(vj)−RTrG(vj) = 1
2
|A|;

7) éu?¿ vk ∈ C, k RTrG′(vk)−RTrG(vk) = 2
3
|A|.

�âþã?Ø(Üª (2), k

ρ(RQ(G′)−ρ(RQ(G)) ≥ xTRQ(G′)x− xTRQ(G)x

=

−1

2
|A|x21 + (−1

2
+

1

2
|B|+ 2

3
|C|)

∑
vi∈A

x2i +
1

2
|A|

∑
vj∈B

x2j +
2

3
|A|

∑
vk∈C

x2k


+

−∑
vi∈A

x1xi +
∑

vi∈A,vj∈B

xixj +
∑

vi∈A,vk∈C

4

3
xixk


>0,

�â x1 = min1≤i≤n{xi}, �kþã����Ø�ª¤á. Ïdk ρ(RDα(G′)) > ρ(RDα(G)) �b�

gñ.

�¹2: t < r. d��âÚn 3 Ú δ(G) > r �� n2 > r + 1. -:8

W = {v ∈ V (G2) : vw /∈ E(G), w ∈ V (G1)\{v1}}. d |[V (G1)\{v1}, V (G2)]| = r − t, n2 > r + 1, �

� |W | > 0. -:8 VF = {v2, . . . , vn1−r+t} ⊆ V (G1)\{v1}, ´� ∀vf ∈ VF � vj ∈ V (G2) Ø��.

-:8 VF ′ = V (G1) \ {{v1} ∪ VF}. ´� |[VF ′ , V (G2)]| = r − t. d��E#ã G′′:

G′′ = G−
⋃

vf∈V (F )

v1vf +
⋃

vi∈V (G1)\{v1}, vj∈V (G2), vivj /∈E(G)

vivj .

w,ã G′′ = Kr ∨ (K1 ∪Kn−r−1). e¡?Ø ∀vi, vj ∈ V (G), 1
dG′′ (vi,vj)

− 1
dG(vi,vj)

Ú

RTrG′′(vi)−RTrG(vi) ��. �âã�(�Cz�¹©Û��µ
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1) éu?¿ vf ∈ VF , k 1
dG′′ (v1,vf )

− 1
dG(v1,vf )

= − 1
2
;

2) éu?¿ vi ∈ V (G1) \ {v1}, vj ∈ V (G2), k
1

dG′′ (vi,vj)
− 1

dG(vi,vj)
= 1− 1

dG(vi,vj)
;

3) RTrG′′(v1)−RTrG(v1) = −|F |
2

;

4) éu?¿ vf ∈ VF , k a1 = RTrG′′(vf )−RTrG(vf ) = − 1
2

+
∑

vj∈V (G2)

(1− 1
dG(vf ,vj)

);

5) éu?¿ vf ′ ∈ VF ′ , k a2 = RTrG′′(vf ′)−RTrG(vf ′) =
∑

vj∈V (G2)

(1− 1
dG(vf′ ,vj)

);

6) éu?¿ vj ∈ V (G2), k a3 = RTrG′′(vj)−RTrG(vj) =
∑

vi∈V (G1)\{v1}
(1− 1

dG(vi,vj)
).

�âþã?Ø(Üª (2), k

ρ(RDα(G
′′)− ρ(RDα(G)) ≥xTRDα(G′′)x− xTRDα(G)x

=

−|F |
2
x21 +

∑
vf∈VF

a1x
2
f +

∑
vf′∈VF ′

a2x
2
f ′ +

∑
vj∈V (G2)

a3x
2
j


+

− ∑
vf∈VF

x1xf +
∑

vi∈G1\{v1},vj∈V (G2)

2(1− 1

dG(vi, vj)
)xixj

 .
(5)

®�éu?¿ vf ∈ VF �: vj ∈ G2 Ø��, �k dG(vf , vj) ≥ 2. ù¿�X a1 >
1
2
(n2 − 1). éu?

¿ vf ∈ VF , vj ∈ V (G2), Ñ� dG(vf , vj) ≥ 2. �k n2 > r + 1. �k

−|F |
2
x21 +

∑
vf∈VF

a1x
2
f >

1

2
|F |(n2 − 2)x21 > 0,

Ú ∑
vi∈G1\{v1}, vj∈V (G2)

2(1− 1

dG(vi, vj)
)xixj −

∑
vf∈VF

x1xf

=
∑

vf∈VF ,vj∈V (G2)

2(1− 1

dG(vf , vj)
)xfxj +

∑
vf′∈VF ′ ,vj∈V (G2)

2(1− 1

dG(vf ′ , vj)
)xf ′xj −

∑
vf∈VF

x1xf

≥
∑

vf∈VF ,vj∈V (G2)

xfxj +
∑

vf′∈VF ′ ,vj∈V (G2)

2(1− 1

dG(vf ′ , vj)
)xf ′xj −

∑
vf∈VF

x1xf

> 0.

dª (5), �� ρ(RQ(G′′)− ρ(RQ(G)) > 0, = ρ(RDα(G′′)) > ρ(RDα(G)). �ã G ´ã8 G
r

n ¥ä

k���êålÃÎÒ.Ê.dÌ�»�ãgñ.

nþ?Ø, ��ã G = Kr ∨ (K1 ∪Kn−r−1) ´ã8 G
r

n ¥äk���êålÃÎÒ.Ê.dÌ

�»�ã. 2
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