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Abstract

Based on the introduction of Wardrops classical traffic equilibrium principle, this
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paper focuses on the principle of traffic equilibrium flow with arc capacity constraint,

and makes use of Beckmann formula, the calculation problem of traffic equilibrium

flow with arc capacity constraint is transformed into a mathematical programming

problem, and the algorithm of traffic equilibrium flow with arc capacity constraint is

constructed.
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1. Úó

Cc5§du�¬��¡�¯�uÐ§�´×l¯K3¢½Fªî§�
)û¢½�´�Ï

×l¯K§~�f�<�Ñ1¤�§ÒI�k��êÆ�.âU)û¯K"²;�Wardrop [1]�

Ïþï�.Ì�^5)ûp�ú´×l¯K§é)û¢½�´�Ï×l¯Kk�½�Û�5§Ï

d���<rWardrop �Ïþï�.?1
U?§3�.¥\\
´»9l�ïÄ§r�.í2

�
älNþ�å��Ïþï�. [3, 4]¿?1
ïÄ§'u�Ïþï¯K�Ù¦ïÄ� [5–8]"

�
)û�Ïþï6�O�¯K§Beckmann �<rWardrop �Ïþï¯K�êÆ5y¯K

éXå5 [2]§^êÆ5y�.�)û�Ïþï6�O�¯K§ù���Ïþï6�O�Jø
n

ØÄ:"3�©¥§·�ÏLêÆ5y�E
älNþ�å�Ïþï6��{§¿Þ~é�{?

1
`²§'u�Ïþï6�Ù¦�{ïÄ� [9–11]"

2. ý��£

3�Ï�ä¥§V�!:8Ü§E�k�l�8Ü§W�OD:é£å:/ª:¤8Ü§é?

Ûω ∈ W§Pω �OD:éω�´»8Ü§PK = ∪ω∈WPω,m =| K |"D = (dω)ω∈W�I¦�

þ§Ù¥dω(> 0)�OD:éω��ÏI¦þ§é?Ûla ∈ E§xa ∈ R+ = {z ∈ R : z ≥ 0}�
lþ6þ"é?Ûω ∈ W§k ∈ Pω§^xk(≥ 0) k�´»þ��Ï6þ"¡x = (xk)

T
k∈K ∈

Rm+ = {(z1, z2, · · · , zm) ∈ Rm : zi ≥ 0, i = 1, 2, · · · ,m} �´»6({¡6)"´�§éla ∈ E§

xa =
∑

ω∈W
∑

k∈Pω
δakxk§�laáu´»k�§δak = 1§�la Øáu´»k�§δak = 0"^C =
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(ca)a∈E L«Nþ�þ§Ù¥ca(> 0)L«laþ�Ï6�Nþ"

é?Ûla ∈ E§3laþ�6þI÷ve¡Nþ�å^�: ca ≥ xa ≥ 0§Ó�§é?ÛOD:

éω ∈ W§6xI�÷ve¡I¦�å^�:
∑

k∈Pω
xk = dω"rÓ�÷vI¦�å^�ÚNþ�å

^��6x¡��1´»6({¡�16)"

�168Ü^A = {x ∈ Rm+ : ∀ω ∈ W,
∑

k∈Pω
xk = dω and ∀a ∈ E, ca ≥ xa ≥ 0}L«"3�©

¥§é?Ûω ∈W§b��ÏI¦dω´ØC�§¿�A 6= ∅"´�§8ÜA´��;à8"éa ∈ E§
^ta = ta(xa) = ta(x) ∈ R+L«laþ�¤�§é?Ûω ∈ W, k ∈ Pw§b½´»k þ�¤�tk´´
»þ¤kl�¤��Ú§=tk(x) =

∑
a∈E δakta(x)"�Ï�ä��L«�ℵ = {V,E,W,D,C}"

3. �Ïþï�K9Beckmann úª

3�Ïþï6�O�¥§duz�<�Ñ18IØÓ§é�þ�Ïþï6�O�ïÄLuE

,§Ïd·��éIþ��Ïþï6�O�?1ïÄ§Ïde¡��Ïþï�Kþ�Iþ�Ïþ

ï�K"

½Â3.1. (Wardrop�Ïþï�K). [1] �16x ∈ A1 �¡�þï6§��÷v

∀ω ∈W, ∀k, j ∈ Pω, tk(x)− tj(x) > 0⇒ xk = 0.

þï6x �¡��Ïþï¯K���)"

du²;��Ïþï�.�Û�5§Ïd���<3ïÄ¥O\
é´»9l�ïÄ§r²

;��Ïþï�.í2�
älNþ�å�Ïþï�."�e¡�½Â[4]"

½Â3.2.é�16x ∈ A, a ∈ E,

i) XJxa = ca§Ka ´x ��^�Úl§ÄK§a ´x��^��Úl;

ii) éOD:éω ∈ W§´»k ∈ Pω§Xx ��^�Úláu´»k§K´»k ¡�x��^�Ú
´»§ÄK¡´»k �x��^��Ú´»"

½Â3.3. (älNþ�å�Ïþï�K). 6x ∈ A�¡�älNþ�å��Ïþï6§��
÷vXe^�µ

∀ω ∈W, ∀k, j ∈ Pω, tk(x)− tj(x) > 0

⇒ xk = 0 ½öj ´́́666x ������^̂̂���ÚÚÚ´́́»»».

r6x �¡�älNþ�å��Ïþï¯K�)"

���¹e·�^Γ = {ℵ, A, t}L«älNþ�å��Ïþï¯K�)"

éuälNþ�å��Ïþï¯KΓ = {ℵ, A, t}§ÏL�EXeêÆ5y¯KQ5O��Ïþ
ï6:
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Minz(x) = Σa∈E
∫ xa

0
ta(x)dx

s.t.


∑

k xk = dω, ∀ω ∈W,k ∈ Pω
xa =

∑
ω

∑
k xkδak ≤ ca, ∀a ∈ E,ω ∈W,k ∈ Pω

xk ≥ 0, ∀ω ∈W,k ∈ Pω.

þª¡�2ÂBeckmannúª"e¡�(Ø� [9]"

|^BeckmannúªO��Ïþï6§Iy²êÆ5y¯K�)Ò´�Ïþï6§ÏdÚ^


±e(Ø"

Ún3.1. [9] éälNþ�å��Ïþï¯K{ℵ, A, t}§XJé?Ûa ∈ E§ta(x)3Rm+þë

Y§¿�x ∈ A´êÆ5yQ�)§@o§x´�Ïþï6"^P sωL«�16x'uOD:éω�¤k

�Ú´»�8Ü§P

Tω = max
k∈Pω

{tk : xk > 0},

T̃ω =

{
Tω, XXXJJJP sω = Pω

mink∈Pω\P s
ω
{tk}, XXXJJJP sω 6= Pω.

4. älNþ�å�Ïþï6�{

þ¡·�0�
Beckmannúªí2ª§ùÒ��Ïþï6�O�Jø
nØÄ:§Ïd·�

3O��Ïþï6L§¥§|^dúª§,�^Lingo^�O�Ñ�Ïþï6"

duälNþ�å��Ïþï¯K·A52§kéÐ�ïÄd�§Ïd3dúªÄ:þ§�

E
älNþ�å��Ïþï6�Beckmann úªí2ª�{§¿^äN�~f\±`²"

3O�älNþ�å��Ïþï6�L§¥§·�kXeb�µé?Ûα ∈ E§tα(·)3Rr+þ
´ëY�§d�§é?Ûα ∈ E§k ∈ Pω§´»¤�¼êtα(·)3Rr+þ´ëY�§Ïd§�Ïþï6
�3"P

K = ∪ω∈W ,W = {ω1, ω2, · · · , ωv}.

Ù¥§v���ê"

5. �Ïþï6�{Þ~

3�Ïþï6�O�¥§é÷vNþ�åÚI¦�å�älNþ�å��Ïþï6�O�¯

K§A^±þBeckmannúªí2ª§�E
Beckmann úª�{§©±en�Ú½�¤µ

1�ÚµéØÓ:é§r¤k�lO:�D:�´»éÑ5§¿r¤k:é�´»L«Ñ5"

1�Úµé¤k:é�¤k´»§�Ñz^lþ¤k´»²L�´»6§=rlþ¤k´»

²L�´»6�\"
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1nÚµ�E±eêÆ5y¯K(MP2)§|^Lingo^�¦ÑälNþ�å��Ïþï6"

Minz(x) =
∑

a∈E
∫ xa

0
ta(x)dx

s.t.


∑

k xk = dω, ∀ω ∈W,k ∈ Pω
xa =

∑
ω

∑
k xkδak ≤ ca, ∀a ∈ E,ω ∈W,k ∈ Pω

xk ≥ 0. ∀ω ∈W,k ∈ Pω

e¡Þ~§^Beckmannúªí2ªO��Ïþï6"

~µ�ÄälNþ�å��Ïþï¯K£�ã 1¤§

Figure 1. The figure of traffic network

ã 1. �Ï�äã

Ù¥

V = {1, 2, 3, 4, 5, }§E = {e1, e2, e3, e4, e5, e6, e7, e8},

C={5, 6, 5, 8, 7, 9, 8, 6}, W={ω1, ω2}={(1, 5), (2, 4)}, D = (dω1
, dω2

) = (11, 10).

¿�k

te1(xe1)=20x2e1+12, te2(xe2)=2x2e2+80, te3(xe3)=3x2e3+25,

te4(xe4)=3x2e4+15§te5(xe5)=x2e5+60§te6(xe6)=4x2e6+30§

te7(xe7)=3x2e7+113§te8(xe8)=6xe8"

dã�

1�ÚµéO/D:éω1=(1,5)§Pω1�¹´»l1={e1}§l2={e5e6},§l3={e5e4e7}¶

éO/D:éω2=(2,4)§Pω2 �¹´»l4={e6e2},§l5={e4e3}§l6={e4e7e2}"
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1�ÚµP

x = (x1, x2, x3, x4, x5, x6)
T ∈ R6

+.

Ù¥xjL«´»ljþ�6þ(j = 1, 2, · · · , 6)§Ïd§k

xe1 = x1§xe2 = x4 + x6§xe3 = x5§

xe4 = x3 + xe5 + xe6§

xe5 = x2 + xe3§xe6 = x2 + x4§

xe7 = x3 + x6§xe8 = 0§

��∫ xe1

0
te1(x)dx =

∫ xe1

0
(20x2 + 12)dx = 20

3
x3e1 + 12xe1 = 20

3
(x1)

3 + 12x1),∫ xe2

0
te2(x)dx =

∫ xe2

0
(2x2 + 80)dx = 2

3
x3e2 + 80xe2 = 2

3
(x4 + x6)

3 + 80(x4 + x6),∫ xe3

0
te3(x)dx =

∫ xe3

0
(3x2 + 25)dx = x3e3 + 25xe3 = x35 + 25x5,∫ xe4

0
te4(x)dx =

∫ xe4

0
(3x2 + 15)dx = x3e4 + 15xe4 = (x3 + x5 + x6)

3 + 15(x3 + x5 + x6),∫ xe5

0
te5(x)dx =

∫ xe5

0
(x2 + 60)dx = 1

3
x3e5 + 60xe5 = 1

3
(x2 + x3)

3 + 15(x2 + x3),∫ xe6

0
te6(x)dx =

∫ xe6

0
(4x2 + 30)dx = 4

3
x3e6 + 30xe6 = 4

3
(x2 + x4)

3 + 30(x2 + x4),∫ xe7

0
te7(x)dx =

∫ xe7

0
(3x2 + 113)dx = x3e7 + 113xe7 = (x3 + x6)

3 + 113(x3 + x6),

1nÚµBeckmannúªí2ªMP3Xe

Minz(x) = 20
3

(x1)
3 + +12x1 + 2

3
(x4 +x6)

3 + 80(x4 +x6) +x35 + 25x5 + (x3 +x5 +x6)
3 + 15(x3 +

x5 + x6) + 1
3
(x2 + x3)

3 + 15(x2 + x3) + 4
3
(x2 + x4)

3 + 30(x2 + x4) + (x3 + x6)
3 + 113(x3 + x6)

s.t



x1 + x2 + x3 = 11

x4 + x5 + x6 = 10

x4 + x6 ≤ 6, x2 + x3 ≤ 7

x2 + x4 ≤ 9, x3 + x6 ≤ 8

x3 + x5 + x6 ≤ 8, 0 ≤ x2
0 ≤ x5 ≤ 5, 0 ≤ x1 ≤ 5

0 ≤ x3, 0 ≤ x4, 0 ≤ x6
^Lingo^�§�±�ÑÙþï6�(A��168Ü)

x = (4.58, 6.09, 0.33, 2.58, 5.00, 2.42)T ∈ A.

ÏLd~�±wÑ§3älNþ�å�Ïþï6�O�¥§r�Ïþï6�O�=z�êÆ

5y¯K§|^Beckmannúªí2ª�E�{§´�«1�k���{§=��Ïþï6�O�

Jø
nØÄ:§qUA^u¢S"
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