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Abstract

In this paper, we study the problem of empirical risk minimization with nonconvex

regularization under privacy protection, where the loss function is a convex function

and the regular term is the MCP function. An iterative shrinkage threshold difference

privacy algorithm (ISTDP) based on gradient perturbation and Barzir-Borwein (BB)

step size is proposed. First, ISTDP algorithm is proved to have the property of

differential privacy protection since Gauss noise is added to the gradient for each

iteration in the algorithm. Secondly, it is proved that the ISTDP algorithm can

converge at any given accuracy due to the fact that ISTDP algorithm adopts an

iterative shrinkage threshold algorithm together with a line search beginning with BB

step size. Therefore, ISTDP algorithm is a kind of machine learning optimization

algorithm which can satisfy the requirement of privacy protection.
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�U´¯��¿�¹¯a&E, ù
Ûh&E��³é�<Ûh�¤
î�%�, l¦�J

ø����Ûh�o�Ó��±êâ��^5��{¤�����¯K [1]. 2006 c�^úi

�Dwork JÑ��©Ûh(Differential Privacy, {¡DP)Vg [2–4], Ò´�Ûhêâ©Ûþ�½�

�ÛhVg, Ù8�´3|^Ûhêâ��N&E�Ó��oz��N&E. äN5`, Ò´3�g

ÚO�Î�êâ8¥O\½~��^P¹, �¼�A��Ó�ÑÑ [5]. �Ò´`?Û�^P¹, §

3Ø3êâ8¥, é(J�K���ÑØO, lÃ{l(J¥��Ñ?Û�^�©�P¹. �


�y�<ÛhØ��³, Ó�, qU¦��©Ûh�{�ÑÑ(J¦þO(. �©Ûh�.��ï

~�²�ºx4�zEâ�(Ü, ���²�ºx4�z�.Xe [6–8]:

min
θ
L(θ;D) :=

1

n

n∑
i=1

`(θ, zi)

Ù¥D = {z1, · · · , zn}��¹n^¯aêâzi = {xi, yi} ∈ Rd+1 �êâ8. `(θ, zi)´�^uêâziþ

���¼ê, L (θ;D) : Rd → R L«�^u��êâ8D þ���¼ê, §´êâ8Dþ�¤kê

âzi�A��¼ê`(θ, zi)�²þ�, Ø���5, �§´Y²k.�.

�
;�þã�.L[Ü, ��I�\\�K�, =Xe�Kz�²�ºx4�z�.:

min
θ
F (θ;D) := L (θ;D) +R(θ). (1)

Ù¥R(θ)´�K¼ê, ~�R(θ) = λ‖θ‖1½öλ‖θ‖22 [9], λ > 0 ´�Kzëê.

é�.(1), ���¼êÚ�K¼êþ�à¼ê�, ÷v�©Ûh�o��{8c~^�kn«µ

1�«´ÄuÑÑ6Ä��{ [9, 10], Ì�´�éêâuÙ¥��Î(JÚÅìÆS�{�ÑÑ(

JV\D(, duÑÑ´3�¹kÛh�êâþ���, ÏdÑÑBk�U�³^rÛh [1]; 1�

«´Äu8I6Ä��{ [11], Ì�´�é�©ÛhÆSµee�8I¼êV\D(, ��±�y

Ûh5, ��38I6Ä��¹e¼��`)  ´5Ã�; 1n«´ÄuFÝ6Ä��{ [12–15],

´�3�{�S�L§¥éz�S�Ú¥�FÝV\D(, ïÄL²Ð��{�±�ÑÛh�³Ú

O�¯K [16].

�K¼êR(θ)´�
��L[ÜÚ\�, �R(θ) = ‖θ‖1½ö‖θ‖22�K¯K���)%´

k �, =�Oþ�êÆÏ"Ø�u��Oëê�ý¢�. Ïd, XÛÀJ�K¼ê, ¦�T�

Kz¯KQU^u��L[ÜqU¦(J�O(´�©�Ä�:. Fan ÚLi [17] �Ñ��Ð

��K¼êA�¦��)��Oþäkeão�5�: (1) Ã 5, (2) DÕ5, (3) ëY5, (4)

Oracle 5�. ïÄö®²y²µ3���¦���¹e, òU](�à)�K¼êSCAD [17, 18],

MCP [19]ÚCapped-`1 [20–25] �)��Oþäkþã5� [26, 27].

É [17, 19, 20, 24, 25, 27–30] �à�K�éu, �©?Ø±e�©Ûh�oe��kMCP�K�
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�²�ºx4�z¯K:

min
θ
F (θ;D) := L(θ;D) +R(θ), (2)

Ù¥D = {z1, . . . , zn} ∈ Zn L«�kn ^P¹�êâ8, Ù¥Z ⊆ Rd+1¡�êâ����m,

zi = (xi, yi) ∈ Rd+1, i ∈ [n] = {1, 2, . . . , n}¡�êâP¹, ¿�z�^P¹éA��êâ�zö,

��¹T^r�¤k&E, nL«êâ8¥�¹�P¹^ê, xi ∈ Rd¡�êâ�zö�5�&E,

yi ∈ {0, 1} ⊂ R¡�^r�I\. L (θ;D) ´1wà¼ê�äkFÝLipschitzëY, =�3��~

êL > 0, ¦�

‖∇L (w,D)−∇L (u,D)‖ ≤ L ‖w − u‖ , ∀w, u ∈ Rd.

R (θ) �MCP (Minimax Concave Penalty)�K¼ê, =R (θ) =
∑d

i=1 φ (θi), Ù¥

φ (t) :=

λ |t| − t
2/ (2α) , |t| ≤ αλ,

αλ2/2, |t| > αλ,

λ > 0, α > 1.

ÅìÆS¥Nõ¯KÑ·^u±þ�., ÏLÀ�ØÓ���¼ê�±¢yØÓ�ÆS?Ö,

'X~��Ü6£8 [11]!Ø�{ [31] �.

�©Ì�(�Xeµ1�Ü©¥, �©JÑÄuFÝ6ÄÚBarzilai-Borwein (BB) Ú��S�

Â K��©Ûh(ISTDP)�{. 1nÜ©é¤JÑ�ISTDP�{?1nØ©Û, y²ISTDP�{

Ø=÷v�©Ûh�o�¦, ��±Âñ�?¿�½�°Ý. 1oÜ©?1{üo(.

ÎÒ`²: ±eÎÒ0B�©, ∀t ∈ R, |t|L«t �ýé�. ‖x‖1 L«�þx�`1 �ê. ‖x‖ L«

�þx �`2�ê. gk = ∇L
(
θk;D

)
L«��¼ê3θk ?�FÝ.θ∗ L«8I¼ê��`). PrL«

VÇ. sign(t)�ÎÒ¼ê

sign(t) :=


1, t > 0,

0, t = 0,

−1, t < 0.

2. �{µe

�!JÑ�«Ê·�Ûh�o�{))ÄuFÝ6ÄÚBB Ú��S�Â K��©Ûh�
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{(Iterative Shrinkage Threshold Differential Privacy Algorithm based on Gradient Perturbation

and Barzilar-Borwein Step Size, {¡ISTDP).

3ISTDP�{�z�S�Ú, éFÝgk V\Ñlpd©ÙN (0, σ2I) �D(, �1k ÚS��

Ûhý��εk, Ûhëê�δk �, ��D(FÝ

ξk = gk + bk,

bk ∼ N
(
0, σ2I

)
.

d���yD(FÝξk �(½L§÷v(εk, δk)−�©Ûh(½Â3.3).

Ð�Ú��#üÑ�±��~��|¢s¤��m, é�{�¯�Âñ�'�. Barzilai-

Borwein(BB) Ú�5K [32]®²�y²´�~k��Ú�üÑ. Ïd, ISTDP�{æ^BBÚ���

zgS��Á&Ú, =�

αBBk =

(
dkθ
)T
dkθ(

dkθ
)T
dkg

Ù¥

dkθ = θk − θk−1,

dkg = gk − gk−1.

é�.(2), ISTDP�{ÏL¦)eãf¯K5�#θ:

θk+1 = arg min
θ

{
Q(αBBk , θk, θ) := L

(
θk;D

)
+ 〈ξk, θ − θk〉+

1

2αBBk

∥∥θ − θk∥∥2
+R (θ)

}
. (3)

¯K(3)�du±e�C:¯Kµ

θk+1 = arg min
θ

{
1

2

∥∥θ − uk∥∥2
+ αBBk R (θ)

}
, (4)

Ù¥

uk = θk − αBBk ξk.

5¿�‖ · ‖2ÚR(θ)��©5, ¯K(4)�±�d/©)�d�Õá�üCþ`z¯Kµ

θk+1
i = arg min

θi
{h(θi, u

k
i ) :=

1

2
(θi − uki )2 + αBBk φi(θi)}, i = 1, 2, · · · , d.
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Ù¥uki = θki − αBBk ξki . ùd�üCþ`z¯Käk�Ó�(�, �
{zÎÒ, ·�ÏLíØþeI

5�n¤XeÚ��/ªµ

t(s) = arg min
t
{h(t, s) :=

1

2
(t− s)2 + γφ(t)}.

�â [30], þã¯KäkXe4ª)µ

t(s) =

t1, h1(t1, s) ≤ h2(t2, s),

t2, h1(t1, s) > h2(t2, s).

Ù¥

t1 = arg min
t

{
h1(t, s) :=

1

2
(t− s)2 + λγ|t| − t2

2α
s.t. |t| ≤ αλ

}
,

t2 = arg min
t

{
h2(t, s) :=

1

2
(t− s)2 +

α(λγ)2

2
s.t. |t| ≥ αλ

}
.

�äN�, ÏLO��±��

t1 = sign(s)z,

t2 = sign(s) max(αλ, |s|),

ùp z = arg min
t∈C

{
1

2
(t− |s|)2 + λγt− t2

2α

}
, Ù¥

C =


{

0, αλ,min

(
αλ,max

(
0,
α(|s| − γλ)

α− 1

))}
, �α 6= 1�

{0, αλ} , ÄK.

S.þ�¡t(s)�Â K�¼ê.

3ISTDP�{¥, Ø
^BBÚ��Á&Ú	, ïÆ�É�Ú�I÷v±eeüY² [30]µ

E[F (θk+1;D)] ≤ E[F (θk;D)]− βαBBk
2

E[
∥∥θk+1 − θk

∥∥2
], β ∈ (0, 1), (5)

´�, 3dÚ�OK�e, 8I¼ê��Ï"´üN4~�.

¦)¯K(2)�ISTDP�{µeXeµ
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�{ 1 (ISTDP�{)

• Ñ\: êâ8D = {z1, z2, . . . , zn}.
• ÀJëê: T > 0, η ∈ (0, 1), β ∈ (0, 1)Ú÷v 0 < αmin < αmax�αmin, αmax.

• Ð©z: À�θ0, θ1 ∈ Rd, θ0 6= θ1, O�g0 = ∇θL (θ0;D), k = 1;

• 	Ì�: while k < T , do

1.1. O�FÝ: gk = ∇θL
(
θk;D

)
, �FÝV\D(: ξk = gk + bk, bk ∼ N(0, σ2I);

1.2. O�BBÚ�: dkθ = θk − θk−1, dkg = gk − gk−1,

αBBk =

(
dkθ
)T
dkθ(

dkθ
)T
dkg
, αBBk := min{max{αBBk , αmin}, αmax};

1.3. SÌ�: �#θk+1

1.3.1. O�: θ̂k+1 = arg minθ{Q(αBBk , θk, θ) = L(θk;D) + 〈ξk, θ − θk〉+
1

2αBBk
‖θ − θk‖2 +R(θ)};

1.3.2. XJθ̂k+1÷v:

E(F (θk;D)− F (θ̂k+1;D)) ≥ βαBBk
2

E
(
‖θ̂k+1 − θk‖2

)
,

Kθk+1 = θ̂k+1, Ê�SÌ�, =Ú1.4; ÄK, αBBk = ηαBBk , =Ú1.3.1;

1.4. �#S�Ú: k := k + 1, =Ú1.1;

• end while;

• ÑÑ: θpriv = θT .

3. nØ©Û

�!©ÛISTDP�{�nØ5�, òy²§Ø=´��÷v�©Ûh�¦��{, Ó��´Â

ñ�, §�ÑÑ(J�±÷v?Û�½�°Ý�¦.

3.1. �{1�Ûh�o5

e¡k0��©Ûh�o�Ä�VgÚ(Ø, 2ïÄ�{1��©Ûh�o5�.

½Â 3.1 [6, 33] �½êâ8D,D′ ∈ Zn, e|(D \D′) ∪ (D′ \D)| = 1, K¡D,D′ ∈ Zn���êâ

8, P�D ∼ D′ .

5: eêâ8D,D′ ∈ Zn´���, Kêâ8D′�±ÏL3êâ8DþV\½öíØ�^P¹

��.

½Â 3.2 [5, 33] �½?¿ü���êâ8D,D′ ∈ Zn, �M �3êâ8D,D′ ∈ Znþ$1���

�ÅÅ�, PM�M�¤k�U�ÑÑ(J�¤�8Ü. eé?¿�f8S ⊆ PM �÷v

Pr [M (D) ∈ S] ≤ eε Pr
[
M
(
D
′
)
∈ S

]
,
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Ù¥ε¡�Ûhý�, K¡Å�M÷vX�©Ûh, P�ε-Differential Privacy, {¡ε−DP.

�©Ûh�±�yêâÛhôÂöÃ{«©��êâ8, ?¢y3êâ?nL§¥Ø�³?

Ûk'êâ8¥�?¿��^r&E�8�.

½Â 3.3 [8] �½?¿ü���êâ8D,D′ ∈ Zn, �M�3êâ8D,D′ ∈ Zn þ$1����Å

Å�, PM�M�¤k�U�ÑÑ(J�¤�8Ü. eé?¿�f8S ⊆ Pn �÷v

Pr [M (D) ∈ S] ≤ eε Pr [M (D′) ∈ S] + δ,

Ù¥ε¡�Ûhý�, δ > 0¡�X�©Ûh���§Ý(����Cu0��), K¡Å�M÷vCq

�©Ûh, P�(ε, δ)-Differential Privacy, {¡(ε, δ)−DP.

Cq��©ÛhVg´éX�©Ûh�í2, �äk�2�A^.

½Â 3.4 [1] �½¼êf : Zn → Rd, f�Li�¯aÝ∆i (f) (i = 1, 2) ½ÂXe

∆i (f) = max
D∼D′

‖f (D)− f (D′)‖i ,

Ù¥D,D′ ∈ Zn�?¿���êâ8.

¯¢þ, ¯a5�x
¼êf�^3?Û��êâ8e�ÑÑ��m���Cz. 3Ø�Úå

·Ï��¹e, ò¯a5�¤∆ (f). ïÄö~~Äu¼ê�¯aÝ∆ (f)ÚÛhý�ε)¤D(, ?

ïá�A��©Ûh�oÅ�.

½n 3.1 �½�^uêâ8D ⊂ Zn�¼êf : D → Rd, ∀ε ∈ (0, 1),e�ÅÅ�M÷v

M (D) = f (D) +N
(
0, σ2I

)
,

Ù¥σ÷v

σ ≥ ∆2 (f)

ε

√
2 log

(
1.25

δ

)

∆2 (f)�¼êf�L2¯aÝ, N (0, σ2I)L«d�pd©Ù, KÅ�M÷v(ε, δ)−DP .

y². k?Ød = 1��/. �â�.(2)��, d�é¢�¼êf : Zn → R V\ÎÜIO�

�©Ù�D(. �â¯aÝ�½Â3.4, ∆ (f) = ∆1 (f) = ∆2 (f) = maxD∼D′ |f (D)− f (D′)|. �D

(x ∼ N(0, σ2), �â©z [33], d�Ûh���
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∣∣∣∣∣log
e(−1/2σ2)x2

e(−1/2σ2)(x+∆f)2

∣∣∣∣∣ =
∣∣∣log e(−1/2σ2)[x2−(x+∆f)2]

∣∣∣
=

∣∣∣∣− 1

2σ2

[
x2 −

(
x2 + 2x∆f + ∆f2

)]∣∣∣∣
=

∣∣∣∣− 1

2σ2

[
2x∆f + (∆f)2

]∣∣∣∣ .
�|x| < σ2ε

∆f
− ∆f

2
�,

∣∣∣∣log e(−1/2σ2)x2

e(−1/2σ2)(x+∆f)2

∣∣∣∣ ≤ ε. �(�Pr

[∣∣∣∣log e(−1/2σ2)x2

e(−1/2σ2)(x+∆f)2

∣∣∣∣ ≤ ε] ≥ 1− δ, I�

Pr

[
|x| ≥ σ2ε

∆f
− ∆f

2

]
< δ, (6)

lI�

Pr

[
x ≥ σ2ε

∆f
− ∆f

2

]
<
δ

2
.

�0 < ε < 1, �t =
σ2ε

∆f
− ∆f

2
, K

Pr[x ≥ t] =

∫ ∞
t

1√
2πσ

e
−
x2

2σ2 dx ≤ σ√
2πt

e
−
t2

2σ2 .

Ïd, �I

σ√
2π

1

t
e
−
t2

2σ2 <
δ

2
,

ù�duI�

σ

t
e−

t2

2σ2 <

√
2πδ

2
⇔ t

σ
e
t2

2σ2 >
2√
2πδ
⇔ log(

t

σ
) +

t2

2σ2
> log(

2√
2πδ

).

dut =
σ2ε

∆f
− ∆f

2
, þªq�duI�

log

[(
σ2ε

∆f
− ∆f

2

)
1

σ

]
+

[(
σ2ε

∆f
− ∆f

2

)2
1

2σ2

]
> log

(
2√
2πδ

)
= log

(√
2

π

1

δ

)
.

�d�I�eãüªÓ�¤á=�

log

[(
σ2ε

∆f
− ∆f

2

)
1

σ

]
> 0;

[(
σ2ε

∆f
− ∆f

2

)2
1

2σ2

]
≥ log

(√
2

π

1

δ

)
. (7)
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Pc =
εσ

∆f
, Kσ =

c∆f

ε
. du

1

σ

(
σ2ε

∆f
− ∆f

2

)
=

1

σ

[
(c∆f)2

ε2

ε

∆f
− ∆f

2

]
=

1

σ

[
c2

(
∆f

ε

)
− ∆f

2

]
=

ε

c∆f

[
c2

(
∆f

ε

)
− ∆f

2

]
= c− ε

2c
,

5¿�0 < ε ≤ 1, Ïd, �c ≥ 3
2
�, c− ε

2c
≥ 7

6
, d�, log

[(
σ2ε

∆f
− ∆f

2

)
1

σ

]
> 0÷v.

,��¡,

1

2σ2

(
σ2ε

∆f
− ∆f

2

)2

=
1

2

(
c− ε

2c

)2

=
1

2

(
c2 − ε+

ε2

4c2

)
.

�c ≥ 3

2
�0 < ε ≤ 1 �, du

(
c2 − ε+

ε2

4c2

)′
c

> 0, ¤±c2 − ε +
ε2

4c2
≥ c2 − 8

9
. Ïd, �

¦

[(
σ2ε

∆f
− ∆f

2

)2
1

2σ2

]
≥ log

(√
2
π

1
δ

)
, �I

c2 − 8

9
> 2 log

(√
2

π

1

δ

)
,

=�I

c2 > 2 log

(√
2

π

)
+ 2 log

(
1

δ

)
+ log

(
e

8
9

)

= log

(
2

π

)
+ log

(
e

8
9

)
+ 2 log

(
1

δ

)

= log

(
2

π
e

8
9

)
+ 2 log

(
1

δ

)
,

5¿�

√
2

π
e

8
9 < 1.25, l�Ic2 > 2 log

(
1.25

δ

)
, =�Iσ ≥ ∆2 (f)

ε

√
2 log

(
1.25

δ

)
.

-R1 = {x ∈ R : |x| ≤ c2∆f
ε
− ∆f

2
}, R2 = {x ∈ R : |x| > c2∆f

ε
− ∆f

2
}, KR = R1 ∪R2. ∀S ⊆ R,

½Â

S1 = {f(D) + x | x ∈ R1} , S2 = {f(D) + x | x ∈ R2} ,
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K

Prx∼N (0,σ2)[f(D) + x ∈ S] = Prx∼N (0,σ2) [f(D) + x ∈ S1] + Prx∼N (0,σ2) [f(D) + x ∈ S2]

≤Prx∼N (0,σ2) [f(D) + x ∈ S1] + δ

≤eε
(
Prx∼N (0,σ2) [f(D′) + x ∈ S1]

)
+ δ,

l�yé���¹epdÅ�÷v(ε, δ)-DP.

2?Ød > 1��/. éuf : D → Rd Ú?¿��êâ8D,D′, P∆f = ∆2(f) Úv =

f(D) − f(D′) (§�LV\�FÝ6Ä¤ùX�&E), K�þv ÷v‖v‖ ≤ ∆f . �D(�

þx ∼ N (0, σ2I), K�â©z [33], Ûh���∣∣∣∣∣log
e(
−1

2σ2 )‖x−µ‖2

e(
−1

2σ2 )‖x+v−µ‖2

∣∣∣∣∣ =
∣∣∣log e(

−1

2σ2 )[‖x−µ‖2−‖x+v−µ‖2]
∣∣∣ =

∣∣∣∣ 1

2σ2
(‖x‖2 − ‖x+ v‖2)

∣∣∣∣ ,
Ù¥µ = (0, . . . , 0)T ∈ Rd. -a1 =

v

‖v‖
, ¿òa1*¿¤R

d¥��|IO��Äa1, . . . , ad, K�

3β1, · · · , βd ∈ R �βi ∼ N (0, σ2) (i = 1, · · · , d), ¦�x =
∑m

i=1 βiai. Px
[i] = βiai. 5¿�, dÄ

���5��〈x[i], v〉 = 0, i = 2, . . . , d, ?〈
m∑
i=2

x[i], v〉 = 0. Ïd,

‖x‖2 =

m∑
i=1

∥∥x[i]
∥∥2

=
∥∥x[1]

∥∥2
+

m∑
i=2

∥∥x[i]
∥∥2
,

‖x+ v‖2 =

∥∥∥∥∥x[1] +

m∑
i=2

x[i] + v

∥∥∥∥∥
2

=
∥∥v + x[1]

∥∥2
+

m∑
i=2

∥∥x[i]
∥∥2
.

dx[1] = β1b1 = β1
v

‖v‖
, �

∥∥v + x[1]
∥∥2

=

(
‖v‖(1 +

β1

‖v‖
)

)2

= (‖v‖+ β1)
2
. Ïd,

‖x+ v‖2 − ‖x‖2 = ‖v + x[1]‖2 − ‖x[1]‖2 = (‖v‖+ β1)2 − β2
1 = ‖v‖2 + 2β1‖v‖.

Ï‖v‖ ≤ ∆f , �∣∣∣∣ 1

2σ2
(‖x‖2 − ‖x+ v‖2)

∣∣∣∣ =

∣∣∣∣ 1

2σ2
(‖v‖2 + 2β1‖v‖2)

∣∣∣∣ ≤ ∣∣∣∣ 1

2σ2
[2β1∆f + (∆f)2]

∣∣∣∣ .
duβ1 ∼ N (0, σ2), þªL²Ûh���6u���ÅCþβ1, =q£�
���/. dcã��

�/(Ø��, �êd > 1�¹epdÅ��,÷v(ε, δ)-DP. �

½n 3.2 �Å�M1(·)÷v(ε, δ) − DP , M2´?¿Ø�ÑÛhý���{, KM1 ÚM2�E

ÜM2 (M1(·)) ÷v(ε, δ)−DP .
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y². �D ÚD′´?¿ü���êâ8. -Range(M1) = S L«M1���8Ü.

(i)eS´lÑ8Ü, ∀t ∈ Range (M2), k

Pr [M2 (M1(D)) = t)] =
∑
s∈S

Pr [M1(D) = s] Pr [M2(s) = t]

≤
∑
s∈S

(eε Pr [M1 (D′) = s] + δ) Pr [M2(s) = t]

= eε Pr [M2 (M1 (D′)) = t] + δ

(ii) eS´ëY8Ü, ∀t ∈ Range (M2),

Pr [M2 (M1(D)) = t] =
∫
s∈S Pr [M1(D) = s] Pr [M2(s) = t] ds, æ^�þãy²aq�Ü6, �y

²(Ø¤á. �

�©Ûh����A�´§�Ûh�o53õEÜe�±\È. (ε, δ)-DP �\È½nX

e.

Ún 3.1 [5] ∀ε > 0, δ > 0, δ′ > 0, K(ε, δ) − DP Å�3k g·AEÜ(=�{�zg�1(J

Ñ´d�c(J�g·A¤�)e÷v(
√

2k log (1/δ′)ε+ kε (eε − 1) , kδ + δ′)−DP.

ù�5�¦�©Ûh·^u�¬z��{�OÚ©Û: ���E,��{�¹�X�÷v�©

Ûh�Ú½�, �±(½T�{�NE÷v�©Ûh5.

½n 3.3 �∇θL(θ;D)3Znþ��kþ.U , �½Ûhý�ε9ëêδ, e1kgS��Ûhý�εk =

min{ ε

2
√

2T log(2/δ)
, 1

2

√
ε
T
}, ëêδk = δ

2T
, D(Y²σ = 2U

εk

√
2 log

(
1.25
δk

)
, K�{1 ÷v(ε, δ)−DP.

y². 3�{1�1kÚS�¥, =kD(FÝξk �(½I�^�Ûhý�εk9ëêδk. 3D(

Ñl�pd©ÙN (0, σ2I) ¥À�IO�σ ÷vσ = 2U
εk

√
2 log

(
1.25
δk

)
≥ ∆2(gk)

δk

√
2 log

(
1.25
δk

)
, Kd

½n3.1��, D(FÝ��)÷v(εk, δk)−DP.

1kÚS�´D(FÝ�)¤�S�:�#�{�EÜ, �â½n3.2, 1kÚS��÷

v(εk, δk)−DP.

du�{�N�õS� TÚ, ¿�zÚS�¥D(FÝÑdþ�ÚS�:5(½, Ïd�{÷

v Tg·AEÜ. �âÚn3.1, �δk = δ
2T
, δ′ = δ

2
, εk = min{ ε

2
√

2T log(2/δ)
, 1

2

√
ε
T
} �, k

√
2T log (1/δ′)εk + Tεk (eεk − 1) ≤ ε

2
+ 2Tε2

k ≤
ε

2
+
ε

2
= ε, T δk + δ′ = δ,

Ïd, ���{�S�L§÷v(ε, δ)−DP. �
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3.2. �{1�Âñ5

�!©ÛISTDP�{�Âñ5, òy², �XS�gê�O\§�ÑÑ(J�±÷v?¿�½

�°Ý�¦.

e¡Äky²éz�k, SÌ�1.3k�Ú=�÷v.

Ún 3.2 éz�k ≥ 0, SÌ�Ê�OK(Ú1.3.2�Ø�ª)�õ
⌈

log(βα2
max+αmaxL)

− log η
+ 1
⌉
ÚÒ¬÷v.

y². dÚ1.3.1��, Q(αBBk , θ̂k+1, θk) ≤ Q(αBBk , θk, θk), =

L(θk;D) + 〈gk + bk, θ̂k+1 − θk〉+
1

2αBBk
‖θ̂k+1 − θk‖2 +R(θ̂k+1)

≤ L(θk;D) +R(θk). (8)

Ï�∇L(θ;D) is L-Lipschitz ëY�, �

L(θ̂k+1;D) ≤ L(θk;D) + 〈gk, θ̂k+1 − θk〉+
L

2
‖θ̂k+1 − θk‖2. (9)

d(8)Ú(9), �

L(θ̂k+1;D) +R(θ̂k+1) + 〈bk, θ̂k+1 − θk〉+
1

2
(

1

αBBk
− L)‖θ̂k+1 − θk‖2

≤ L(θk;D) +R(θk). (10)

d

F (θ̂k+1;D) = L(θ̂k+1;D) +R(θ̂k+1),

F (θk;D) = L(θk;D) +R(θk),

ÚØ�ª(10), �

E(F (θk;D)− F (θ̂k+1;D)) ≥ 1

2
(

1

αBBk
− L)E

(
‖θ̂k+1 − θk‖2

)
. (11)

Ïd, �
1

αBBk
− L ≥ βαBBk (=

1

αBBk
− βαBBk ≥ L)�, Ú1.3.2 ÷v. du

1

α
− αβ'uα > 0´üN4

~¼ê�limα→0+(
1

α
− αβ) = +∞, �Ú1.3.2Ø÷v�, αBBk = η αBBk ´U'~η (0 < η < 1) Ø

 αBBk , ��õk�Ú��Ú1.3.2=�÷v. -ᾱBBk L«1kÚS�αBBk ��ª�, Ke¡üªÓ�
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¤á
1

ᾱBBk
− βᾱBBk ≥ L, η

ᾱBBk
− βᾱBBk

η
< L.

-mk L«1kg	Ì��SÌ�(Ú1.3)�S�gê, TSÌ�Ð©Ú��αBBk , KᾱBBk = αBBk ηmk ,

�

1

αBBk ηmk−1
− βαBBk ηmk−1 < L.

du
1

α
− αβ'uα > 0´üN4~¼ê�αmin ≤ αBBk ≤ αmax, �

1

αmaxηmk−1
− βαmaxη

mk−1 < L.

d0 < η < 1, �

1

αmaxηmk−1
≤ βαmaxη

mk−1 + L ≤ βαmax + L.

Ïd, mk ≤
⌈

log(βα2
max+αmaxL)

− log η
+ 1
⌉
, y.. �

51: �âÚn3.2��, 3���{¥Ú�{αBBk } þk��e.Úþ.:

0 < αmin := αminη

⌈
log(βα2

max+αmaxL)

− log η +1

⌉
≤ αBBk ≤ αmax.

52: �âSÌ�1.3��, 1kd	Ì�(å�, eãüªÓ�¤á:

θk+1 = arg min
θ
{Q(αBBk , θk, θ) = L(θk;D) + 〈ξk, θ − θk〉+

1

2αBBk
‖θ − θk‖2 +R(θ)};

E(F (θk;D)− F (θk+1;D)) ≥ βαBBk
2

E
(
‖θk+1 − θk‖2

)
.

1�ª¿�X{E(F (θk;D)}k ´üN~��.

Ún 3.3 [34] ���¼êf : Rn → R�½Â�domf = Rn, �FÝL− Lipschitz ëY, KeãØ

�ª¤á:

f (y) ≤ f (x) +∇f (x)
T

(y − x) +
L

2
‖y − x‖2 , ∀x, y ∈ domf.
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½n 3.4 é�.(2), �{1÷vE [F (θpriv;D)− F (θ∗;D)] ≤ ‖θ
1−θ∗‖2

2Tαmin
, Ù¥T L«�{1���S

��, αminL«α
BB
k �e., θ∗ ∈ Rd´{θk}�?�à:.

y². Ï{E
(
F
(
θk;D

))
} üN4~ke., �{E

(
F
(
θk;D

))
}7Âñ. duF (θ;D)´Y²k

.�, {θk}7kà:, �θ∗´{θk}�?¿��à:, K�k →∞�, E
(
F (θk;D)

)
→ E (F (θ∗;D)).

�â�.(2)�±�Ñ

E
[
F (θk+1;D)− F (θ∗;D)

]
= E

[
L(θk+1;D)− L(θ∗;D) +R(θk+1)−R(θ∗)

]
(10.1)

≤ E

[
L(θk;D) +

〈
gk, θk+1 − θk

〉
+
L

2

∥∥θk+1 − θk
∥∥2 − L(θ∗;D) +R(θk+1)−R(θ∗)

]
(10.2)

≤ E

[〈
gk, θk − θ∗

〉
+
〈
gk, θk+1 − θk

〉
+
L

2

∥∥θk+1 − θk
∥∥2

+R(θk+1)−R(θ∗)

]
(10.3)

= E

[〈
ξk, θk − θ∗

〉
+
〈
gk, θk+1 − θk

〉
+
L

2

∥∥θk+1 − θk
∥∥2

+R(θk+1)−R(θ∗)

]
. (12)

Ù¥Ø�ª(10.1)ÄuL(·;D) �r1w5, Ø�ª(10.2)ÄuL(·;D) �à5, �ª(10.3) ´Ï

�E(bk) = 0. du

θk+1 = arg min
θ
{L(θk;D) + 〈ξk, θ − θk〉+

1

2αBBk
‖θ − θk‖2 +R(θ)}

= arg min
θ∈Rd
{1

2

∥∥θ − θk + αBBk ξk
∥∥2

+ αBBk R(θ)},

��3gFÝνk+1 ∈ ∂R(θk+1) [35], ¦� θk+1 − θk + αBBk (ξk + νk+1) = 0. �âgFÝ�5�, k

R(θ∗)−R(θk+1) ≥
〈
νk+1, θ∗ − θk+1

〉
.

l,

R(θ∗)−R(θk+1) + 〈 1

αBBk
(θk+1 − θk) + ξk, θ∗ − θk+1〉

≥ 〈 1

αBBk
(θk+1 − θk) + ξk + νk+1, θ∗ − θk+1〉 = 0,

�

R(θ∗)−R(θk+1) + 〈ξk, θ∗ − θk+1〉 ≥ 1

αBBk
〈θk − θk+1, θ∗ − θk+1〉.
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?,

〈
ξk, θk − θ∗

〉
+R(θk+1)−R(θ∗)

=
〈
ξk, θk − θk+1

〉
+
〈
ξk, θk+1 − θ∗

〉
+R(θk+1)−R(θ∗)

≤
〈
ξk, θk − θk+1

〉
− 1

αBBk

〈
θk+1 − θk, θk+1 − θ∗

〉
=

〈
ξk, θk − θk+1

〉
+

〈
θk − θk+1, θk − θ∗

〉
2αBBk

+

〈
θk+1 − θ∗, θk − θ∗

〉
2αBBk

−
〈
θk+1 − θk, θk+1 − θ∗

〉
2αBBk

−
〈
θk − θ∗, θk+1 − θ∗

〉
2αBBk

−
〈
θk+1 − θk, θk+1 − θ∗

〉
2αBBk

−
〈
θk+1 − θk, θ∗ − θk

〉
2αBBk

=
〈
ξk, θk − θk+1

〉
+

〈
θk − θ∗, θk − θ∗

〉
2αBBk

−
〈
θk+1 − θ∗, θk+1 − θ∗

〉
2αBBk

−
〈
θk+1 − θk, θk+1 − θk

〉
2αBBk

=
〈
ξk, θk − θk+1

〉
+

∥∥θk − θ∗∥∥2

2αBBk
−
∥∥θk+1 − θ∗

∥∥2

2αBBk
−
∥∥θk+1 − θk

∥∥2

2αBBk
. (13)

(Ü(12)Ú(13)ü�Ø�ª, k

E
[
F
(
θk+1;D

)
− F (θ∗;D)

]
≤ E

[〈
ξk − gk, θk − θk+1

〉
− 1− αBBk L

2αBBk

∥∥θk+1 − θk
∥∥2

+

∥∥θk − θ∗∥∥2 −
∥∥θk+1 − θ∗

∥∥2

2αBBk

]
(12.1)

≤ E

[
αBBk

2(1− αBBk L)

∥∥ξk − gk∥∥2
+

∥∥θk − θ∗∥∥2 −
∥∥θk+1 − θ∗

∥∥2

2αBBk

]

= E

[∥∥θk − θ∗∥∥2 −
∥∥θk+1 − θ∗

∥∥2

2αBBk

]
(12.2)

≤ E

[∥∥θk − θ∗∥∥2 −
∥∥θk+1 − θ∗

∥∥2

2αmin

]
, (14)

Ù¥Ø�ª(12.1)d
∥∥∥ αBBk

1−αBBk L
(ξk − gk)− (θk − θk+1)

∥∥∥2

≥ 0 �Ðmª�n¤�; dÚn3.1 �51�

�, αBBk ke.αmin > 0, lØ�ª(12.2) ¤á.

dØ�ª(14)(ÜÚn3.1�52 ({E[F
(
θk+1;D

)
]}�üN4~5�), k

E
[
F
(
θT ;D

)
− F (θ∗;D)

]
≤ E

[
T−1∑
k=0

F
(
θk+1;D

)
T

− F (θ∗;D)

]
= E

[
1

T

T−1∑
k=0

[
F (θk+1;D)− F (θ∗;D)

]]

≤ E

[
‖θ1 − θ∗‖2 −

∥∥θk+1 − θ∗
∥∥2

2Tαmin

]
≤ E

[
‖θ1 − θ∗‖2

2Tαmin

]
=
‖θ1 − θ∗‖2

2Tαmin
,

=

E
[
F
(
θpriv;D

)
− F (θ∗;D)

]
= E

[
F
(
θT ;D

)
− F (θ∗;D)

]
≤ ‖θ

1 − θ∗‖2

2Tαmin
. �
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5: �â½n3.4, �½°Ýε > 0, ���T°Ý�{S�gêTA÷vT >
⌈
m2(θ1)
2αminε

⌉
, Ù

¥m(θ1) L«Y²8L(θ1) := {θ ∈ Rd : F (θ;D) ≤ F (θ1;D)}��».

4. o(

�©ïÄ
ÄuFÝ6Ä��©Ûh�oe�k�à�K�²�ºx4�z¯K. Äu

±BBÚ��Á&Ú��|�ÚS�Â K��{JÑ
ISTDP�{, ¿y²
ISTDP�{Q÷v

�©Ûh�o�¦q�±Âñ�?¿�½�°Ý, ´�«�±¢yÛh�o�ÅìÆS`z�{.

e�ÚòÏLê�¢�Ú�~?�Úu��{�¢S�J.

Ä7�8

I[g,�ÆÄ7�8(11861020, 12261020)!B²�p�g3Æ<âM#M�J`]Ï

:�8([2018]03)!B²��EOy�8(ZK[2021]009, [2018]5781)!B²��c�E<â¤��

8([2018]121).
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