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Abstract

An equitable k-coloring of a graph G is a proper vertex coloring such that the difference
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in the order of any two color classes is at most one. The graph G is said to be equitably

k-colorable if G has an equitable k-coloring. In this paper, we will prove that every

planar graph without adjacent 5−-cycles is equitably k-colorable for k ≥ max{∆(G), 5},
where ∆(G) is the maximum degree of G.
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1. Úó

3�©¥, ·���ÄÃ�!k��{üã. éu���½�ã G, ·�^ V (G), E(G), |G|,
δ(G)Ú ∆(G) ({�� ∆)5©OL«ã G�:8, >8, �ê, ��ÝÚ��Ý. XJã G�±x

3îAp�²¡þ¿�÷v?¿ 2^>�3à:?��, K¡ G��²¡ã. ã G�ù«AÏ�²

¡x{¡�²¡ã. ·�^ F (G)5L«²¡ã G�¡8. � x ∈ V (G) ∪ F (G),^ d(x)L«ã G

¥: (½¡) x�Ý. XJ��: v÷v d(v) = k (d(v) ≥ k½ d(v) ≤ k), @o¡: v� k-: (k+-:

½ k−-:). aq/, ·��±½Â k-¡, k+-¡½ k−-¡. éu v ∈ V (G),^ N(v)L«�: v ��

�¤kº:�¤�8Ü. w,,
∣∣N(v)

∣∣ = d(v). éu f ∈ F (G), e v1, v2, · · · , vk ´¡ f �>.þ�

: (#Nº:k­E), KP f = [v1v2 · · · vk]. XJ�� k-¡ f = [v1v2 · · · vk]÷v d(vi) = di, Ù¥

i = 1, 2, · · · , k, K f � (d1, d2, · · · , dk)-¡. ·�^ ni(f), ni(v), fi(v)©OL«�¡ f 'é� i-:�

�ê, �: v��� i-:��ê, �: v'é� i-¡��ê.

ã G����~ k-:/Ú´���N� φ : V (G)→ {1, 2, · · · , k},¦�é?¿ 2����: x

Ú y Ñk φ(x) 6= φ(y). ã G�:Úê´¦ Gk���~ k-:/Ú�����ê k, P� χ(G). é

uã G��� k-:/Ú φ, ^ Vi (1 ≤ i ≤ k)L«ã G¥/ôÚ i�º:|¤�8Ü. Kz� Vi

(1 ≤ i ≤ k)Ñ´��Õá8. eé?¿ i, j ∈ {1, 2, · · · , k}Ñk
∣∣∣|Vi| − |Vj |

∣∣∣ ≤ 1, K¡ φ´ãG ��

�þ! k-/Ú, ½¡ãG ´þ! k-�/�. ã G�þ!Úê´¦ Gk��þ! k-/Ú�����

ê k, P� χe(G). w,, χe(G) ≥ χ(G), �Ø�ª�±î�¤á.

þ!/Ú�Vg´dMeyer [1]3 1973cJÑ�, Ó�, ¦�JÑ
±eß�.

ß� 1 [1] e G´��ëÏã, � GQØ´Û��Ø´��ã, K χe(G) ≤ ∆.

�þ!/Ú�ïÄ�J�� 1964c. Erdős [2]JÑXeß�.
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ß� 2 [2] é?¿� k ≥ ∆, ?¿����Ý�∆�ãÑ´þ! (k + 1)-�/�.

ß� 23 1970c� HajnalÚ Szemerédi [3]¤y¢. 2010c, KiersteadÚ Kostochka [4]A^�

{©Ûéß� 2�Ñ
��#Û{á�y². 1994c, Chen, LihÚWu [5]?�ÚJÑ
±eß�.

ß� 3 [5] e G´��ëÏã, � GQØ´ Km, C2m+1,�Ø´ K2m+1,2m+1 (m ≥ 1) , K G

´þ! ∆-�/�.

Chen, Lih ÚWu [5]�y²
ß� 3 é ∆ ≤ 3 �ã¤á. Kierstead Ú Kostochka [6]òd(

JU?�
 ∆ ≤ 4. Chen, Lih [7] Ú Lih, Wu [8]©Oy²
ß� 3 éä!�Üã¤á. Wang

Ú Zhang [9]y²
ß� 3 é�ã¤á. Kostochka [10]y²
ß� 3 é	²¡ã¤á, ¿��Ú

Nakprasit [11] �åy²
ß� 3é∆ ≥ 14d+ 1� d-òzã¤á. 1998c, YapÚ Zhang [12]y²


ß� 3é ∆ ≥ 13�²¡ã¤á. Nakprasit [13]ò©z [12]�(JU?�
 ∆ ≥ 9. Ïd, ²¡ã

x��e 5 ≤ ∆ ≤ 8��¹�vk)û.

2008c, ZhuÚ Bu [14]y²
 ∆ ≥ 7�Ø¹ 4-�Ú 5-��²¡ã´þ! ∆-�/�. 2014c,

WangÚ Gui [15]?�Úy²
T(Øé 5 ≤ ∆ ≤ 6�Ø¹ 4-�Ú 5-��²¡ã�¤á. dd�Ñ


z��Ø¹ 4-�Ú 5-��²¡ãÑ´þ! ∆-�/�. 2015c, Zhu, BuÚ Min [16]y²
Ø¹

5-�Úu 4-��²¡ã´þ! k-�/�, Ù¥k ≥ max{∆, 8}. 2019c, DongÚWu [17]y²
Ø¹

u 4-�Úu 6-��²¡ã´þ! k-�/�, Ù¥ k ≥ max{∆, 7}.

�©$^�=£�{y²
Ø¹�� 5−-��²¡ã´þ! k-�/�, Ù¥ k ≥ max{∆, 5}. (
Ü©z [5]Ú©z [6]�(J��, Ø¹�� 5−-��²¡ã÷vß� 3.

2. (�Ún

Ún 1 [14] - S = {v1, v2, · · · , vk} ⊆ V (G),Ù¥ v1, v2, · · · , vk ´ã G¥ k �ØÓ�:. e

G− S ´þ! k-�/�, �é?¿ 1 ≤ i ≤ k, Ñk |NG(vi)− S| ≤ k − i , K G´þ! k-�/�.

Ún 2 [18] 3-�Ú 5-�Ø���²¡ã´ 3-òz�.

Ún 3 [3, 4] é k ≥ ∆ + 1, ?¿����Ý� ∆�ãÑ´þ! k-�/�.

Ún 4 e G´�� |G| ≥ 5�Ø¹�� 5−-��ëÏ²¡ã, K G�¹ã 1¥�fã/��.
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Figure 1. Figure H1 ∼ H19 in Lemma 4

ã 1. Ún 4¥�fã/ H1 ∼ H19

ã 1�z�fã/Ñ÷v: (1) ¢%:�ÝêXã¤«; (2) �%:�ÝêØAO`²	�áu

«m [d,∆]¥�?Û�ê, Ù¥ d�ã¥�%:�Ýê; (3) z��fã/¥, IÒ� xk, xk−1, xk−2

�:Ø¬�p­Ü; (4) ã¥� 4-¡�'é�:�^S�±p�; (5) H10 ¥� 5-¡�'é�:�^

S�±p�.

y² æ^�y{, b�Ún 4Ø¤á. - G´���~ã. = G´�� |G| ≥ 5�Ø¹��

5−-��ëÏ²¡ã, �§Ø¹fã/ H1 ∼ H19¥�?Û��. Ïd, Gk5� P1.

P1. f3(v) + f4(v) + f5(v) ≤ bd(v)
2
c.

·�$^�=£�{5íÑgñ. Äk, 3 V (G) ∪ F (G) þ½Â��Ð©�¼ê w: é

v ∈ V (G), - w(v) = 2d(v)− 6; é f ∈ F (G), - w(f) = d(f)− 6. �âî.úª |V (G)| − |E(G)|+
|F (G)| = 2ÚºÃ½n

∑
v∈V (G)

d(v) =
∑

f∈F (G)

d(f) = 2 |E(G)| , k∑
x∈V (G)∪F (G)

w(x) =
∑

v∈V (G)

(2d(v)− 6) +
∑

f∈F (G)

(d(f)− 6) = −12.

�X, ·��Ñ�
�=£5K, ¿�Uìù@5Kéã¥�:Ú¡­#©��. ��=£L§

(å�, ¬����#��¼ê w′, ¿��=£L§¥¤k:Ú¡��Ú�±ØC.

éu x, y ∈ V (G) ∪ F (G), ·�^ τ(x→ y)L« x=� y��. ½ÂXe��=£5K:

R1.� v ∈ V (G)� f ´�: v'é� 3-¡.

R1.1 b� d(v) = 4. � f ´ (3, 4, 4)-¡�, - τ(v → f) = 3
2
; � f ´ (4, 5+, 5+)-¡�, -

τ(v → f) = 0; ÄK, - τ(v → f) = 1.

R1.2b� d(v) = k ≥ 5. � f ´ (3−, 3−, k)-¡�, - τ(v → f) = 3; � f ´ (3−, 4, k)-¡�, -

τ(v → f) = 2; � f ´ (4−, 5+, k)-¡�, - τ(v → f) = 3
2
; ÄK, - τ(v → f) = 1.

R2.� v ∈ V (G)� f ´�: v'é� 4-¡.

R2.1b� d(v) = 4. � f ´ (3, 4, 4, 4)-¡�, - τ(v → f) = 2
3
; � f ´ (2, 4, 4, 5+)-¡�, -

τ(v → f) = 1
4
; � f ´ (2, 4, 5+, 5+)-¡�, - τ(v → f) = 0; ÄK, - τ(v → f) = 1

2
.

R2.2b� d(v) = k ≥ 5. � f ´ (2, 4, 4, k)-¡�, - τ(v → f) = 3
2
; ÄK, - τ(v → f) = 1.
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R3.� v ∈ V (G)� f ´�: v'é� 5-¡.

R3.1b� d(v) = 4. � f 'é 2-:�, - τ(v → f) = 1
4
; ÄK, - τ(v → f) = 1

2
.

R3.2b� d(v) ≥ 5, - τ(v → f) = 1
2
.

R4.z� 4+-:���� 2-:= 1.

dÚn 2��, δ(G) ≤ 3. �â δ(G)��, ·�©±eA«�¹?Øµ

�¹ 1 δ(G) = 3.

d��1��=£5K� R1 ∼ R3.

Ï� GØ¹fã/ H1 ∼ H3 , ¤±ã GäkXe5�.

äó 1.1 G¥� 3-¡Ñ´ (3, 3, 5+)-¡, (3, 4+, 4+)-¡, ½ (4+, 4+, 4+)-¡.

äó 1.2 G¥� 4-¡Ñ´ (3, 3, 5+, 5+)-¡, (3, 4+, 4+, 4+)-¡, ½ (4+, 4+, 4+, 4+)-¡.

äó 1.3 G¥� 5-¡Ñ´ (3+, 3+, 3+, 4+, 4+)-¡.

e¡·�ÏLü�äó5y²é ∀ x ∈ V (G) ∪ F (G), k w′(x) ≥ 0.

äó 1.4 ∀ v ∈ V (G), k w′(v) ≥ 0.

y² b� d(v) = k. - v1, · · · , vk ´ v��:�3²¡þ�^����ü�. - fi ´± vvi Ú

vvi+1�>.>�¡, Ù¥ 1 ≤ i ≤ k� vk+1 = v1.

b� k = 3. K w′(v) = w(v) = 0.

b� k = 4. Kw(v) = 2.d P1�, f3(v)+f4(v)+f5(v) ≤ 2.e f3(v) = 2,K f4(v) = f5(v) = 0.

d G Ø¹ H4 � v Ø� (3, 4, 4)-¡'é. d R1§w′(v) ≥ 2 − 2 × 1 = 0. e f3(v) = 1, K

f4(v) + f5(v) ≤ 1. e v � (3, 4, 4)-¡'é, Ø��� f1. d GØ¹ H5 � d(v3) ≥ 5� d(v4) ≥ 5.

Ïd v Ø� (3, 4, 4, 4)-¡'é. d R1 ∼ R3, w′(v) ≥ 2 − 3
2
− 1

2
= 0. e v Ø� (3, 4, 4)-¡'

é, d R1 ∼ R3, w′(v) ≥ 2 − 1 − 2
3

= 1
3
. e f3(v) = 0, K f4(v) + f5(v) ≤ 2. d R2 ∼ R3,

w′(v) ≥ 2− 2× 2
3

= 2
3
.

b� k = 5,Kw(v) = 4.d P1�, f3(v)+f4(v)+f5(v) ≤ 2.e f3(v) = 2,K f4(v) = f5(v) = 0.

e v � (3, 3, 5)-¡'é, Ø��� f1. d GØ¹ H6 � d(vi) ≥ 5 (i ∈ {3, 4, 5}). K� v 'é�,

�� 3-¡7� (5, 5+, 5+)-¡. d R1§w′(v) ≥ 4 − 3 − 1 = 0. e v Ø� (3, 3, 5)-¡'é, d R1,

w′(v) ≥ 4− 2× 2 = 0. e f3(v) = 1, K f4(v) + f5(v) ≤ 1. d R1 ∼ R3, w′(v) ≥ 4− 3− 1 = 0. e

f3(v) = 0, K f4(v) + f5(v) ≤ 2. d R2 ∼ R3, w′(v) ≥ 4− 2× 1 = 2.

b� k ≥ 6, K w(v) = 2k − 6. d P1�, f3(v) + f4(v) + f5(v) ≤ bk
2
c. e v � (3, 3, k)-¡'é,

Ø��� f1. dGØ¹H7� d(vi) ≥ 4 (i ∈ {3, 4, · · · , k}). � v'é�Ù¦ 3-¡7� (k, 4+, 4+)-¡.

d R1 ∼ R3, w′(v) ≥ 2k− 6− 3− 3
2
(bk

2
c − 1)≥ 2k− 15

2
− 3

4
k = 5

4
k− 15

2
≥ 0. e vØ� (3, 3, k)-¡'

é, Kd R1 ∼ R3, w′(v) ≥ 2k − 6− 2bk
2
c ≥ 2k − 6− 2× k

2
= k − 6 ≥ 0. t
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äó 1.5 éz� f ∈ F (G)Ñk w′(f) ≥ 0.

y² b� d(f) = 3. K w(f) = −3. däó 1.1 �, f ´ (3, 3, 5+)-¡, (3, 4+, 4+)-¡, ½

(4+, 4+, 4+)-¡. e f ´ (3, 3, 5+)-¡, d R1, w′(f) ≥ −3 + 3 = 0. e f ´ (3, 4, 4)-¡, d R1,

w′(f) ≥ −3+2× 3
2

= 0. e f ´ (3, 4, 5+)-¡,dR1, w′(f) ≥ −3+1+2 = 0. e f ´ (3, 5+, 5+)-¡,

d R1, w′(f) ≥ −3 + 2 × 3
2

= 0. e f ´ (4, 4, 4+)-¡, d R1, w′(f) ≥ −3 + 3 × 1 = 0. e f ´

(4, 5+, 5+)-¡,dR1, w′(f) ≥ −3+2× 3
2

= 0. e f ´ (5+, 5+, 5+)-¡,dR1, w′(f) ≥ −3+3×1 = 0.

b� d(f) = 4. K w(f) = −2. däó 1.2 �, f ´ (3, 3, 5+, 5+)-¡, (3, 4+, 4+, 4+)-¡, ½

(4+, 4+, 4+, 4+)- ¡. e f ´ (3, 3, 5+, 5+)-¡,d R2, w′(f) ≥ −2 + 2 × 1 = 0. e f ´ (3, 4, 4, 4)-¡,

d R2, w′(f) ≥ −2 + 3× 2
3

= 0. e f ´ (3, 4+, 4+, 5+)-¡, d R2, w′(f) ≥ −2 + 2× 1
2

+ 1 = 0. e f

´ (4+, 4+, 4+, 4+)-¡, d R2, w′(f) ≥ −2 + 4× 1
2

= 0.

b� d(f) = 5. K w(f) = −1. däó 1.3 �, f ´ (3+, 3+, 3+, 4+, 4+)-¡. d R3, w′(f) ≥
−1 + 2× 1

2
= 0.

b� d(f) ≥ 6. K w′(f) = w(f) ≥ 0. t

nþ?Ø��, ∀ x ∈ V (G) ∪ F (G), Ñk w′(x) ≥ 0. Ïd, −12 =
∑

x∈V (G)∪F (G)

w(x) =∑
x∈V (G)∪F (G)

w′(x) ≥ 0, gñ. Ïd, �~Ø�3, =Ún 4¤á.

�¹ 2 δ(G) = 2, � G¥�õ�3 2� 2-:.

d��1��=£5KÓ�¹ 1 .

duã GØ¹kfã/ H2, H8 ∼ H10 , ¤±ã GäkXe5�.

äó 2.1 G¥� 2-:'é� 3-¡´ (2, 2+, 5+)-¡.

äó 2.2 G¥� 2-:'é� 4-¡´ (2, 3−, 5+, 5+)-¡, (2, 4+, 4+, 5+)-¡.

äó 2.3 G¥� 2-:'é� 5-¡´ (2, 3−, 5+, 5+, 5+)-¡, (2, 4+, 4+, 4+, 4+)-¡.

Ø
 2-:9Ù'é�¡, éz� x ∈ V (G) ∪ F (G), Ó�¹ 1aq�y w′(x) ≥ 0. éu 2-:'

é�¡, kXeäó.

äó 2.4 éz� 2-:'é�¡ f ∈ F (G)Ñk w′(f) ≥ 0.

b� d(f) = 3, K w(f) = −3. däó 2.1�, f ´ (2, 2+, 5+)-¡. e f � (2, 3−, 5+)-¡, d R1,

w′(f) ≥ −3 + 3 = 0. e f � (2, 4, 5+)-¡, d R1, w′(f) ≥ −3 + 1 + 2 = 0. e f � (2, 5+, 5+)-¡, d

R1, w′(f) ≥ −3 + 2× 3
2

= 0.

b� d(f) = 4, K w(f) = −2. däó 2.2 �, f ´ (2, 3−, 5+, 5+)-¡, (2, 4+, 4+, 5+)-¡. e

f � (2, 3−, 5+, 5+)-¡, d R2, w′(f) ≥ −2 + 2 × 1 = 0. e f � (2, 4, 4, 5+)-¡, d R2, w′(f) ≥
−2 + 2× 1

4
+ 3

2
= 0. e f � (2, 4+, 5+, 5+)-¡, d R2, w′(f) ≥ −2 + 2× 1 = 0.

DOI: 10.12677/aam.2023.123105 1040 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.123105


Çu$§�û�

b� d(f) = 5, K w(f) = −1. däó 2.3�, f ´ (2, 3−, 5+, 5+, 5+)-¡, (2, 4+, 4+, 4+, 4+)-¡.

e f � (2, 3−, 5+, 5+, 5+)-¡, d R3, w′(f) ≥ −1 + 3× 1
2

= 1
2
. e f � (2, 4+, 4+, 4+, 4+)-¡, d R3,

w′(f) ≥ −1 + 4× 1
4

= 0. t

nþ?Ø��,Ø
 2-:, ∀ x ∈ V (G)∪F (G),Ñkw′(x) ≥ 0. Ïd, −12 =
∑

x∈V (G)∪F (G)

w(x) =∑
x∈V (G)∪F (G)

w′(x) ≥ 2× (−2) = (−4), gñ. Ïd, �~Ø�3, =Ún 4¤á.

�¹ 3 δ(G) = 2, � G¥���3 3� 2-:.

d��1��=£5K� R1 ∼ R4.

du GØ¹kfã/ H2, H8 ∼ H14 , K GäkXe5�.

äó 3.1 � 2-:'é� 3-¡� (2, 3+, 5+)-¡.

äó 3.2 � 2-:'é� 4-¡� (2, 3, 5+, 5+)-¡½ (2, 4+, 4+, 5+)-¡.

äó 3.3 � 2-:'é� 5-¡� (2, 3, 5+, 5+, 5+)-¡½ (2, 4+, 4+, 4+, 4+)-¡.

äó 3.4 ü� 2-:Ø��.

äó 3.5 ?Û 3+-: v�õ� 1� 2-:�.

äó 3.6 � v´� 2-:�� k-: (k ≥ 4), K vØ� (3−, 4−, k)-¡'é.

� v´ 2-:, e: v� 3-:��, K¡: v�AÏ 2-:. ÄK, ¡: v�ÊÏ 2-:. d GØ¹f

ã/ H15 , Ke�äó¤á.

äó 3.7 ã¥�õ�3��AÏ 2-:.

e¡·�ÏLü�äó5y²
∑

x∈V (G)∪F (G)

w′(x) ≥ −2.

äó 3.8 éuAÏ 2-: v, w′(v) ≥ −2; éuÊÏ 2-:½ 3+-: v, w′(v) ≥ 0.

y² b� d(v) = k. - v1, · · · , vk ´ v��Ø�3²¡þ�^����ü�. - fi ´± vvi Ú

vvi+1�>.>�¡, Ù¥ 1 ≤ i ≤ k� vk+1 = v1.

b� k = 2, K w(v) = −2. e v �ÊÏ 2-:, K n4+(v) ≥ 2. d R4 , w′(v) ≥ −2 + 2 × 1 = 0.

e v�AÏ 2-:, K w′(v) ≥ −2. b� k = 3, K w′(v) = w(v) = 0. ¤±e¡�Ä k ≥ 4. däó 3.5

�, n2(v) ≤ 1. e n2(v) = 0,KÓ�¹ 1aq�y w′(v) ≥ 0. e¡�Ä n2(v) = 1, Ø�� d(v1) = 2.

b� k = 4, K w(v) = 2. d P1�, f3(v) + f4(v) + f5(v) ≤ 2. däó 3.1�, d(f1) ≥ 4�

d(f4) ≥ 4. Ïd, f3(v) ≤ 1. e f3(v) = 1, K f4(v) + f5(v) ≤ 1. d GØ¹ H16 �� v 'é� 3-¡

7� (4, 5+, 5+)-¡. d R1 ∼ R4, w′(v) ≥ 2 − 1 − 2
3

= 1
3
. e f3(v) = 0, K f4(v) + f5(v) ≤ 2. �

f4(v)+f5(v) = 2�,K f1½ f4� 4-¡½ 5-¡,Ø��� f1. däó 3.2�, f1� (2, 4, 4+, 5+)-¡½

5-¡. d R2 ∼ R3� τ(v → f1) ≤ 1
4
. d R2 ∼ R4, w′(v) ≥ 2− 1− 1

4
− 2

3
= 1

12
. � f4(v) + f5(v) ≤ 1

�, d R2 ∼ R4, w′(v) ≥ 2− 1− 2
3

= 1
3
.
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b� k = 5,Kw(v) = 4.d P1�, f3(v)+f4(v)+f5(v) ≤ 2. däó 3.6�, vØ� (3−, 4−, 5)-¡

'é. Ïd, d R1� v �õ�'é� 3-¡= 3
2
. l
d R1 ∼ R4�, w′(v) ≥ 4 − 1 − 3

2
(f3(v) +

f4(v) + f5(v)) ≥ 4− 1− 3
2
× 2 = 0.

b� k ≥ 6, K w(v) = 2k − 6. d P1�, f3(v) + f4(v) + f5(v) ≤ bk
2
c. däó 3.6�, v Ø�

(3−, 4−, k)-¡'é. d R1� v�õ�'é� 3-¡= 3
2
. d R1 ∼ R4, w′(v) ≥ 2k− 6− 1− 3

2
×bk

2
c ≥

2k − 7− 3
4
k = 5

4
k − 7 > 0. t

äó 3.9 éz� f ∈ F (G)Ñk w′(f) ≥ 0.

y² b� d(f) ≥ 6, K w′(f) = w(f) ≥ 0. e¡�Ä 3 ≤ d(f) ≤ 5. e¡ f � 2-:'é, KÓ�

¹ 2aq�y. e¡ f Ø� 2-:'é, KÓ�¹ 1aq�y. t

nþ?Ø��, ØAÏ 2-:	,é ∀x ∈ V (G) ∪ F (G), k w′(x) ≥ 0. däó 3.7�ã¥�õ�3

��AÏ 2-:. Ïd, −12 =
∑

x∈V (G)∪F (G)

w(x) =
∑

x∈V (G)∪F (G)

w′(x) ≥ −2, gñ. Ïd, �~Ø�3,

=Ún 4¤á.

�¹ 4 δ(G) = 1.

du GØ¹fã/ H17Ú H18 , Ïdã GäkXe5�.

äó 4.1 G¥�?Û 3-¡Ñ´ (3−, 5+, 5+)-¡½ (4+, 4+, 4+)- ¡.

äó 4.2 G¥� 2-:'é� 4-¡� (2, 5+, 5+, 5+)-¡.

du 1-:�U¬'é����~ 5-¡, ·�^ w′s5L« 1-:9Ù'é���~ 5-¡�#�Ú.

f�/ 4.1 G¥�3 1� 1-:, �õ 2� 2-:.

d��1��=£5KÓ�¹ 2 . w,, Ø
 1-:9Ù'é���~ 5-¡±9 2-:	,

·��±�yéz� x ∈ V (G) ∪ F (G) , k w′(x) ≥ 0. 
 w′s ≥ −4 + (−1) = −5. Ïd,

−12 =
∑

x∈V (G)∪F (G)

w(x) =
∑

x∈V (G)∪F (G)

w′(x) ≥ w′s + 2× (−2) = −9, gñ. Ïd, �~Ø�3, =Ú

n 4¤á.

f�/ 4.2 G¥�3 1� 1-:, �� 3� 2-:.

d��1��=£5KÓ�¹ 3 . w,, Ø
 1-:9Ù'é���~ 5-¡±9AÏ 2-:

	, ·��±�yéz� x ∈ V (G) ∪ F (G) , k w′(x) ≥ 0. 
 w′s ≥ −4 + (−1) = −5. Ïd,

−12 =
∑

x∈V (G)∪F (G)

w(x) =
∑

x∈V (G)∪F (G)

w′(x) ≥ w′s + (−2) = −7, gñ. Ïd, �~Ø�3, =Ún 4

¤á.

f�/ 4.3 G¥�3 2� 1-:.

d GØ¹kfã/ H19 , K G¥Ø�3Ù¦� 2−-:, þ� 3+-:. d��1��=£5KÓ

�¹ 1 . w,, Ø
 1-:9Ù'é���~ 5-¡	, ·��±�yéz� x ∈ V (G) ∪ F (G) , k

w′(x) ≥ 0. 
 w′s ≥ 2 × (−5) = −10. Ïd, −12 =
∑

x∈V (G)∪F (G)

w(x) =
∑

x∈V (G)∪F (G)

w′(x) ≥ w′s ≥
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−10, gñ. Ïd, �~Ø�3, =Ún 4¤á. t

3. Ì�½n�y²

½n 1 e G´��Ø¹�� 5−-��²¡ã, Ké?¿ k ≥ max{∆, 5}, ã G´þ! k- �/

�.

y² æ^�y{. b� G´:ê����~ã. e G�z�ëÏ©|�õ 4�:, K ∆ ≤ 3.

Ké?¿ k ≥ max{∆, 5} = 5 > ∆ + 1, dÚn 3�, ãG´þ! k-�/�. eGk��ëÏ©|�

� 5�:, KdÚn 4�, ã G���¹ H1 ∼ H19���fã/. e¡Ïék k�º:�f8 S.

e G�¹fã/ Hi, i ∈ {2, 4, 7, 10, 12, 13, 14, 16, 17, 18},- S′ = {xk, xk−1, xk−2, x2, x1}.

e G�¹fã/ Hi, i ∈ {3, 5, 6, 9, 15},- S′ = {xk, xk−1, xk−2, xk−3, x1}.

e G�¹fã/ Hi, i ∈ {1, 8, 11, 19},- S′ = {xk, xk−1, xk−2, x1}.

e¡l S′ Ñu�E8Ü S. dÚn 2 � G ´ 3-òz�, ¤± G − S′ �´ 3-òz�. 3

G − S′ ¥���Ý:, ,�3¤��fã¥2���Ý:, · · ·, ù�­E�:, ·��±��8Ü

S = {xk, xk−1, xk−2, · · ·x2, x1}.

N´�y, é ∀ xi ∈ S , 1 ≤ i ≤ kk | NG(xi)− S | ≤ k − i.

- H = G − S ⊆ G, V (H) ⊆ V (G), K ∆(H) ≤ ∆. e ∆(H) < ∆, K k ≥ max{∆, 5} ≥ ∆ ≥
∆(H) + 1. KdÚn 3�, H ´þ! k-�/�. e ∆(H) = ∆, Kd G�4�5�, H ´þ! k-�

/�. dÚn 1��, G´þ! k-�/�. t

íØ 1 z�� ∆ ≥ 5�Ø¹�� 5−-��²¡ã´þ! ∆-�/�.

(ÜíØ 1±9©z [5]Ú [6]�(J, ·��±��±e(Ø.

½n 2 z��Ø¹�� 5−-��²¡ã÷vß� 3.
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