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Abstract

In this paper, we mainly deal with the initial-boundary value problem for the frac-

tional damped wave equations utt + (−∆)su + (−∆)sut = u ln |u|, where s ∈ (0, 1). The

operator (−∆)s is the fractional Laplace operator. In recent years, this operator has

become a research hotspot in physics, financial mathematics, fluid dynamics and oth-

er disciplines. At the arbitrary initial energy levels, the local well-posedness of weak

solutions to above problem is proved by using Galerkin approximation method and

contraction mapping principle under some certain conditions.
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3L�n�c¥, ©ê�uÐ�§®¤����Æ+�¥��g,�., Úå
¯õÆö�
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�\2��A^. lêÆ��Ý5w, ¹kùa�f� �©�§�^5£ãNõE,�y�, ¿¼

�
´L�nØ¤J(ë�©z [1–3] 9Ùë�©z). éê��5�u ln |u|3ÔnÆÓ�äkN
õk��ïÄ, §�±g,/^u�é¡|Ø, þfåÆÚØÔn [4,5]¥. Galerkin�{3 �©�

§�ïÄ¥A^�~2� [6–8], 3�Ä �©�§)��35�§·�Ï~¬|^d�{òE,

� �©�§=z�~�©�§?1¦). Ø N��n3y²�§)��3��5�§Ó�ä

kÞv���^.
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 utt + (−∆)su+ (−∆)sut = u ln |u|, (x, t) ∈ Ω× (0, T ),
u(x, t) = 0, (x, t) ∈ (Rn \ Ω)× [0, T ),
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1.1)

Ù¥Ω´Rn(n ≥ 2s)¥�k1w>.∂Ω �k.«�, s ∈ (0, 1); ©ê�Laplace�f(−∆)sdXeÛ

ÉÈ©½Â

(−∆)su(x) = −C(n, s)

2

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

|y|n+2s
dy, x ∈ Rn,

Ù¥C(n, s) =
(∫

Rn

1−cos ξ1
|ξ|n+2s dξ

)−1

´��8�z~ê. 3ùp, ·��Ä½Â3Ωþ�©ê

�Laplace�f(−∆)s, ´Ùéu¤½Â�*Ð)|�X¯K, ù¿�X

(−∆)su(x) = −C(n, s)

2

∫
Rn

u(x+ y) + u(x− y)− 2u(x)

|y|n+2s
dy, x ∈ Ω.

Ïd, Ð>�¯K(1.1)�)|�Xêâ´3Rn \ Ωþ��NÈ�å�Ñ�, Ø==´3∂Ωþ, ù

��f(−∆)s ��ÛÜA���.

�©�ÑÐ>�¯K(1.1)3?¿Ð©Uþe)�ÛÜ·½5�y², ùò�?�ÚïÄ¯

K(1.1))��Û�35!ìC1�Ú�»JøÄ:.

2. ý��£9Ì�(J

3ù�!, Äk�ã�Ð>�¯K(1.1)�'�©ê�Sobolev�m�½ÂÚ�ê�5�, �õ�

[!�±ë�©z [9].

·��Q = R2n \ O, Ù¥O = (CΩ) × (CΩ) ⊂ R2n, CΩ = Rn \ Ω, K�mX : Rn → R´�
�Lebesgue�ÿ��5�m, �÷v��3Ω þ�u ∈ X áu�mL2(Ω)§=¦�∫

Q

|u(x)− u(y)|2

|x− y|n+2s
dx dy <∞,

Ù�mX��ê½Â�

‖u‖X =

(∫
Ω

|u(x)|2 dx+

∫
Q

|u(x)− u(y)|2

|x− y|n+2s
dx dy

) 1
2

. (2.1)

?�Ú§½Â©ê�Sobolev�mX0�

X0 = {u ∈ X : u = 0 a.e. in Rn \ Ω}.

D��ê

‖u‖X0
=

(∫
Q

|u(x)− u(y)|2

|x− y|n+2s
dx dy

) 1
2

, (2.2)
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�SÈL«�

(u, v)X0
=

∫
Q

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dx dy.

,	, éu?¿�u ∈ X0, ·�kXe'Xª¤á

((−∆)su, v)L2(Rn) =
(
(−∆)

s
2u, (−∆)

s
2 v
)
L2(Rn)

=
1

2
C(n, s)(u, v)X0

, (2.3)

�v = u�,

((−∆)su, u)L2(Rn) = ‖(−∆)
s
2u‖2L2(Rn) =

1

2
C(n, s)‖u‖2X0

. (2.4)

�e5§·��Ñ�mX0 ↪→ L2∗
�Sobolevi\½n, ÙQãXe.

Ún 2.1. �s ∈ (0, 1)�u ∈ X0. @o, �3���nÚs�'��Zi\~êB 2n
n−2s

, ¦�

‖u‖2L2∗ (Ω) = ‖u‖2L2∗ (Rn) ≤ B
2

2n
n−2s

∫
Q

|u(x)− u(y)|2

|x− y|n+2s
dx dy = B2

2n
n−2s
‖u‖2X0

, (2.5)

Ù¥2∗ = 2n
n−2s

.

�©�Ì�(ØXe:

½n 2.1. (ÛÜ·½5) eu0(x) ∈ X0, u1(x) ∈ L2(Ω), K�3���mT > 0, ¦�¯K(1.1)�3

�����f)u, ÷v

u ∈ L∞([0, T ], X0) � ut ∈ L∞([0, T ], L2) ∩ L2([0, T ], X0).

3. ÛÜ·½5

ù�!·�ò3?¿Ð©Uþe§y²¯K(1.1)ÛÜ)��3��5. �
�Bå�, ���

�½�T > 0, ½ÂXe�m

D :=
{
u ∈ L∞([0, T ], X0) � ut ∈ L∞([0, T ], L2) ∩ L2([0, T ], X0)

}
, (3.1)

�D��ê

‖u‖2D = max
t∈[0,T ]

(
1

2
C(n, s)‖u(t)‖2X0

+ ‖ut(t)‖22
)
. (3.2)

d	, ·��ÑXe'�5Ún, §éy²�!Ì�(ØåX�~��^.

Ún 3.1. éu∀ T > 0Úu ∈ D, �3�����

z ∈ D� ztt ∈ L∞([0, T ], Y0), (3.3)
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�÷vXe��5Ð>�¯K
ztt + (−∆)sz + (−∆)szt = u ln |u|, (x, t) ∈ Ω× [0, T ),

z(x, t) = 0, (x, t) ∈ (Rn \ Ω)× [0, T ),

z(x, 0) = u0(x), zt(x, 0) = u1(x), x ∈ Ω,

(3.4)

Ù¥Y0´X0�éó�m, u0(x) Úu1(x)®3Ð>�¯K(1.1)¥½Â.

y². Äk, ·�ò|^IO�Galerkin�{, y²z��35. -{ωk(x)}∞k=1´X0¥(−∆)s��|Ä

¼ê, ÷v

(−∆)sωk(x) = λkωk(x),

Ù¥λk´éA�A��. ·�½Â

uk0 =
m∑
k=1

(∫
Ω

u0ωk dx

)
ωk, uk1 =

m∑
k=1

(∫
Ω

u1ωk dx

)
ωk.

Ïd, �k →∞�, 3X0þku
k
0 → u0, 3L2(Ω)þkuk1 → u1. éu¤kk ≥ 1, ·��±é��
¼

êd1
m, . . . , d

k
m ∈ C2[0, T ], ¦�Cq)zm(x, t) ÷v¯K(3.4). zm(x, t)��¤:

zm(x, t) =

m∑
k=1

dkm(t)ωk, (3.5)

�÷vXe�5¯K
∫

Ω
(z̈m + (−∆)szm + (−∆)sżm − u ln |u|) η dx = 0, (x, t) ∈ Ω× [0, T ),

zm(0) = um0 , żm(0) = um1 , x ∈ Ω,
(3.6)

Ù¥żm = dzm
dt

, η ∈ X0. 3¯K(3.6)¥, -η = ωk, ��

(z̈m, ωk) = d̈km(t), (3.7)

((−∆)szm, ωk) = λkd
k
m(t), (3.8)

((−∆)sżm, ωk) = λkḋ
k
m(t). (3.9)

ù�, ·��±����äk��¼êdkm��5~�©�§�Ð�¯Kµd̈km(t) + λkd
k
m(t) + λkḋ

k
m(t) =

∫
Ω
u(t) ln |u(t)|ωk dx, (x, t) ∈ Ω× [0, T ),

dkm(0) =
∫

Ω
u0ωk dx, ḋ

k
m(0) =

∫
Ω
u1ωk dx, x ∈ Ω.

(3.10)
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Ïd, þã¯Ké¤kkÑ�������ÛÜ)dkm ∈ C2[0, T ], ùÒ¿�X�3���d

ªf(3.5)½Â�zm ÷v(3.6). �e5, �Ñ
∫

Ω
(u ln |u|)2

dx��O. ÏL��O��Ún2.1¥

�Sobolevi\, ��∫
Ω

(u ln |u|)2 dx =

∫
{x∈Ω;|u(x)|≤1}

(u ln |u|)2 dx+

∫
{x∈Ω;|u(x)|>1}

(u ln |u|)2 dx

≤ e−2|Ω|+
(
n− 2s

2s

)2 ∫
{x∈Ω;|u(x)|>1}

u
2n

n−2s dx

≤ e−2|Ω|+
(
n− 2s

2s

)2

‖u‖
2n

n−2s

L
2n

n−2s

≤ e−2|Ω|+
(
n− 2s

2s

)2

B
2n

n−2s
2n

n−2s

‖u‖
2n

n−2s

X0
,

(3.11)

Ù¥B 2n
n−2s
´Sobolevi\X0 ↪→ L

2n
n−2s (Ω)��Z~ê.

?�Ú/, éu¤k�m ≥ 1, 3(3.6)¥�η = żm(t), ¿�3[0, t] ⊂ [0, T ]þ?1È©, (Üª

f(3.11), ·��±��

‖żm‖2 +
1

2
C(n, s)‖zm‖2X0

+ C(n, s)

∫ t

0

‖żm‖2X0
dτ

≤C(n, s)‖um0 ‖2X0
+ ‖um1 ‖2 + C +

∫ t

0

‖żm‖2 dτ

≤C +

∫ t

0

(
‖żm‖2 +

1

2
C(n, s)‖zm‖2X0

+ C(n, s)

∫ τ

0

‖żm‖2X0
dς

)
dτ.

(3.12)

|^GronwallØ�ª, ´�

‖żm‖2 +
1

2
C(n, s)‖zm‖2X0

+ C(n, s)

∫ t

0

‖żm‖2X0
dτ ≤ CeT . (3.13)

,	, ò(3.6)¥1���§ü>Ó�Ø±‖η‖X0
, k

< z̈m, η >

‖η‖X0

=
(u ln |u|, η)− ((−∆)szm, η)− ((−∆)sżm, η)

‖η‖X0

.

d(3.11), (3.13)ÚHölderØ�ª, ��

< z̈m, η >

‖η‖X0

≤ C(T ). (3.14)

éuη ∈ X0 \ {0}, (3.14)ü>Ó��þ., k

‖z̈m‖Y0
≤ C(T ). (3.15)

¤±, �3��S�{zm}, ¦�
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{zm} 3L∞([0, T ], X0)þk.;

{żm} 3L∞([0, T ], L2(Ω)) ∩ L2([0, T ], X0)þk.;

{z̈m} 3L∞([0, T ], Y0)þk..

Ïd, ���3)z ∈ D ∩ C2([0, T ], Y0)÷v¯K(3.4).

��, ·�y²T)���5. |^�y{, b��3ü�)vÚw, ©O÷v¯K(3.4). �\�

ò���ü��§�~, ¿��vt − wt �SÈ, ��

‖vt − wt‖2 +
1

2
C(n, s)‖v − w‖2X0

+ C(n, s)

t∫
0

‖vτ − wτ‖2X0
dτ = 0,

ù`²
v ≡ w. Ún3.1y²�..

y3, ·��ÑÐ>�¯K(1.1)ÛÜ·½5�y².

½n2.1�y². �R2 = 1
2
C(n, s)‖u0‖2X0

+ ‖u1‖2, �

BT = {u ∈ D : u(x, 0) = u0, ut(x, 0) = u1, ‖u‖D ≤ R} , ∀ T > 0. (3.16)

ÏLÚn3.1, ·���éu∀ u ∈ BT , �3���)z¦�¯K(3.4)¤á. 3ùp, ·�òy²éu

��·��T ≥ 0, Ψ ´��Ø N�, =Ψ(BT ) ⊂ BT .

Äk, ò¯K(3.4)¥�1���§3Ω× [0, t)þ�zt�SÈ, �

‖zt‖2 +
1

2
C(n, s)‖z‖2X0

+ C(n, s)

∫ t

0

‖zt‖2X0
dτ

=
1

2
C(n, s)‖u0‖2X0

+ ‖u1‖2 + 2

∫ t

0

∫
Ω

u ln |u| zt dx dτ,
(3.17)

Ù¥z = Ψ(u)´�u ∈ BT�½�, ¯K(3.4)éA�). |^Cauchy-SchwarzØ�ªÚYoungØ�ª,

k

2

∫ t

0

∫
Ω

u ln |u| zt(τ) dx dτ ≤ 2

∫ t

0

‖u ln |u|‖‖zt‖ dτ ≤
∫ t

0

(2‖u ln |u|‖2 +
1

2
‖zt‖2) dτ, (3.18)

?�Ú(Ü(3.11), ´�

2

∫ t

0

∫
Ω

u ln |u| zt dx dτ ≤ CT (R
2n

n−2s + 1) +
1

2
C(n, s)

∫ t

0

‖zt‖2X0
dτ, ∀ t ∈ (0, T ]. (3.19)

d(3.17)Ú(3.19), 3[0, T ]þ����, ��

‖z‖2D ≤
1

2
R2 + CT (R

2n
n−2s + 1). (3.20)

�Tv
��, ·�k‖z‖D ≤ R, ù`²
Ψ(BT ) ⊂ BT .
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b�BT¥�3ü�¼êw1Úw2. -z1 = Ψ(w1), z2 = Ψ(w2), ¿��z = z1− z2. ò¯K(3.4)¥

�1���§�zt �¦�3Ω× (0, t)þÈ©, ��∫ t

0

〈ztt, zt〉 dτ +
1

2
C(n, s)

∫ t

0

(zt, z)X0
dτ +

1

2
C(n, s)

∫ t

0

(zt, zt)X0
dτ

=

∫ t

0

∫
Ω

(w1 ln |w1| − w2 ln |w2|)zt dx dτ.
(3.21)

|^Lagrange½n, ÏL���O�, k

‖zt‖2 +
1

2
C(n, s)‖z‖2X0

+ C(n, s)

∫ t

0

‖zt‖2X0
dτ

= 2

∫ t

0

∫
Ω

(w1 − w2)(|ξ|+ 1) zt dx dτ

≤ C
∫ t

0

‖w1 − w2‖
(
‖zt‖2 +

1

2
C(n, s)‖z‖2X0

+ C(n, s)

∫ t

0

‖zt‖2X0
dτ

) 1
2

dτ,

(3.22)

Ù¥0 ≤ |ξ| ≤ ln |w1 + w2|. dGronwallØ�ª, ��

(
‖zt‖2 +

1

2
C(n, s)‖z‖2X0

+ C(n, s)

∫ t

0

‖zt‖2X0
dτ

) 1
2

≤ CT‖w1 − w2‖D.

Ïd, ·�uy

‖Ψ(w1)−Ψ(w2)‖2 = ‖z‖2D ≤ C2T 2‖w1 − w2‖2D ≤ σ‖w1 − w2‖2D, (3.23)

ù�§�·��Tv
��§o�±(��3σ < 1. �âØ N��n, �y²Ð>�¯K(1.1)�

3���f).y..

4. o(�Ð"

�©|^Galerkin%C{ÚØ N��n, y²3?¿Ð©Uþe, äkéê��5��©ê

�{ZÅÄ�§utt + (−∆)su+ (−∆)sut = u ln |u| �Ð>�¯K)äkÛÜ·½5. ·�ò3�©

�Ä:þ§?�ÚïÄ¯K(1.1)3g�.Ð©UþÚ�.Ð©Uþ^�e, )��Û�35!ìC

1�Ú�»��'�5�.
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