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Abstract

In this paper, we deal with the existence result of Kirchhoff equation with sign-

changing weight

−(a+ b

∫
R3

|∇u|2dx)∆u+ u = V (x)|u|p−1u x ∈ R3,

where a, b > 0, 3 < p < 5, V (x) is a continuous and sign-changing function such that

lim|x|→∞ V (x) = V∞ < 0.
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1. ÚóÚÌ�(J

3�©¥, �Äe¡ Kirchhoff�§)��35

−(a+ b

∫
R3

|∇u|2dx)∆u+ u = V (x)|u|p−1u x ∈ R3, (1)

Ù¥ a, b > 0, 3 < p < 5, V ´��CÒ¼ê�÷v:

(V ) V (x) ∈ C(R3,R)Ú V∞ = lim
|x|→∞

V (x) < 0.

¯K (1)5gu��� Kirchhoff�§

−(a+ b

∫
Ω

|∇u|2dx)∆u = f(x, u), (2)
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ù�±e Kirchhoff.�§�·��[k'

utt − (a+ b

∫
Ω

|∇u|2dx)∆u = f(x, u). (3)

·�5¿�, ��éÍ¶� D’AlembertÅÄ�§'u�5ugd�Ä���í2, Kirchhoff3©

z [1]¥ÄgÚ\
�§ (3). éu Kirchhoffa.¯K��õ�µ, ·��±ë�©z [2]. g Lions

3©z [3]�k°5ó�±5, ®²��
Nõ'uKirchhoff.¯K�(J, �±ë�©z [4–21]Ú

Ù¥�ë�©z. ,, â·�¤�, é�kØ©�ÄäkCÒ�� Kirchhoff�§)��35(J.

�C, Yu3 [22]¥�Ä
±e Schrödinger-PoissonXÚ −∆u+ u+ φu = a(x)|u|p−1u, x ∈ R3,

−∆φ = k(x)u2, x ∈ R3,
(4)

Ù¥ 3 ≤ p < 5, a(x)3 R3 ¥´��ëY�CÒ¼ê� lim
|x|→∞

a(x) = a∞ < 0, k(x)´ëY�¿�

k(x) ∈ L2(R3). |^ì´Ún [23], �öy²
T¯K��k���²�). Éþãó��éu, ·

�ïÄ Kirchhoff¯K (1)�²�)��35, Ì�(JXeµ

½n1.1 e V (x)÷v^� (V ), �§ (1)���3���²�).

2. Ì�(J�y²

H1(R3)´ Sobolev�mÙSÈÚ�êXe

(u, v) =

∫
R3

∇u∇v + uv, ‖u‖ = (u, u)1/2.

�§ (1)�)´±e¼ê��.:

Γ(u) =
1

2
(a

∫
R3

|∇u|2dx+

∫
R3

|u|2dx) +
b

4
(

∫
R3

|∇u|2dx)2 − 1

p+ 1

∫
R3

V (x)|u|p+1dx.

-

V (x) = V +(x)− V −(x), (5)

Ù¥

V +(x) =

V (x), XJ V (x) ≥ 0,

0, XJ V (x) < 0,
(6)

Ú

V −(x) =

 0, XJ V (x) ≥ 0,

− V (x), XJ V (x) < 0.
(7)
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e¡, ·�òy²�¼ Γ÷v (PS)c^�.

Ún2.1 �¼ Γ÷v (PS)c^�.

y²: � {un} ∈ H1(R3), � n→∞�k

Γ(un) ≤ c, Γ′(un)→ 0. (8)

�y²ù�Ún, �Iy² {un}3 H1(R3)¥k��rÂñ�f�=�. Äky² {un}k..

ÏL (8), éN´�Ñ

a

∫
R3

|∇un|2dx+

∫
R3

|un|2dx+ b(

∫
R3

|∇un|2dx)2 −
∫
R3

V (x)|un|p+1dx = o(1)‖un‖, (9)

Ú

a

2

∫
R3

|∇un|2dx+
1

2

∫
R3

|un|2dx+
b

4
(

∫
R3

|∇un|2dx)2 − 1

p+ 1

∫
R3

V (x)|un|p+1dx ≤ c. (10)

|^ (9)Ú (10), k

(
1

2
− 1

p+ 1
)[

∫
R3

(a|∇un|2 + |un|2)dx] + b(
1

4
− 1

p+ 1
)(

∫
R3

|∇un|2dx)2 ≤ c+ o(1)‖un‖. (11)

du p > 3, �±��

(
1

2
− 1

p+ 1
)min{a, 1}‖un‖2 ≤ c+ o(1)‖un‖. (12)

¤±k ‖un‖ ≤ C. Ïd, ·�b�3 H1(R3)¥ un ⇀ uÚ� n→∞�∫
R3

|∇un|2dx→ A (13)

�â (5), (9)±9 ‖un‖ ≤ C, k

a

∫
R3

|∇un|2dx+

∫
R3

|un|2dx+ b(

∫
R3

|∇un|2dx)2 +

∫
R3

V −(x)|un|p+1dx

=

∫
R3

V +(x)|un|p+1dx+ o(1).

(14)

d Γ′(un)→ 0��

a

∫
R3

∇u∇vdx+

∫
R3

uvdx+ bA

∫
R3

∇u∇vdx+

∫
R3

V −(x)|u|p−1uvdx

=

∫
R3

V +(x)|u|p−1uvdx, ∀ v ∈ H1(R3).

(15)
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3 (15)¥� v = u, �±��

a

∫
R3

|∇u|2dx+

∫
R3

u2dx+ bA

∫
R3

|∇u|2dx+

∫
R3

V −(x)|u|p+1dx

=

∫
R3

V +(x)|u|p+1dx.

(16)

�âb�^� (V ), �� V +(x)k��;|8, l��∫
R3

V +(x)|un|p+1dx =

∫
R3

V +(x)|u|p+1dx+ o(1). (17)

(Ü (14), (16)±9 (17), �±��

a

∫
R3

|∇un|2dx+

∫
R3

u2
ndx+ b(

∫
R3

|∇un|2dx)2 +

∫
R3

V −(x)|un|p+1dx

= a

∫
R3

|∇u|2dx+

∫
R3

u2dx+ bA2

∫
R3

|∇u|2dx+

∫
R3

V −(x)|u|p+1dx+ o(1).

(18)

b� un 9 u,Kk ‖u‖+o(1) < ‖un‖. ? ‖u‖L2 +o(1) < ‖un‖L2Ú ‖∇u‖L2 +o(1) < ‖∇un‖L2

��k��´¤á�. Ïd·��±íäÑ

a

∫
R3

|∇un|2dx+

∫
R3

u2
ndx > a

∫
R3

|∇u|2dx+

∫
R3

u2dx+ o(1). (19)

�â (13), (19)Ú FatouÚn�

a

∫
R3

|∇un|2dx+

∫
R3

u2
ndx+ b(

∫
R3

|∇un|2dx)2 +

∫
R3

V −(x)|un|p+1dx

> a

∫
R3

|∇u|2dx+

∫
R3

u2dx+ bA2

∫
R3

|∇u|2dx+

∫
R3

V −(x)|u|p+1dx+ o(1),

ù� (18)gñ. ¤±, 3 H1(R3)¥ un → u.

½n1.1�y²: ��¡, d SobolevØ�ªÚ 3 < p < 5, ·��±��

Γ(u) ≥ 1

2
min{a, 1}‖u‖2 − ‖V ‖L∞‖u‖p+1, (20)

l�3~ê α, ρ > 0¦� Γ|Bρ
≥ α > 0.

,��¡, ÀJ ϕ ∈ H1(R3)¦� suppϕ ⊂ suppa+, Kk

Γ(tϕ) =
t2

2

∫
R3

(a|∇ϕ|2dx+ ϕ2)dx+
t4

4
(

∫
R3

|∇ϕ|2dx)2 − tp+1

p+ 1

∫
R3

V +|ϕ|p+1dx. (21)

du p > 3, �3 t0 ¦� Γ(t0ϕ) < 0. Ïd, ·�y²
¼ê Γäkì´AÛ(�. ?dÚn2.1

���§ (1)��k���²�).
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3. o(

�©Ì�|^ì´Úny²
�a�CÒ� Kirchhoff�§)��35. äN5`, òy²�§

�²�)��35¯K=z�¦)�§éA��¼�.:¯K, �Xy²
�¼÷v (PS)^�, �

�(Ü SobolevØ�ªy²
T�§���3���²�).
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