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Abstract

In this paper, we study the problem of one-dimensional attenuation estimation of dis-

persion semigroups F−1ei[xξ+(ξn+ξ)t]F when n is odd and bounded by using the estimated

oscillatory integration method obtained by Zhang. The importance of the estimated
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oscillatory integration method in the study of semigroup attenuation is demonstrated.
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1. Úó

Strichartz .�O (�m õ�m�O) 3ïÄÚÑ�§)��K5�¯K¥äk2��A^.

<�éÚÑ�§)�Strichartz .�OkX¿©�ïÄ. 3 [1] ¥, Strichartz �Ä�O©Ù Fdµ

�Fp�C���O, d	�ïÄ
 d’Alembertian Å�§!Klein-Gordon �§ÚSchrödinger �

§)�P~�O. 3 [2] ¥, Ben-Artzi �Ä
∫∞
0
e−i(xλ+

t
mλm)a(λ)dλ � L∞ �O, 3T(Ø�Ä

:þ��
2ÂAiry �§½ Schrödinger �§!�5[�©�§)�P~�O. ?�Ú, 3 [3]

¥, Ben-Artzi ïÄ
/X
∫∞
0
ξαeit(P (ξ)−xξ)dξ ���È©����O, |^T�O��p��

5Kadomtsev-Petviashvili �§)�P~�O. 3 [4] ¥, Cui |^
 [5]! [6] ¥���È©½ní

�Ñ/X∂tu − iP (−i∂x)u = f(x, t) ��§)� Strichartz �O. 3 [7] ¥, Wang ïÄ
ÚÑ�+

F−1eitP (ξ)F � L1 − L∞ �O, ÄuT�OU?
Klein-Gordon �§ÚBean �§�P~(J.

Strichartz .�O¥����Ú´�+� Lp
′ − Lp �O. ��+� Lp

′ − Lp �O�'��
�È©�f�O�´���É'5�9:¯K, 3ïÄùa¯K¥�~^�Ä�óä´ Van der

Corput Ún. 2021cZhang �<3 [8] ¥í�� /Stationary Set0�O½n3�½§Ýþí2


Van der Corput Ún�^�. 3 [7] ¥, ·�uy Wang 3ïÄ P (ξ) ��àg¼ê�, kò P (ξ)

{z�»�¼ê, 2|^ Van der Corput Ún?n
�+3���m¥�P~�O¯K. u´, ·

��Ä3ïÄ/X P (ξ) = ξn + ξ��àg¼ê��+P~�O¯K�, |^ [8] ¥ /Stationary

Set0�O½n, ØI�ò�àg¼ê{z�»�¼ê. ·�kXe(Jµ

� U(t) = F−1eitP (ξ)F, t ∈ R+, P (ξ) = ξn + ξ, ξ ∈ R, Ù¥ p ≥ 2, 1
p

+ 1
p′

= 1, n �k.�Û

ê, Ke¡��O¤áµ

‖U(t)u0‖Lp[0,c] . t
2
p−1‖u0‖Lp′ .

Wang 3 [7] ¥��
 P (ξ) ©O�
√

1 + ξ2,
√

1 + ξ4, ξ4 + ξ2 ùAa�+3���m¥�P~

�O(J. w,, �©�Ì�(JØ�¹3 [7]¥. Wang3?n�àg�/� P (ξ)�, òÙ{z�»

�¼ê, ¿�÷v (H1)− (H4) o�^�, Ù¥ (H1)!(H3) ´pª^�, (H2)!(H4) ´$ª^
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�, �©��|^�/Stationary Set0�O½nØI�òÙ=��»�¼ê.

2. ½n1.1�y²

��O�, ·�{�£� /Stationary Set0�O½n, äNSNXeµ [8] � d, k ≥ 1, Q(ξ)

´Cþ ξ ∈ [0, 1]d ¥�k.��ê¼ê, ÙE,5 ≤ k, K∣∣∣∣∫
[0,1]d

eiQ(ξ)dξ

∣∣∣∣ .d,k sup
µ∈R
|{ξ ∈ [0, 1]d : µ ≤ Q(ξ) ≤ µ+ 1}|.

Ù¥, Û¹�~ê=� d Ú k k', d ´�ê.

·�3A^þã½n�=I Q(ξ) ´gêk.�õ�ª, w,½n1.1¥ P (ξ) ÷v^�. Äuþ

ã½n, e¡y²½n1.1.

½n1.1�y². d Young Ø�ª��

‖U(t)u0‖L∞ ≤ ‖F−1eit(ξ
n+ξ)‖L∞‖u0‖L1 ≤ (J1 + J2 + J3 + J4)‖u0‖L1 . (1)

Ù¥

J1 =

∣∣∣∣∫ c

0

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ ;
J2 =

∣∣∣∣∫ +∞

c

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ ;
J3 =

∣∣∣∣∫ 0

−c
ei[tξ

n+(t+x)ξ]dξ

∣∣∣∣ ;
J4 =

∣∣∣∣∫ −c
−∞

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ .
d Plancherel ½n��

‖U(t)u0‖2 = ‖F−1eitP (ξ)Fuo‖2 = ‖u0‖2. (2)

é (1)Ú (2)|^ Riesz-Thorin ��½n, ·���é÷v 1
p

+ 1
p′

= 1 �?Û p ≥ 2, k

‖U(t)u0‖Lp . (J1 + J2 + J3 + J4)
(1− 2

p )‖u0‖Lp′ .

Äk, �Ä J1 ��O, - η = ξ
c
, |^Stationary set �O½n��∣∣∣∣∫ c

0

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ =

∣∣∣∣c ∫ 1

0

ei[t(η·c)
n+(t+x)η·c]dη

∣∣∣∣
.k sup

µ∈R
c|{η ∈ [0, 1] : µ ≤ t(η · c)n + (t+ x)η · c ≤ µ+ 1}|

.k sup
µ∈R
|{ξ ∈ [0, c] : µ ≤ tξn + (t+ x)ξ ≤ µ+ 1}|.

(3)
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lAÛã/¿Â�Ý?�Ú�ÄÿÝ��O, ùprÿÝ |{ξ ∈ [0, c] : µ ≤ [tξn + (t+ x)ξ] ≤ µ+ 1}|
w�´d���� 1 �ü^����¼ê f(ξ) = tξn + (t + x)ξ ��� ξ ���Ý. ´� f ′ 3

[0, c] 4O, K f ′min = t+ x. �â�Ç�½Â, � x ∈ [0, c] �, ��

J1 ≤
1

t+ x
.

1

t
.

Ùg, �Ä J2 ��O, - η = ξ − c, d (3)ª��∣∣∣∣∫ +∞

c

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ =

∣∣∣∣ lim
a−→+∞

∫ a

c

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣
=

∣∣∣∣ lim
a−→+∞

∫ a−c

0

ei[t(η+c)
n+(t+x)(η+c)]dη

∣∣∣∣
. lim

a−→+∞
sup
µ∈R
|{η ∈ [0, a− c] : µ ≤ t(η + c)n + (t+ x)(η + c) ≤ µ+ 1}|

. lim
a−→+∞

sup
µ∈R
|{η + c ∈ [c, a] : µ ≤ t(η + c)n + (t+ x)(η + c) ≤ µ+ 1}|

. lim
a−→+∞

sup
µ∈R
|{ξ ∈ [c, a] : µ ≤ tξn + (t+ x)ξ ≤ µ+ 1}|.

(4)

´� f ′ 3 [c, a] 4O, K f ′min = (1 + ncn−1)t+ x. �â�Ç�½Â, � x ∈ [0, c] �, ��

J2 ≤ lim
a−→+∞

1

(1 + ncn−1)t+ x
.

1

t
.

,�, �Ä J3 ��O, - η = − ξ
c

, d (3)ª��∣∣∣∣∫ 0

−c
ei[tξ

n+(t+x)ξ]dξ

∣∣∣∣ =

∣∣∣∣−c∫ 1

0

e−i[t(η·c)
n+(t+x)η·c]dη

∣∣∣∣
.k sup

µ∈R
c|{η ∈ [0, 1] : µ ≤ −[t(η · c)n + (t+ x)η · c] ≤ µ+ 1}|

.k sup
µ∈R
|{ξ ∈ [−c, 0] : µ ≤ tξn + (t+ x)ξ ≤ µ+ 1}|.

(5)

´� f ′ 3 [−c, 0] 4~, K f ′min = t+ x. �â�Ç�½Â, � x ∈ [0, c] �, ��

J3 ≤
1

t+ x
.

1

t
.

��, �Ä J4 ��O, - η = ξ + c, d (3)ª��∣∣∣∣∫ −c
−∞

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣ =

∣∣∣∣ lim
b−→−∞

∫ −c
b

ei[tξ
n+(t+x)ξ]dξ

∣∣∣∣
=

∣∣∣∣ lim
b−→−∞

∫ 0

b+c

ei[t(η−c)
n+(t+x)(η−c)]dη

∣∣∣∣
. lim

b−→−∞
sup
µ∈R
|{η ∈ [b+ c, 0] : µ ≤ t(η − c)n + (t+ x)(η − c) ≤ µ+ 1}|

. lim
b−→−∞

sup
µ∈R
|{η − c ∈ [b,−c] : µ ≤ t(η − c)n + (t+ x)(η − c) ≤ µ+ 1}|

. lim
b−→−∞

sup
µ∈R
|{ξ ∈ [b,−c] : µ ≤ tξn + (t+ x)ξ ≤ µ+ 1}|.

(6)
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´� f ′ 3 [b,−c] 4~, K f ′min = (1 + ncn−1)t+ x. �â�Ç�½Â, � x ∈ [0, c] �, ��

J4 ≤ lim
b−→−∞

1

(1 + ncn−1)t+ x
.

1

t
.

�

‖U(t)u0‖Lp[0,c] . (J1 + J2 + J3 + J4)
(1− 2

p )‖u0‖Lp′

. t
2
p−1‖u0‖Lp′ .

Ù¥, Lp[0, c] L«¼êCþ3 [0, c] ��þ� Lp �m.

�

3. o(�Ð"

�©l Wang [8] ïÄ�àg�/��+�O�{¥¼�éu, ±/Stationary Set0�O½n

�Ì�óä, ïÄ
�+ F−1eit(ξ
n+ξ)F 3���m� Lp

′ −Lp �O, ¿�T(JØ�¹3 [8] ®k

�(Ø¥. 3e�ÚïÄ¥, ·�ò^�©�ïÄ�{r(Jí2�p��m.
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