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Á �

�©�3|^���¦{ïÄ��5gü½¤£��©êO-UL§�ÚOíä"b�BH =

{BH
t , t ≥ 0} ´Hurst �ê� 1

2
≤ H < 1 �©êÙK$Ä§·��Äe��§§

dXH
t = dBH

t + σXH
t dt+ νdt− θ

(∫ t

0

(
XH
s −XH

u

)
ds

)
dt

Ù¥, XH
0 = 0, θ < 0 Úσ, ν ∈ R ´n�ëê"ù�L§´gáÚ*Ñ��[(�Cranston and

Le Jan, Math. Ann. 303 (1995), 87-93)§·�Ì��8I´ïÄÙëê����¦�O"
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Abstract

This dissertation aim is to study statistical inference on the fractional Ornstein-

Uhlenbeck process with the linear self-attracting drift by least squares estimation.

Let BH = {BH
t , t ≥ 0} be a fractional Brownian motion with Hurst index 1

2
≤ H < 1. We

consider the following equation,

dXH
t = dBH

t + σXH
t dt+ νdt− θ

(∫ t

0

(
XH
s −XH

u

)
ds

)
dt

with XH
0 = 0, where θ < 0 and σ, ν ∈ R are three parameters. The process is an analogue

of the self-attracting diffusion (Cranston and Le Jan, Math. Ann. 303 (1995), 87-93).

Our main aim is to study the least squares estimations of its parameters.
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1. Úó

1992c, DurrettÚRogers [1]é�aO�àÜÔ�.�
ïÄ"3,«^�e§¦�ïá
X

e�Å�©�§)�ìC5�µ

Xt = Bt +

∫ t

0

∫ s

0

f(Xs −Xu)duds, t ≥ 0 (1)

Ù¥B ´��d- �IOÙK$Ä§f ´LipschitzëY�"Xt éAàÜÔ3�mt¤3� �"�

ö�Ñ
3�½^�e3�mt → ∞�'u)Xt�n�5�½n§¿�JÑn�ß�§©O

31996c!2012c!2008c�)û"XJf(x) = g(x)x/‖x‖ ¿�g(x) > 0§@oþã�§�)Xt

´©z [2] ¥�¡��alÑL§�ëY��§ù�;��6.�Å�©�§�±w�´àÜÔ¤

.��.§)L§Xt�àÜÔ3t��¤3� �k'"
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1995c§CranstonÚLe Jan [3]*Ð
T�.§ïá
¤¢�gáÚ*Ñ�Vg§¿�AOï

Ä
Xeü«���/µ

(i) �5g�p�/

Xt = Bt + νt− θ
∫ t

0

∫ s

0

(Xs −Xu)duds, t ≥ 0 (2)

Ù¥§θ > 0, ν ∈ R§B ´��IOÙK$Ä"

(ii) ~g�p�/

Xt = Bt + νt− σ
∫ t

0

∫ s

0

sign(Xs −Xu)duds, t ≥ 0 (3)

Ù¥σ > 0§B ´��IOÙK$Ä"

XJé¼êfØ�?Û�½§@o�§ (1) ½Â
��g�p*ÑL§"XJé?¿�x ∈ R§
f÷vx · f(x) ≥ 0 (�ó�§§���u�lÙ�c��L� �)§K¡�§ (1) �)�gü½�"

XJé?¿�x ∈ R§f÷vx · f(x) ≤ 0 (�ó�§§���u�CÙ�c��L� �)§K¡�

§ (1) �)�gáÚ�"��5¿�´§ù«�.�±'[���Ornstein-UhlenbeckL§§Ïd§

ïÄùa�§�ìC1��ëê�O½N´ék¿Â�"'ugü½ÚgáÚ*Ñ�?�ÚïÄ

�ë�©z [4]! [5]! [6] Ú [7]§'u��g�p*Ñ�ïÄ�ë�©z [8]! [9]! [10] Ú [11]"

2002 c, Benäım �< [4] �Ä
�6uòÈÿÝ�g�p*Ñ"�§Xeµ

dXt =
√

2dBt −
(

1

t

∫ t

0

∇W (Xt −Xs)ds

)
dt,

Ù¥§W´���p� ³¼ê"lþã�§�±wÑ§§ÚÙKàÜÔ�3���«O3u§

�¤£�Ø±t"3Nõ�¹e§T*ÑL§�±�Ornstein-Uhlenbeck L§�'�§ù��±�

ÄÙìC1�"

2008 c§3©êÙK$Ä��àÜÔ�.ïÄ�éue§Yan�< [12] �Ä
e�d©êÙ

K$Ä°Ä��[µ

XH
t = BH

t − θ
∫ t

0

∫ s

0

(XH
s −XH

u )duds+ νt (4)

Ù¥θ < 0§BH´Hurst�ê÷v 1
2
≤ H < 1�©êÙK$Ä"�θ > 0 �§Yan�< [12]y²Ñ

�tª�uÃ¡�§þã�§�)�Âñ53þ�ÚA�7,�^�eÑ´¤á�§¿�Ù)Âñ

����ÅCþ"SunÚYan [13] q3dÄ:þéθ Úν ?1
ëê�O"

,��¡§32015c§Benäım�< [4]ïÄ
±e/ª�gü½�p§

Xt = Bt +

∫ t

0

g(Xs)ds−
∫ t

0

∫ s

0

f(Xs −Xu)duds,

Ù¥Bt ´ÙK$Ä§f ´±Ï�2π �±Ï¼ê"3Ð©¤£¿¡g �·�^�e§Ú\
LÞ�

+�Feller5�ÚØCÿÝ"
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Yan� [12]É©z [14] Ú [15] �éu�Ä
�Å�©�§

Xt = BH
t +

∫ t

0

∫ s

0

(f(XH
s −XH

u )duds,

Ù¥BH´��Hurst �ê� 1
2
≤ H < 1 �©êÙK$Ä§¿��A~ïÄ
Xe��5�§µ

Xt = BH
t + θ

∫ t

0

∫ s

0

(XH
s −XH

u )duds+ νt, t ≥ 0

�θ < 0¿� 1
2
≤ H < 1 �§¦�3©z [12] ¥y²
§�t ª�uÃ¡�§ù��§�)´þ�

�A�??Âñ�"

�õ�ïÄ�±ë�Cranston and Mountford [10]§Gauthier [5], Herrmann and Roynette [6]§

Herrmann and Scheutzow [7]§Mountford and P. Tarrés [11]§Sun and Yan [13] ±9�'©z"

�C§Yan [16]��Ä
Xe��5gü½¤£��©ê�Ornstein-Uhlenbeck L§�)��'5

�µ

XH
t = BH

t + σ

∫ t

0

XH
s ds+ νt− θ

∫ t

0

∫ s

0

(XH
s −XH

u )duds (5)

Ù¥θ < 0 Úσ, ν ∈ R ´n�ëê§¿�BH ´Hurst �ê÷v 1
2
≤ H < 1�©êÙK$Ä"3�©

¥, ·��Ä3ëY*ÿe��/, éþã�§?1ëê�O¯K�ïÄ"¯¢þ, y�ã�5�õ

�ÆöïÄdpdL§°Ä��ÅL§�ëê�O, Ï�Ù37K+�kér�A^5"�©, ·

�Ì�ÏL [12]Jø��{éþã�§¥ëê?1�O"

2. O��£

ù�!Ì�0��©¤I���
O��£±93©z [16]¥)��'5�. �!·�

{ü£�©êÙK$Ä��
5�Ú�
Ä:(Ø, �[�SN�w©zBiagini [17], Hu [18],

Mishura [19], Nualart [20], Nourdin [21], Tudor [22]. 3�©¥·�©ªb½H ∈ (0, 1) ´?¿��

½�.

¯¤±�,½Â3VÇ�m(Ω,FH , P )þ�"þ�pdL§�¡�Hurst�ê�H �©êÙK$

Ä,XJ§÷vWH
0 = 0±9

E
[
WH
t W

H
s

]
=

1

2

[
t2H + s2H − |t− s|2H

]
, t, s ≥ 0.

�H´d«5¼ê{1[0,t], t ∈ [0, T ]}¤)¤��5�mE'uXeSÈ���zµ

〈1[0,s], 1[0,t]〉H =
1

2

[
t2H + s2H − |t− s|2H

]
.

� 1
2
< H < 1 �, §��¤

H = {ϕ : [0, T ]→ R | ‖ϕ‖H <∞} ,
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Ù¥

‖ϕ‖2H := αH

∫ T

0

∫ T

0

ϕ(s)ϕ(r)|s− r|2H−2dsdr

�αH = H(2H − 1). ½ÂN�Xeµ

1[0,t] 7→WH(1[0,t]) :=

∫ T

0

1[0,t]dW
H
s = WH

t , t ∈ [0, T ]

ù�N��±��5*Ü�Eþµ

WH(ϕ) =

∫ T

0

ϕ(t)dWH
t .

KT�5N�´lE �dWH )¤�pd�m����åN�¿�§�±�òÿ��H þ. TN

�¡�'uWH �Wiener È©. XJéz��T > 0 ,k

‖ϕ‖2H := αH

∫ ∞
0

∫ ∞
0

ϕ(t)ϕ(s)|t− s|2H−2dsdt <∞,

K·��±½ÂÈ©µ ∫ ∞
0

ϕ(t)dWH
t ,

ù�,WienerÈ©
∫ T

0
ϕ(t)dWH

t �¡�Ø½È©. éuHurst�ê�H ∈ (0, 1) �©êÙK$

ÄWH ,�Ääk±e/ª�1w�¼�8ÜS

F = f(WH(ϕ1),WH(ϕ2), . . . ,WH(ϕn)), (6)

Ù¥f ∈ C∞b (Rn) (f 9Ù¤k��êÑk.) �ϕi ∈ H. é?¿F ∈ S, ·�½ÂS þ��ê�
fDH ( Malliavin �ê) Xeµ

DHF =

n∑
j=1

∂f

∂xj
(WH(ϕ1),WH(ϕ2), . . . ,WH(ϕn))ϕj .

�ê�fDH ´lL2(Ω) �L2(Ω;H) ����4�f. ·�^D1,2 L«S 'uXe�ê

‖F‖1,2 :=
√
E|F |2 + E‖DHF‖2H

�4�. PδH ´�ê�fDH ��Ý�f, ·�r§¡�ÑÝ�f. �Ò´`·�¡�ÅC

þu ∈ L2(Ω;H) áuÑÝ�f�½Â�, P�Dom(δH). eé?¿F ∈ S k

E
∣∣〈DHF, u〉H

∣∣ ≤ c‖F‖L2(Ω),

d�, é?¿�u ∈ D1,2 ,δH(u) dXeéó'X½Â

E
[
FδH(u)

]
= E〈DHF, u〉H. (7)
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·�kD1,2 ⊂ Dom(δH). ¿�� 1
2
< H < 1, é?¿�u ∈ D1,2, k

E
[
δH(u)2

]
= E‖u‖2H + E

∫
[0,T ]4

DH
ξ urD

H
η usφ(η, r)φ(ξ, s)dsdrdξdη. (8)

·�ò¦^XePÒL«'uL§u �SkorohodÈ©

δH(u) =

∫ T

0

usdW
H
s ,

�Ø½È©½Â�
∫ t

0
usdB

H
s = δH(u1[0,t]). ·���±½Âfn ∈ H⊗n 'uWH �­È©In(fn), �

[SNë�Nualart9Ortiz-Latorre [23],Nualart-Peccati [24].

�ÄØ¼ê

KH(t, s) = Γ(H +
1

2
)
−1

(t− s)H−
1
2 F(H − 1

2
,

1

2
−H,H +

1

2
, 1− t

s
),

Ù¥F(a, b, c, z) ´Gauss�AÛ¼ê(�[��ë�Decreusefond ÚUstunel [25]). @o, é?¿

�s, t ≥ 0, ���¼êRH(t, s) �:

RH(t, s) =

∫ t∧s

0

KH(t, r)KH(s, r)dr.

½ÂlE �L2([0, T ]) ��5�fK∗H :

(K∗Hϕ) (s) = KH(T, s)ϕ(s) +

∫ T

s

(ϕ(r)− ϕ(s))
∂KH

∂r
(r, s)dr.

é?¿�é�F¼êϕ,ψ ∈ E ·�kµ

〈K∗Hϕ,K∗Hψ〉L2([0,T ]) = 〈ϕ,ψ〉H.

�Ò´`, �fK∗H ´Hilbert �mH �L2([0, T ]) ��å�f. L§B = {Bt, t ∈ [0, T ]} :

Bt = WH((K∗H)−1(1[0,t])) (9)

´�ÙK$Ä¿�du
(
K∗H1[0,t]

)
(s) = KH(t, s)1[0,t](s), L§B

H kXeÈ©Ly/ªµ

WH
t =

∫ t

0

KH(t, s)dBs. (10)

,��¡, �ØKH �'�L
2([0, T ]) þ��fKH ´lL

2([0, T ]) �I
H+ 1

2

0+ (L2([0, T ])) �Ó��f¿

��0 ≤ H ≤ 1
2
, §kXeLã/ª:

(KHh)(s) = I2H
0+ s

1
2−HI

1
2−H
0+ sH−

1
2h, h ∈ L2([0, T ])

,	, � 1
2
≤ H ≤ 1, k
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(KHh)(s) = I1
0+sH−

1
2 I
H− 1

2

0+ s
1
2−Hh, h ∈ L2([0, T ]),

Ù¥Iαa+ L«�ý©êRiemann-LiouvilleÈ©�f ∈ L1
([a,b]) ��êα > 0 ,x ∈ (a, b) ,a, b ∈ R k

Iαa+f(x) =
1

Γ(α)

∫ x

a

f(y)

(x− y)1−α dy

Ù¥Γ �Gamma ¼ê. Ïdé?¿�h ∈ IH+ 1
2

0+ (L2[0, T ]), �0 ≤ H ≤ 1
2
�, _�fK−1

H äk±e

/ªµ

(K−1
H h)(s) = s

1
2−HD

1
2−H
0+ sH−

1
2D2H

0+h

� 1
2
≤ H ≤ 1 �, _�f/ªXe:

(K−1
H h)(s) = sH−

1
2D

H− 1
2

0+ s
1
2−Hh

′
,

Ù¥Dα
a+ ´�ýRiemannian-Liouville �ê�f�f ∈ Iαa+(L2) ��ê�α ∈ (0, 1), �½ÂXe:

Dα
a+f(x) =

1

Γ(1− α)

d

dx

∫ x

a

f(y)

(x− y)α
dy.

�õ'u©ê�È©��£�ë�Samko�< [26]. 3�Ñëê�O�(Ø�c, ·�k£�'u

Xe�§®²�Ñ�Ü©)�5�

XH
t = BH

t + σ

∫ t

0

XH
s ds+ νt− θ

∫ t

0

∫ s

0

(XH
s −XH

u )duds,

Ún1. b�θ < 0 ¿� 1
2
≤ H < 1"½ÂL§

ξHt :=

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s , t ≥ 0.

�tª�uÃ¡�§kξHt → ξH∞ :=
∫∞

0
(s − σ

θ
)e

1
2 θs

2−σsdBH
s 3L

2ÚA�??�¿Âe¤á"?�Ú

/§½Â

ΨH
t (θ, σ) :=

∫ t

0

e−
1
2 θu

2+σu
(
ξH∞ − ξHu

)
du, t ≥ 0.

Ké?¿�γ ≥ 0§�tª�uÃ¡�§k

tγe
1
2 θt

2−σtΨH
t (θ, σ) −→ 0 (11)

3L2ÚA�??�¿Âe¤á"

3. eZ�O

3�!¥§·�ò�Ñ�
�O"�{üå�§b�θ < 0§C´���U�6�H! θ!

νÚσ��~ê§¿�§��3ØÓ�/e�UØÓ§é~þc��Ó��b�"
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Ún2. b�XH��§ 7�)�θ < 0, 1
2
≤ H < 1,s, t ∈ [0, T ]§Kk

c|t− s|2H ≤ E[(XH
t −XH

s )2] ≤ C|t− s|2H (12)

y². ·��±uy§év
��ϑ ∈ (0, H)§L§t 7→ XH
t ´k.

1
H−ϑC��"Ïd§X

Ju´k.p−C��§�1 ≤ p < 1
1−H+ϑ

§@oYoungÈ©

∫ t

0

usdX
H
s = utX

H
t − u0X

H
0 −

∫ t

0

XH
s dus

�3§qÏ�

Y H
t =

∫ t

0

(u− σ

θ
)dXH

u , t ≥ 0

9

XH
t = BH

t − θ
∫ t

0

Y H
s ds+ νt, t ≥ 0. (13)

Ïd§d©ÜÈ©úª§é?¿t ≥ 0§k

Y H
t = (t− σ

θ
)XH

t −
∫ t

0

XH
s ds =

∫ t

0

(u− σ

θ
)dXH

u , t ≥ 0.

(Ü 13§�

dY H
t = −θ(t− σ

θ
)Y H
t dt+ (t− σ

θ
)dBH

t + ν(t− σ

θ
)dt, t ≥ 0. (14)

ÏL~êC´{§·��±b½L§

Y H
t = CHt e

− 1
2 θt

2+σt 12œ)

Ù¥CH0 = Y H
0 = 0§K�â 12§·�k

e−
1
2 θt

2+σtdCHt = (t− σ

θ
)dBH

t + ν(t− σ

θ
)dt, t ≥ 0.

�k

CHt =

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s + ν

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsds

=

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s +

ν

θ
(e−

1
2 θt

2+σt − 1), t ≥ 0

Kk

Y H
t = e−

1
2 θt

2+σt

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s +

ν

θ
(1− e− 1

2 θt
2+σt), t ≥ 0 (15)

�ÄL§ξt :=
∫ t

0
(s− σ

θ
)e

1
2 θs

2−σsdBH
s , t ≥ 0§K

Y H
t = e−

1
2 θt

2+σtξt +
ν

θ
(1− e− 1

2 θt
2+σt), t ≥ 0 (16)
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�kXe�Oµ

E(ξt − ξs)2 ≤ CH,θ,σ(t− s)2H, t > s ≤ 0. (17)

¯¢þ§�H = 1
2
�§w,k

E(ξt − ξs)2 =

∫ t

s

(r − σ

θ
)2eθr

2−2σrdr ≤ θ−1(t− s), t > s ≥ 0.

� 1
2
< H < 1§é?¿�t > s ≥ 0§

Case I: σ ≥ 0¿�σ
θ
≤ s < t.

E

(∫ t

s

(r − σ

θ
)eθr

2−2σrdBH
r

)2

= αH ·
∫ t

s

∫ t

s

(u− σ

θ
)(v − σ

θ
)|u− v|2H−2e

1
2 θ(u

2+v2)−σ(u+v)dudv

≤ (t− σ

θ
)eθt

2−2σt · αH
∫ t

s

∫ t

s

|u− v|2H−2dudv

≤ Cθ,σ(t− s)2H

d�¤á¶

Case II: σ < 0¿�0 < s < t ≤ σ
θ
.

E

(∫ t

s

(r − σ

θ
)eθr

2−2σrdBH
r

)2

= αH ·
∫ t

s

∫ t

s

(u− σ

θ
)(v − σ

θ
)|u− v|2H−2e

1
2 θ(u

2+v2)−σ(u+v)dudv

≤ σ2

θ
e
σ2

θ · αH
∫ t

s

∫ t

s

|u− v|2H−2dudv

≤ Cθ,σ(t− s)2H

d�¤á¶

Case III: σ < 0¿�0 < s < σ
θ
≤ t.

E

(∫ t

s

(r − σ

θ
)eθr

2−2σrdBH
r

)2

= αH ·
∫ t

s

∫ t

s

(u− σ

θ
)(v − σ

θ
)|u− v|2H−2e

1
2 θ(u

2+v2)−σ(u+v)dvdu

= αH

∫ t−σθ

s−σθ

s− σ

θ

t−σθ
uv|u− v|2H−2e

1
2 θ(u

2+v2)dvdu

≤ αH

(∫ t−σθ

0

∫ t−σθ

0

uv|u− v|2H−2e
1
2 θ(u

2+v2)dvdu

+

∫ 0

s−σθ

∫ 0

s−σθ

uv|u− v|2H−2e
1
2 θ(u

2+v2)dvdu

)
≤ Cθ,σ

(
(t− σ

θ
)2H + (

σ

θ
− s)2H

)
≤ Cθ,σ(t− s)2H

y." �
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Ún3. b� 1
2
≤ H < 1§é?Ûk��êp ≥ 1§�Tª�uÃ¡��§A�??k

teθt
2−2σt

∫ t

0

e−θs
2+2σsξpsds→

1

2θ
ξp∞.

y². �âÚn 1��§é?¿ 1
2
≤ H < 1§�ÅCþξ∞Ñl"þ����©Ù§Ïd§

P (ξ∞ 6= 0) = 1

dL§{ξt, t ≥ 0}�ëY5§��

lim
t→∞

inf
1
2 t≤s≤t

ξs = ξ∞ a.s.

Ïd§�tª�uÃ¡��, ∫ t

0

e−θs
2+2σsξpsds→∞.

ÏL$^â7�£L’Hopital¤{K§�tª�uÃ¡��§k

lim
t→∞

∫ t
0
e−θs

2+2σsξpsds

t−1e−θt2+2σt

= lim
t→∞

e−θt
2+2σtξpt

2θ(t− σ
θ
)t−1e−θt2+2σt

=
1

2θ
ξp∞

y." �

Ún4. - 1
2
< H < 1"�tª�uÃ¡�§

(t− σ

θ
)2Heθt

2−2σt

∫ t

0

∫ t

0

e−
1
2 θ(s

2+r2)+σ(s+r)|s− r|2H−2dsdr → θ−2HΓ(2H − 1).

y². ´�§é¤k��KëY¼êf§4�

lim
t→∞

∫ t

0

f(x)dx

�3�k�§K

lim
t→∞

∫ t

0

f(x)
dx√
1− x

t

= lim
t→∞

∫ t

0

f(x)dx (18)

âd§dâ7�{K§$^CþO�− 1
2
θ(t2 − r2) + σ(t− r) = xÚ��Âñ½n§��
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lim
t→∞

(t− σ

θ
)2Heθt

2−2σt

∫ t

0

∫ t

0

e−
1
2 θ(s

2+r2)+σ(s+r)|s− r|2H−2dsdr

= 2 lim
t→∞

1

(t− σ
θ
)−2He−θt2+2σt

∫ t

0

e−
1
2 θs

2+σs

∫ s

0

e−
1
2 θr

2+σr|s− r|2H−2dsdr

= lim
t→∞

1

θ(t− σ
θ
)1−2He−

1
2 θt

2+σt

∫ t

0

e−
1
2 θr

2+σr(t− r)2H−2dr

= θ−1 lim
t→∞

(t− σ

θ
)2H−1e

1
2 θ(t

2−r2)−σ(t−r)(t− r)2H−2dr

= θ−2 lim
t→∞

(t− σ

θ
)2H−1

∫ − 1
2 θt

2+σt

0

e−x

(
(t− σ

θ
)−

√
(t− σ

θ
)2 − 2x

θ

)2H−2

dx√
(t− σ

θ
)2 − 2x

θ

= 22H−2θ−2H lim
t→∞

(t− σ

θ
)2H−1

∫ − 1
2 θt

2+σt

0

e−x

(
(t− σ

θ
) +

√
(t− σ

θ
)2 − 2x

θ

)2−2H

x2H−2dx√
(t− σ

θ
)2 − 2x

θ

= 22H−2θ−2H lim
t→∞

∫ − 1
2 θt

2+σt

0

e−x

(
1 +

√
1 +

2x

θ(t− σ
θ
)2

)2−2H

x2H−2dx√
1− 2x

θ(t−σθ )2

= θ−2HΓ(2H − 1)

y." �

Ún5. b� 1
2
≤ H < 1§Ké?¿�χBH

t , t ≥ 0�ÿ�¿÷vP (F < ∞) = 1 ��ÅCþF§

�tª�uÃ¡��§�©Ùkµ

(F, (t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θs

2+σsdBH
s )→ (F,

√
HΓ(2H)θ−HN), (19)

Ù¥N´ÕáuBH�IO���ÅCþ"

y². w,§é?¿�t > 0§k

(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θs

2+σsdBH
s = NχH,σ,θ(t)

ùp�Ò/=0L«�©Ù��§N´��IO���ÅCþ�

χ2
H,σ,θ(t) = (t− σ

θ
)2Heθt

2−2σtE(

∫ t

0

e−
1
2 θs

2+σsdBH
s )2

= αH(t− σ

θ
)2Heθt

2−2σt

∫ t

0

∫ t

0

e−
1
2 θ(s

2+r2)+σ(s+r)|s− r|2H−2dsdr, t > 0.

2dÚn 4§�

(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θs

2+σsdBH
s →

√
HΓ(2H)θ−HN, t→∞.

du 19�ü>þÑl����©Ù§�â©z [27]§=Iy²é?¿�d ≥ 1, s1, . . . , sd ∈
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[0,∞)§�tª�uÃ¡��§�©Ùk

(BH
s1
, . . . , BH

sd
, (t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θs

2+σsdBH
s )→ (BH

s1
, . . . , BH

sd
, θ−H

√
HΓ(2H)N). (20)

�
�� 20§=Iy²Ù���Ý
Âñu�A(J=�"

�H = 1
2
�§y²'�{ü§���Ä 1

2
< H < 1"é?¿�½�s > 0§k

E

(
BH
s · (t−

σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θr

2+σrdBH
r

)

= αH(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θv

2+σvdv

∫ s

0

|u− v|2H−2du

= αH(t− σ

θ
)He

1
2 θt

2−σt
∫ s

0

e−
1
2 θv

2+σvdv

∫ s

0

|u− v|2H−2du

+ αH(t− σ

θ
)He

1
2 θt

2−σt
∫ t

s

e−
1
2 θv

2+σvdv

∫ s

0

|u− v|2H−2du

=: η1(t) + η2(t)

w,§�t→∞�§η1(t)→ 0"$^â7�{K�§�t→∞ �§é?¿s > 0§k

0 < η2(t) = H(t− σ

θ
)He

1
2 θt

2−σt
∫ t

s

e−
1
2 θv

2+σv[v2H−1 − (v − s)2H−1]dv

≤ Hs2H−1

(
(t− σ

θ
)He

1
2 θt

2−σt
∫ t

s

e−
1
2 θv

2+σvdv

)
→ 0

l
§é?¿�s > 0§k

lim
t→∞

E

(
BH
s · (t−

σ

θ
)He

1
2 θt

2−σt
∫ t

0

e−
1
2 θr

2+σrdBH
r

)
= 0

y." �

Ún6. é 1
2
< H < 1§�tª�uÃ¡��§

(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsδBH
s

∫ s

0

e−
1
2 θr

2+σrδBH
r

L2

→ 0 (21)

(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsds

∫ s

0

e−
1
2 θr

2+σr|s− r|2H−2dr → 0 (22)

y². Âñ5 22´w,�§e¡y²Âñ5 21"d�­È©��åúª��§é?¿�t > 0§

k
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E

(
(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

(s− σ

θ
)e

1
2 θs

2−σs(

∫ s

0

e−
1
2 θr

2+σrδBH
r )δBH

s

)2

= (t− σ

θ
)2Heθt

2−2σtE

(∫ t

0

(s− σ

θ
)e

1
2 θs

2−σs(

∫ s

0

e−
1
2 θr

2+σrδBH
r )δBH

s

)2

= (αH)2(t− σ

θ
)2Heθt

2−2σt

∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsds

∫ s

0

e−
1
2 θx

2+σxdx

·
∫ t

0

(r − σ

θ
)e

1
2 θr

2−σrdr

∫ r

0

dye−
1
2 θy

2+σy · (|s− y|2H−2|r − x|2H−2 + |s− r|2H−2|x− y|2H−2).

2dØ�ª ∫ s

0

dξ

∫ r

0

|r − ξ|2H−2|s− η|2H−2dy ≤ 2

(2H − 1)2
r2H−1s2H−1

��§�tª�uÃ¡�§

E

(
(t− σ

θ
)He

1
2 θt

2−σt
∫ t

0

(s− σ

θ
)e

1
2 θs

2−σs(

∫ s

0

e−
1
2 θr

2+σrδBH
r )δBH

s

)2

≤ CH(t− σ

θ
)2+6Heθt

2−2σt

→ 0.

y." �

4. r�Ü59ìC©Ù

|^þ�!�(J§�!òy²�©�,	��Ì�½n"

½n7. b� 1
2
≤ H < 1¿�θ > 0§K���¦�Oþθ̂T Úν̂T´r�Ü�§=�Tª�uÃ¡

��§Âñ5

θ̂T → θ (23)

Ú

ν̂T → ν (24)

±VÇ1¤á"?�Ú/§�Tª�uÃ¡��§X�©ÙÂñ5¤áµ

TH−1e
1
2 θT

2−σT (θ̂T − θ)→ 2θ1−H
√
HΓ(2H)

N

ξ∞ − ν
θ

(25)

T 1+H(ν̂T − ν −
BH
T

T
)→ 2(

√
HΓ(2H)θ−H)N (26)

T 1−H(ν̂T − ν)→M (27)

Ù¥MÚN�ü�Õáu©êÙK$ÄBH�IO���ÅCþ¿�ξ∞ =
∫∞

0
(s− σ

θ
)e

1
2 θs

2−σsdBH
s "

�H = 1
2
�§BH¤�IOÙK$Ä§Ùy²´N´�§e¡=�Ñ 1

2
< H < 1��y²"

éT > 0§P
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ΦT = T

∫ t

0

(Y H
t )2dt− (

∫ t

0

Y H
t dt)2

K���¦�Oþθ̂TÚν̂T ���

θ̂T − θ = (T

∫ T

0

Y H
t dXH

t −XH
T

∫ T

0

Y H
t dt)

1

ΦT

− θ

= (T

∫ T

0

Y H
t dBH

t −BH
T

∫ T

0

Y H
t dt)

1

ΦT

(28)

¿�

ν̂T − ν =
1

T
BH
T − (θ − θ̂T )

∫ T

0

Y H
t dt. (29)

5¿�§� 1
2
< H < 1�§�ÅÈ©

∫ T
0
Y H
t dXH

t ´YoungÈ©"

½n 7¥ 23�y². b� 1
2
< H < 1§d 16!Ún 1ÚÚn 3¿$^â7�{K§��

eθT
2−2σTΦT →

1

2θ
(ξ∞ −

ν

θ
)2 (T →∞) (30)

±VÇ1¤á"e¡�y�Tª�uÃ¡��§

T−2e
1
2 θT

2−σT (T

∫ T

0

Y H
t dBH

t −BH
T

∫ T

0

Y H
t dt)→ 0 a.s. (31)

du�Tª�uÃ¡��§
BH
T

T
→ 0 a.s. (32)

Ïd§dÚn 1Ú 16��§�Tª�uÃ¡��§

T−2e
1
2 θT

2−σT (BH
T

∫ T

0

Y H
t dt) =

BH
T

T
· (T−1e

1
2 θT

2−σT
∫ T

0

Y H
t dt)→ 0 a.s. (33)

,��¡§d©ÜÈ©úªÚ 16��

T

∫ T

0

Y H
t dBH

t = TYTB
H
T − T

∫ H

0

BH
t dY

H
t

= TYTB
H
T − T

∫ H

0

BH
t d
(
e−

1
2 θt

2+σtξt +
ν

θ
(1− e− 1

2 θt
2+σt)

)
= TYTB

H
T − θT

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t ξtdt

− T
∫ T

0

e−
1
2 θt

2+σtBH
t dξt − νT

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t dt

= TYTB
H
T − θT

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t ξtdt

− T
∫ T

0

tBH
t dB

H
t − νT

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t dt
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d 16ÚÚn 3¿$^â7�{K§�±y²�Tª�uÃ¡��§e�Âñ5±VÇ1¤áµ

T−2e
1
2 θt

2−σt(TYTB
H
T ) =

BH
T

T
(e

1
2 θt

2−σtYT )→ 0,

T−2e
1
2 θt

2−σt(T

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t ξtdt) = T−1e

1
2 θt

2−σt
∫ T

0

(t− σ

θ
)BH

t ξtdt→ 0,

T−2e
1
2 θt

2−σt(T

∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t dt) = T−1e

1
2 θt

2−σt
∫ T

0

(t− σ

θ
)e−

1
2 θt

2+σtBH
t dt→ 0.

d	§Tª�uÃ¡��§�k

T−1e
1
2 θt

2−σt
∫ T

0

tBH
t dB

H
t ) =

1

2
T−1e

1
2 θt

2−σt
∫ T

0

td(BH
t )2

=
1

2
T−1e

1
2 θt

2−σt(T (BH
T )2 −

∫ T

0

(BH
t )2dt)

→ 0 a.s.

l
�

lim
T→∞

eθt
2−2σt(T

∫ T

0

Y H
t dBH

t ) = lim
T→∞

(T 2e
1
2 θT

2−σT )T−2e
1
2 θt

2−σt(T

∫ T

0

Y H
t dBH

t )

= 0.

(34)

±VÇ1Âñ"2(Ü 33§�� 31�Âñ5§2�â 30Ú 31§�Tª�uÃ¡��§

θ̂T − θ =
1

eθT 2−2σTΦT

eθT
2−2σT (T

∫ T

0

Y H
t dBH

t −BH
T

∫ T

0

Y H
t dt)

→ 0 a.s.

y."

½n 7¥ 24�y². b� 1
2
< H < 1"dÚn 1ÚY�L«ª 16 ¿$^â7�{K��§�Tª�

uÃ¡��§k

Te
1
2 θt

2−σt
∫ T

0

Y H
t dt = Te

1
2 θt

2−σt
(∫ T

0

e−
1
2 θt

2+σtξtdt−
ν

θ

∫ T

0

e−
1
2 θt

2+σtdt+
ν

θ
T

)

→ 1

θ
(ξ∞ −

ν

θ
) a.s.

(35)

âd§dÂñ5 30Ú 31��§�Tª�uÃ¡��§
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ν̂T − ν =
1

T
(XH

T + θ̂T

∫ T

0

Y H
t dt− Tν)

=
1

T
BH
t − (θ − θ̂T )

1

T

∫ T

0

Y H
t dt

=
1

T
BH
t −

1

eθT 2−2σTΦT

T−2e
1
2 θT

2−σT

·
(
T

∫ T

0

Y H
t dBH

t −BH
T

∫ T

0

Y H
t dt

)(
TeθT

2−2σT

∫ T

0

Ytdt

)
→ 0 a.s.

(36)

y."

½n 7¥ 25�y². b� 1
2
< H < 1§é?¿�T > 0§k

TH−1e−
1
2 θT

2+σT (θ̂T − θ) =
1

ΦT

THe−
1
2 θT

2+σT

∫ T

0

Y H
t dt− TH−1e−

1
2 θT

2+σT 1

ΦT

BH
T

∫ T

0

Y H
t dt

≡ 1

ΦT

(Υ1(T )−Υ2(T )).

(37)

w,§dL« 16ÚÚn 3 ��

eθT
2−2σTΥ2(T ) = TH−1e

1
2 θT

2−σTBH
T

∫ T

0

Y H
t dt

=
BH
T

T 2−H

(
Te

1
2 θT

2−σT
∫ T

0

e−
1
2 θT

2+σT ξtdt+ Te
1
2 θT

2−σT
∫ T

0

ν

θ
(1− e− 1

2 θt
2+σt)dt

)
→ 0 (T →∞)

±VÇ1Âñ"2�ÄΥ1(T )�ìC©Ù§é?¿T ≥ 0§k∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtdBH
t

)
dBH

s

=

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtδBH
t

)
dBH

s

=

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtδBH
t

)
δBH

s

·
∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
∫ T

0

DH
r (

∫ s

0

e−
1
2 θt

2+σtδBH
t )|s− r|2H−2dsdr

=

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtδBH
t

)
δBH

s

+ αH

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs(s− r)2H−2dsdr.
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dd§é?¿�T ≥ 0§k∫ T

0

e−
1
2 θt

2+σtξtdB
H
t =

∫ T

0

e−
1
2 θt

2+σt

(∫ t

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s

)
dBH

t

=

∫ T

0

e−
1
2 θt

2+σt

(∫ T

0

(s− σ

θ
)e

1
2 θs

2−σsdBH
s

)
dBH

t

−
∫ T

0

e−
1
2 θt

2+σt

(∫ T

t

(s− σ

θ
)e

1
2 θs

2−σsdBH
s

)
dBH

t

= ξT

∫ T

0

e−
1
2 θt

2+σtdBH
t

−
∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtdBH
t

)
dBH

s

= ξT

∫ T

0

e−
1
2 θt

2+σtdBH
t

−
∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtδBH
t

)
δBH

s

− αH
∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
∫ s

0

e−
1
2 θr

2+σr(s− r)2H−2dsdr.
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Υ1(T )
1

ΦT

= THe
1
2 θT

2−σT
(∫ T

0

e−
1
2 θt

2+σtξtdB
H
t +

ν

θ
BH
T −

ν

θ

∫ T

0

e−
1
2 θt

2+σtdBH
t

)
1

eθT 2−2σTΦT

= (ξT −
ν

θ
)

(
THe

1
2 θT

2−σT
∫ T

0

e−
1
2 θt

2+σtdBH
t

)
1

eθT 2−2σTΦT

− THe 1
2 θT

2−σT
(
−ν
θ
BH
T +

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
(∫ s

0

e−
1
2 θt

2+σtδBH
t

)
δBH

s

+αHT
He−

1
2 θT

2+σT

∫ T

0

(s− σ

θ
)e

1
2 θs

2−σs
∫ s

0

e−
1
2 θr

2+σr(s− r)2H−2dsdr

)
1

eθT 2−2σTΦT

→ 2θ1−H
√
HΓ(2H)

N

ξ∞ − ν
θ

�©ÙÂñ"5¿�§dÚn 5���ÅCþN�BH�pÕá§l
Âñ5 25�y"

½n 7¥ 26Ú 27�y². éu 1
2
< H < 1§w,kXe��©ÙÂñ5µ

T 1+H(ν̂T − ν −
1

T
BH
T ) = T 1+H(XH

T − θ̂T
∫ T

0

Y H
t dt− Tν)

=
(
TH−1e−

1
2 θT

2+σT (θ̂T − θ)
)(

Te
1
2 θT

2−σT
∫ T

0

Ytdt

)
→ 2

√
HΓ(2H)θ−HN, T →∞.
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T 1−H(ν̂T − ν) =
TH

BH
T

+ {TH−1e−
1
2 θT

2+σT (θ̂T − θ)} · {T 1−2He
1
2 θT

2−σT
∫ T

0

Y H
t dt}

→M ∼ N(0, 1)
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