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Abstract

Galerkin spectral method based on Chebyshev polynomials has been widely used to

numerically solve the boundary value problem and initial boundary value problem of

partial differential equation. However detailed introduction of the method and its

application have been rarely seen in Chinese Journals. In this paper, we present the

detailed implementation procedure of Chebyshev Galerkin spectral method by means

of solving the boundary value problem of Helmholtz equation, initial boundary value

problem of time-dependent Schrodinger equation and initial boundary value problem

of wave equation, respectively. Our algorithm is built on: First we assume that the

unknown function can be approximated by the expansion of Chebyshev polynomials;

next we plug this expansion into the differential equation; then we use the weak formu-

lation of the equation and make it zero, and obtain the discrete system which satisfied

the coefficients of approximation expansion of unknown function; finally solving the

discrete system gives us the approximated value of unknown function. Galerkin spec-

tral method based on Chebyshev polynomials has the merit of high-order accuracy,

and simple implement procedure. Our numerical algorithm and numerical examples

have shown all of these merits of the Chebyshev spectral collocation method.
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½ �©�§)�)Û)Ø´¦), IS	Æö&?ïÄ�©�§�ê�O��{, ~Xk��©

{!k��{!Ì�{�. Ì�{ÏÙ°Ýp�A:É�2��'5, 'uÌ�{��'=©©z

�õ: Gottlieb��ö(1977)�@ØãÌ�{�n�A^ [1]; Canuto �<(1988) 3Ù;ÍØã
Ì

�{36NåÆ�A^ [2]¶Funaro (1992, 1997)3¦�;Í¥©OØã
��Ì�{�Ä�nØ!

��Ì�{3¦)é6�ÓÌ���§¦)¥�A^ [3, 4]; H�Õ(1998)3ÙØÍ¥�[Øã
Ì

�{Ä��n�nØ©ÛL§ [5]; Peyret (2002) 3Ö¥Øã
¦)Ø�Ø Ê56N�Ì�{ [6];

�CShen ÚTang (2006), Shen,Tang ÚWang (2011)�<3Ù=©;Í¥�Jø
�þÄ�Ì�{

Úp°Ý�{9�A�{�Âñ5©Û9Ø�©ÛnØ [7, 8].

3ISïÄ©z¥§�[0�GalerkinÌ�{¦) �©�§��{L§�©zé�, ¦�Ö

öØN´
)T�{. Ò·�¤�, 3·IkXeïÄö&?
GalerkinÌ�{: �7�(2013)�

Ño�·Ü�àg>�¯K�Petrov-Galerkin Ì�{ [9]; Çu�(2020, 2021)©O3©Ù¥æ

^Chebyshev GalerkinÌ�{¦)
����5�A*Ñ�§Ún� �©�§ [10, 11]. �]�

�(2021) �Ñ�aÌGalerkin .|¢òÿ{O���5ý�¯K�Âñ5©Û [12].

�©Äuc<�ïÄ, �[0�XÛÄuChebyshevõ�ª�EGalerkinÌ�{5©Oê�¦

)Helmholtz�§>�¯K!¹��5Å½��§�Ð>�¯K. T�{�^u?n�
E,� 

�©�§§§U3¢y{üz�§�Ó�, ����p�Ì°Ý, ùÃ¦¤�T�{���A^d

�. 3äN¢yL§¥§kb½�§¥���¼êU
^ÄuChebyshevõ�ªÐmª5%C, ,�

òT��¼ê�%CÐmª�\�§�¥, 2��§�f/ª¿¦��§�f/ª�", ?��

��¼êÐmª¥�Xê¤÷v��§|, �ªÏL¦)T�§|����¼ê�Cq&E.

�©�(�SüXeµ12!ÏL�©�§>�¯KÚÐ>�¯K§0�GalerkinÌ�{�A

^�n. 313 !¥§©O�[Û�
Helmholtz �§>�¯K!¹��5Å½��§�Ð>�¯

K�ÄuChebyshevõ�ª�GalerkinÌ�{�{L§. 314!¥§ÏLA�äN�ê�~f§y

¢
313!¥0���{�¢y¦)��!��Helmholtz�§>�¯K!��!��¹��5

Å½��§�Ð>�¯K, ê�(Jy¢
¤JÑ�ê��{�p°Ý�p�5. 315!�¥§·

�o(
¤JÑ�ê��{�`":.

2. GalerkinÌ�{¦)�©�§Ä�L§

�!Ì�0��©�§>�¯K�GalerkinÌ�{¦)Ä�L§��©�§Ð>�¯K

�GalerkinÌ�{¦)Ä�L§"

2.1. GalerkinÌ�{¦)>�¯K

�Ä¦)�©�§>�¯K

Lu = f, x ∈ Ω = (a, b), (2.1)

B−u = 0 x = a, B+u = 0 x = b, (2.2)
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ùpu = u(x)´���¼ê§f = f(x)´�®�¼ê"·��b½L,B−, B+þ´,�®��f(�

U¹k�©/ª)"

@oGalerkinÌ�{¦)T>�¯K����OÚ½Xeµ

1�Ú. À½Ü·�Á&Ä¼êφn = φn(x), n = 0, 1, 2, · · · , N§§�þ÷v>.^�(2.2)§�

Ò´µ

B−φn = 0 x = a, B+φn = 0 x = b, n = 0, 1, · · · , N.

1�Ú. |^Á&Ä¼êφn, n = 0, 1, 2, · · · , NÐmª§�Cqµ

u(x) ≈ uN (x) =
N∑
n=0

ûnφn(x) ≈ u(x),

f(x) ≈ fN (x) =

N∑
n=0

f̂nφn(x) ≈ f(x).

òþãÐmª�\��§LuN = fN�¥§2©O�SÈ§�µ

(LuN , ψl)w = (fN , ψl)w l = 0, 1, · · · , N,

ùp¼ê�SÈ½Â�(u, v)w =
∫

Ω
u(x)v(x)w(x)dx, w = w(x)´,��¼ê§ψl = ψl(x), l =

0, 1, · · · , N ¡�ÿÁ¼ê"

1nÚ. �âþª§��'uXêûn, n = 0, 1, · · · , N��ê�§|"

1oÚ. |^ê��{¦)�Xêûn, n = 0, 1, · · · , N �'��ê�§|"

1ÊÚ. ò¦�Xêûn, n = 0, 1, · · · , N �\�ÐmªuN (x) �¥, ·�Ò����¼ê���

ÌCq"

Remark 2.1. Ï~§Á&Ä¼êφn = φn(x), n = 0, 1, 2, · · · , N�ÿÁ¼êψl = ψl(x), l =

0, 1, · · · , N /ª�Ó"�¦�/ªØ���§·�¡þ¡�Ì�{�Petro-Galerkin Ì�{"

Remark 2.2. Á&Ä¼êφn = φn(x), n = 0, 1, 2, · · · , N Ï~l,���¼ê�{Pn(x)}∞n=0¥�

�§T��¼ê�'u�¼êw = w(x) ��µ

(Pi, Pj)w =

∫
Ω

Pi(x)Pj(x)w(x)dx = δij =

 1 i = j,

0 i 6= j.

Remark 2.3. XJØ�¦Á&Ä¼êφn(x), n = 0, 1, 2, · · · , N÷v>.^�(2.2)§@oòe¡Ð

mª

uN (x) =
N∑
n=0

ûnφn(x).

DOI: 10.12677/aam.2023.126299 2968 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126299 


�Z§¤Iu

�\�>�¯K(2.1)-(2.2) �¥§d�Xêû0, û1, · · · , ûN÷veª

N∑
n=0

ûn(Lφn, φi)w = (f, φi), i = 0, 1, 2, · · · , N − 2 (2.3)

B−uN (a) = 0, B+uN (b) = 0. (2.4)

ÏL¦)þã�§|(2.3)-(2.4)��Xêû0, û1, · · · , ûN . d�§*	ªf(2.3)§·�uyÙ¥�


i 6= N − 1, Nùü�"ù«�{q¡�Tau Ì�{§§´dLanczosu1938cJÑ"TauÌ�{�

nØØ�3Gottlieb!Orszag (1977)�kCanuto (1988)��Ö¥kù«Ø��0�"3¢SA^

�¥§<�k��^§5)�©�§>�¯K"

2.2. GalerkinÌ�{¦)Ð>�¯K

XJ·��Ä�©�§Ð>�¯K

ut = Lu+ f, x ∈ Ω = (a, b), (2.5)

B−u = 0 x = a, B+u = 0 x = b, (2.6)

u(x, 0) = g(x), x ∈ Ω. (2.7)

ùp·�b½L,Bþ´,�®�/ª��©�f§u = u(x, t)���¼ê. Ù{¼êþ´®�¼

ê"

@oÌ�{����OÚ½Xeµ

1�Ú. ÀÁ&Ä¼êφn, n = 0, 1, 2, · · · , N , ¦�§�÷v>.^�µ

B−φn = 0 x = a, B+φn = 0 x = b, n = 0, 1, · · · , N.

1�Ú. |^Á&Ä¼êφn = φn(x), n = 0, 1, 2, · · · , NÐmª§�µ

u(x, t) ≈ uN (x, t) =
N∑
n=0

ûn(t)φn(x),

u(x, t) ≈ fN (x, t) =

N∑
n=0

f̂n(t)φn(x),

g(x) ≈ gN (x) =

N∑
n=0

ĝnφn(x).

òþãÐmª�\��§|tu = Lu+ f�u(x, 0) = g(x)�¥§¦�eªð¤áµ(
∂uN
∂t
− (LNuN + fN ), v

)
w

= 0, ∀v = ψl, l = 0, 1, · · · , N,

(uN (x, 0)− gN (x), v)w = 0, ∀v = ψl, l = 0, 1, · · · , N, .
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1nÚ. �âþª§��'uXêûn(t) (n = 0, 1, · · · , N)�~�©�§|Ð�¯K"

1oÚ. |^ê��{£~Xk��©{¤¦)�Xêûn(t) (n = 0, 1, · · · , N) �'�~�©�

§|Ð�¯K"

1ÊÚ. ò¦�Xêûn(t) (n = 0, 1, · · · , N) �\�ÐmªuN (x, t) �¥, ·�Ò����ÌC

q"

3þ¡Á&Ä¼êφn(x)�À�L§�¥§XJ��¼êu´½Â�[a, b]þ�±Ï¼ê(ù

pb½a = 0, b = 2π¶XJa 6= 0, b 6= 2π, ����5C�§ò��¼êu�½Â�d[a, b]C

�[0, 2π])§·��±ÀJ¼êsin(nx)½cos(nx)½e(inx)(i2 = −1)���Ä¼ê¶XJ��¼êu´

½Â�[a, b]þ��±Ï¼ê§k�C�§ò��¼êu�½Â�d[a, b]C�[−1, 1]), �ÀJõ�

ª§~XChebyshev õ�ª, Legendre õ�ª���Ä¼ê¶XJ��¼êu´½Â�[0,+∞]þ�

�±Ï¼ê(d�b½a = 0, b = +∞), �ÀJHermit õ�ª��Ä¼ê; XJ��¼êu´½Â

�[−∞,+∞]þ��±Ï¼ê(d�b½a = −∞, b = +∞), �ÀJLagureeõ�ª��Ä¼ê"3

e�!¥§·�ò0�ÄuChebyshevõ�ª�Galerkin Ì�{�OL§"

3. ÄuChebyshevõ�ª�GalerkinÌ�{

3.1. )Helmholtz�§�Chebyshev-Galerkin �{

�!¥§©O0���9��Helmholtz>�¯K�Chebyshev-Galerkin�{

k�Ä��Helmholtz�§>�¯K�¦)

αu− u′′ = f in Ω = I, u|Ω = 0, (3.1)

ùpI = (−1, 1)"

b½Tn(x)�ngChebyshevõ�ª§¿�b½¼ê�mSN , VN©O�

SN = span{T0(x), T1(x), . . . , TN (x)}, VN = {v ∈ SN : v(±1) = 0}.

é²w§VN = span{φ0(x), φ1(x), . . . , φN−2(x)}, ùpφk(x) = Tk(x)− Tk+2(x).

|^Chebyshev-Galerkin�{§b½¼êu ≈ uN =
N−2∑
j=0

ûjφj(x), ò��\���Helmholtz�

§�§�αuN − u′′N = f , =α
N−2∑
j=0

ûjφj(x)−
N−2∑
j=0

ûjφ
′′
j (x) = f(x). ù����§�¦�r"

CqO�L§¥§·��¦eãf/ª¤á

(α
N−2∑
j=0

ûjφj(x)−
N−2∑
j=0

ûjφ
′′
j (x), φk(x))ω = (f(x), φk(x))ω, k = 0, 1, · · · , N − 2.

DOI: 10.12677/aam.2023.126299 2970 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126299 


�Z§¤Iu

u´�

α
N−2∑
j=0

ûjbkj +
N−2∑
j=0

ûjakj = (f(x), φk(x))ω, k = 0, 1, · · · , N − 2.

ùp�¼êw = w(x) = 1/
√

1− x2, akj = −(φ′′j (x), φk(x))ω ±9bkj = (φj(x), φk(x))ω. ÏLO�

��

bkj = bjk =


(ck+1)

2
π, j = k

−π
2
, j = k − 2½ j = k + 2;

0, Ù{�/

(3.2)

±9

akj =


2π(k + 1)(k + 2), j = k

4π(k + 1), j = k + 2, k + 4, k + 6, · · · .
0 j > k½j + kÛ

(3.3)

Ù¥Xêc0 = cN = 2, ck = 1éu1 ≤ k ≤ N − 1 .

|^chebyshev-Gauss-quadratureúª,kfk = (f(x), φk(x))w =
M∑
i=0

f(xi)φk(xi)ωi, Ù¥xi =

cosπi/M, i = 0, ...,M �chebyshev-Gauss-Lobatto!:,ω0 = ωM = π/2M , ωk = π/Méu1 ≤ i ≤
M − 1. XJ·�2½Â

F = (f0, f1, · · · , fN−2)T ;

û = (û0, û1, · · · , ûN−2)T ;

B = (bkj)0≤k,j≤N−2, A = (akj)0≤k,j≤N−2,

@o·���XelÑ/ª��5�§|

(αB +A)û = F. (3.4)

ÏL¦)þã�5�§|§·�Ò��
ÐmªuN =
∑N−2

n=0 ûnφn(x) �¥�Xê|¤��

þû = (û0, û1, · · · , ûN−2)T . l§·�Ò��
�¯K��«Chebyshev-Galerkin ÌCq"

2�Ä��Helmholtz�§>�¯K�¦)

αu−∆u = f in Ω = I2, u|Ω = 0. (3.5)

T�{Ïé¼êuN ∈ V 2
N ,¦�

α(uN , v)w − (∆uN , v)w = (f, v)w,∀v ∈ V 2
N , (3.6)

ùp�¼êω = ω(x1, x2) = Π2
i=1(1− x2

i )
−1/2. SÈ�(u, v)ω =

∫
Ω
uvωdx.¿�§dx = dx1dx2. b

½¼ê�m

V 2
N = span{φk(x1)φj(x2) : k, j = 0, 1, · · · , N − 2}.
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¿�b½kCq

u ≈ uN =
N−2∑
k,j=0

ûkjφk(x1)φj(x2),

�·��ªf(3.6)¥�v = φl(x1)φm(x2), l,m = 0, 1, · · · , N−2,¿3ªf(3.6)�m>|^chebyshev-

Gauss-quadrature úª,k

fkj = (f(x1, x2), φk(x1)φj(x2))ω =
M∑

p,q=0

f(x1p, x2q)φl(x1p)φm(x2q)ωpωq.

Ù¥x1p = cosπp/M, x2q = cosπq/M, p, q = 0, ...,M �chebyshev-Gauss-Lobatto!:,ω0 = ω0 =

ωM = ωM = π/2M , ωk = ωk = π/Méu1 ≤ i ≤M − 1.

@o3���/e�§(3.6)C¤Xe�5�§|

αBÛB +AÛB +BÛAT = G. (3.7)

ùpÝ
Û = (ûkj)k,j=0,1,··· ,N−2, G = (fkj)k,j=0,1,··· ,N−2.

¦)þã�5�§|���)Û��{Xeµ

(1) kéÑ�_
E±9é�
Λ§¦�A−1B = EΛE−1.

(2) O�G∗ = E−1A−1G.

(3)¦)�§|(αλi+1)Bvi+λiAvi = gi,l¥��vi. ùpé�Ý
Λ = diag(λ0, λ1, · · · , λN−2).

vi = (vi0, vi1, · · · , viN−2)T , gi = (gi0, gi1, · · · , giN−2)T , i = 0, 1, · · · , N − 2. ·�5¿�G∗ =

(g0, g1, · · · , gN−2)T§V = (v0, v1, · · · , vN−2)T .

(4) ���Û = EV§�Ò´��Ðmª¥�Xê.

3.2. )Ð>�¯K�Chebyshev-Galerkin�{

3�!�¥§©O0�¹���ÅÄ�§Ð>�¯K9¹���9D��§Ð>�¯K

�Chebyshev-Galerkin�{��OL§"

k�ÄXe����5ÅÄ�§
∂u

∂t
=
∂u

∂x
, (3.8)

±9�A�>.^�

u(1, t) = 0 (3.9)

�Ð©^�

u(x, 0) = f(x). (3.10)

ÄuChebyshevõ�ª�EÄ¼ê

DOI: 10.12677/aam.2023.126299 2972 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126299 


�Z§¤Iu

φn(x) = Tn(x)− 1,

÷v>.^�(3.9). ·�ÏéXe�CqÐmªuN (x, t)

u(x, t) ≈ uN (x, t) =
N∑
n=1

an(t)φn(x) =
N∑
n=1

an(t)(Tn(x)− 1).

5¿ùp�¦Úªf´ln = 1m©§Ø´ln = 0m©, ù´Ï�φ0(x) = 0.

¦{�

RN (x, t) =
∂uN
∂t
− ∂uN

∂x

��u¼êφk(x) ∈ L2
w[−1, 1], �Ò´

2

π

∫ 1

−1

RN (x, t)φk(x)
1√

1− x2
dx = 0, k = 1, . . . , N. (3.11)

ùp·�®²�,ÀJ�¼êω(x) = 1√
1−x2 . lªf(3.11)§·��

N∑
n=1

Mkn
dan
dt

=

N∑
n=1

Sknan(t), k = 1, . . . , N,

Ù¥

Mkn =
2

π

∫ 1

−1

(Tk(x)− 1)(Tn(x)− 1)
1√

1− x2
dx = 2 + δkn.

�k = n�,Mkn = 1;�k 6= n�,Mkn = 0.



Skn =
2

π

∫ 1

−1

(Tk(x)− 1)
dTn(x)

dx

1√
1− x2

dx, k, n = 1, . . . , N.

dungChebyshevõ�ªTn(x)÷ve¡ð�ª

dTn(x)

dx
= 2n

n−1∑
p=0,p+n�Û

Tp(x)

cp
,

ù�Ý
Skn�U��

Skn =
2

π

∫ 1

−1

(Tk(x)− 1)2n
n−1∑

p=0,p+n�Û

Tp(x)

cp

1√
1− x2

dx

= 2n
n−1∑

p=0,p+n�Û

(δkp − δ0p).
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XJ2½ÂM = (Mkn)k,n=1,2,...,N ;S = (Skn)k,n=1,2,...,N ; a = a(t) = (a1(t), a2(t), ..., aN (t))T . ù�

·�Ò��
'uXêa1(t), a2(t), · · · , aN (t)�~�©�§|µ

da

dt
= M−1Sa, (3.12)

�t = 0��^��l^�(3.10) ��"²LO�§��an(0)÷veª

an(0) =
2

π

∫ 1

−1

f(x)(Tn(x)− 1)
1√

1− x2
dx, n = 1, . . . , N. (3.13)

3�m��ÏLCrank-Nicolson�{¦)'uXêa1(t), a2(t), · · · , aN (t)�~�©�§|Ð�¯

K(3.12)-(3.13), ��Xê3ØÓ���Cq�"

Ó�2�ÄXe����59D��§

∂u

∂t
=
∂2u

∂x2
, (3.14)

±9>.^�

u(−1, t) = u(1, t) = 0,

�Ð©^�u(x, 0) = f(x).

·��±�Ä¼ê�

φn(x) = Tn(x)− Tn+2(x), n ≥ 0.

ùp�Ä¼êÑ÷v>.^�§�Ò´φn(±1) = 0.

·�ÏéCqXe�Ðmª

uN (x, t) =
N−2∑
n=0

an(t)φn(x),

¿��¦{�

RN (x, t) =
∂uN
∂t
− ∂2uN

∂x2

��uz�Ä¼êφk(x)§�Ò´§÷veª∫ 1

−1

RN (x, t)φk(x)
1√

1− x2
dx = 0, ∀k = 0, . . . , N − 2.

ù�·�Ò��
Chebyshev-Galerkin�{

N−2∑
n=0

bkn
dan
dt

=
N−2∑
n=0

aknan(t), ∀k = 0, 1, . . . , N − 2, (3.15)

ùpÝ
bkn�½Â�(3.2) ±9akn�½Â�(3.3).
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þãL§Ò��
Xe�~�©�§|

da

dt
= −B−1Aa, (3.16)

ùpa = a(t), ¿�kÐ©^�

an(0) =

∫ 1

−1

f(x)φn(x)
1√

1− x2
dx, ∀n = 0, 1, . . . , N − 2.. (3.17)

Ó�§3�m��ÏLCrank-Nicolson�{¦)'uXêa0(t), a1(t), · · · , aN−2(t) �~�©�§|

Ð�¯K(3.16)-(3.17), ��Xê3ØÓ���Cq�"

4. O�(J

~1. ·�k�Ä���5>�¯K{
−uxx + σu = f(x) − 1 < x < 1

u(−1) = 0, u(1) = 0

Ù¥u = u(x)´��¼ê. f(x) = σ(1− x2) + 2, σ = 1. d�§k�O()u(x) = 1− x2. L 1Ð«


¦)��Helmhotz>�¯K�Ø�©Û.

Table 1. Error of Chebyshev-Galerkin method for the boundary value problem of Helmhotz equation in 1D

L 1. ¦)��Helmhotz>�¯K�Chebyshev-Galerkin�{Ø�©Û

N 8 16 32 64

error 3.331e-16 3.331e-16 5.551e-16 3.331e-16

~2. e¡?Ø��>�¯K�¦). �Ä

−uxx − uyy + σu = f − 1 < x < 1, −1 < y < 1,

u = 0, � x = −1½ x = 1½ y = −1½ y = 1,

�¦). ù´u = u(x, y)´��¼ê§f(x, y) = 2(−x2 + 1) + 2(−y2 + 1) +σ(1−x2)(1− y2), σ = 1.

d�§k�O()u(x, y) = (1− x2)(1− y2). L 2Ð«
¦)��Helmhotz>�¯K�Ø�©Û.

Table 2. Error of Chebyshev-Galerkin method for the boundary value problem of Helmhotz equation in 2D

L 2. ¦)��Helmhotz>�¯K�Chebyshev-Galerkin�{Ø�©Û

Nx = Ny 8 16 32 64

error 2.220e-16 7.771e-16 6.661e-16 3.331e-16

~3. k�ÄXe����5ÅÄ�§
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∂u

∂t
=
∂u

∂x
,

±9�A�>.^�

u(1, t) = 0

�Ð©^�

u(x, 0) = e−50x2

.

d¯KkXeO()u(x, t) = e−50(x+t)2 , ¿��x → 1, u(x, t) → 0. L 3O�Chebyshev-Galerkin

�{���¼êψ(x, t)3t = 1��!:Cq)�3t = 1��!:O()��. lL 3�(J�±w

Ñ¦^�Chebyshev-Galerkin�{äkÌ°Ý.

Table 3. Error of Chebyshev-Galerkin method for the first-order linear wave equation

L 3. )���5ÅÄ�§�Chebyshev-Galerkin�{Ø�©Û, ùp�mÚ��0.01

Nx 32 64 128 256

error 7.341e-4 7.304e-4 7.435e-4 3.331e-16

~4. Ó��ÄXe����59D��§�)

∂u

∂t
=
∂2u

∂x2
,

±9>.^�

u(−1, t) = u(1, t) = 0,

�Ð©^�u(x, 0) = cos πx
2

. d¯KkXeO()u(x, t) = e−
π2t
4 cos πx

2
. L 4O���Ì�{��

�¼êψ(x, t)3t = 1��!:Cq)�3t = 1��!:O()��. lL 4�(J�±wÑ¦^

�Chebyshev-Galerkin�{�äkÌ°Ý.

Table 4. Error of Chebyshev-Galerkin method for the second-order linear heat conduction equation

L 4. )���59D��§�Chebyshev-Galerkin�{Ø�©Û, ùp�mÚ��0.01

Nx = Ny 32 64 128 256

error 1.062e-5 1.062e-5 1.062e-5 1.062e-5

5. (Ø

�©ÏL©O¦)��!��Helmholtz�§>�¯K!��!��¹��5Å½��§�Ð

>�¯K�5�[0�ÄuChebyshevõ�ª�GalerkinÌ�{�¢yL§. ÄuChebyshevõ�ª
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�GalerkinÌ�{äk°Ýp!�{¢yL§{ü�`:. �©�Ñ
GalerkinÌ�{�{�[L

§. ¤k�ê�O�(JÑÏL¤>��Matlab§S��(��Ï&�öéX¢��'§S�è).

ÏLO�uyT�{�kO�þ��ù�":. ØL�XO�Å�5U�Jp§d¯KAT��

XO�ÅM��Jp��)û. ,	, ÄuÙ¦a��õ�ª(~XLegendreõ�ª!Jacobianõ

�ª�)�GalerkinÌ�{�í��´aq�§�©¤0���{�±^u�OÙ§a��õ�ª

�GalerkinÌ�{§¿�ò�A^��©�§¯K�ê�¦)�¥"3ò5, ò?ØXÛ�EÄ

uChebyshev õ�ª�GalerkinÌ�{§±BA^���E,��©�§>�¯K9�©�§Ð>

�¯K�¥; �ò?ØXÛ�EÄuChebyshevõ�ª�GalerkinÌ�{§±BA^���E,�

þf��¯K�ê�O��¥ [13].

Ä7�8

�H��e�ï�8(2023J0650)�]Ï.
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