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Abstract

The Boltzmann equation of collision dynamics is an important equation for describing

the motion of microscopic particles, which includes microscopic particles. The collision

process between particles can be used to study the Transport phenomenon. When the

transport of microscopic particles (such as molecules or particles) exhibit a certain

long-term pattern and does not satisfy Fick’s diffusion law, we will encounter the

phenomenon of fractional diffusion. Normally, at this point, we can derive the limit of

fractional diffusion through the collision dynamics equation. This article will explore

the scaling equation for collision dynamics equations. The estimation is then used to

achieve the derivation of fractional diffusion limits.
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Boltzmann�§£ã
DÕíN3vk	å�¹e�)-E§���-EÄåÆ�§"²;�

-EÄåÆ�§��/ª�µ
∂tf + v · ∇xf = L(f) (0,∞)× RN × RN

f(x, v, 0) = f0(x, v)

(1)

T�§£ã
íNâf©Ù¼êf(x, v, t)�üz§Ù¥-E�mt ≥ 0§-E �x ∈ RN§-E�
Ýv ∈ RN"L(f)�Boltzmann�§��5-E�f§´d-EØσ(v, v′)¤û½§£ã
âf�±

�0���p�^§Ù/ª�µ

L(f) =

∫
RN

[σ(v, v′)f(v′)− σ(v′, v)f(v)]dv′ (2)

Ù¥-EØσ(v, v′)´�K�§v, v′©OL«âf-Ec���Ý"

��m-Eüze§-EXÚ�3����8�z�Ç©Ù²ï¼êF (v)§¿�´'uv�ó

¼ê§=kµ

F = F (v) > 0,

∫
RN

F (v) = 1, L(f) = 0

3ïÄ�²þgd§4����§4�¬�)©ê��~*Ñ�§¥§Ú\ºÝCþθ(εα)(0 <

α ≤ 2):

x′ = εx t′ = θ(ε)t (3)

±9ºÝ©Ù¼êµ

f ε(x′, v′, t′) = f(x, v, t) (4)

Ù¥ε��ëê§�Ò´²þgd§§òx′§v′§t′�\�§(1)��µ

θ(ε)∂tf
ε + εv · ∇xf ε = L(f ε) (5)

lÄåÆ�§(5)í�Ñ*Ñ.�§´dBirkhoffÚWigner [22]§Bensoussan [23]±9LarsenÚKeller

[24]�m©ïÄ"

·K1�-E�f÷v±e¼ê/ª [18]µ

L(f) = ρF − f, ρ =< f >=

∫
RN

f(v)dv (6)

Ù¥-EØéAuσ(v, v′) = F (v)"e�Ç©ÙF (v) ∼ 1
|v|N+α÷v�Æ�©Ù§�ε → 0�§

f εÂñu¼ê/ªρ(x, t)F (v)§ùpρ(x, t)´±e©ê��~*Ñ�§�)µ
∂tρ+ κ(−∆x)

α
2 ρ = 0 (x, t) ∈ (0,∞)× RN

ρ(x, 0) = ρ0 x ∈ RN
(7)
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Ù¥XêκÙL�ª��±eªf"�α ∈ (0, 2]�§

κ =

∫
RN

ω2

1 + ω2

k0

|ω|N+α
dω (8)

ª(7)¥�©ê��©�f(−∆x)
α
2½ÂXeµ

(−∆x)
α
2 ρ(x, t) = cn,α

∫
RN

ρ(x, t)− ρ(y, t)

‖x− y‖N+α
dy (9)

Ù¥Xêcn,αdeª�Ñµ

cn,α =
α2α−1Γ(α+N

2
)

π
N
2 Γ( 2−α

2 )
(10)

ùpΓ(x)´Gamma¼ê§=

Γ(x) =

∫ ∞
0

tx−1e−tdt, x > 0 (11)

3Fourier�m¥§·��±��(9)ª��dµ

(−∆x)
α
2 ρ = F−1(|k|αF(ρ)(k)) (12)

Ù¥FL«3�m�þ�FourierC�§30 < α ≤ 2�Ñ´¤á�"

¯¤±�§¦^*Ñ4�{�Ñ�~*Ñ4�kò-EÄåÆ�§z�Ñ$�§¶éÑ$�

§?1Chapman-EnskogÐm§��ëY0��§¶Ú\*Ñ4�b�§=b�Ñ$�§3��m

Ú�ålºÝe�±k�/ÏL*ÑL§£ã¶éu*Ñ4�e�ëY0��§§A^IO�*Ñ

�§nØ§=Fick*Ñ�§§5¦)�~*ÑXê¶ò�~*ÑXêL«��©�-EÄåÆ�§

¥�Ônþ�¼ê"3�©¥ò0�¦^*Ñ4�{�Ñ�~*Ñ4�§æ^�5�Boltzmann�

§5?1&ÄÙ�Ñ��~*Ñ4�§L§Xeµ

Ú½�:f ε�k��O

�§(5)�)f ε(θ(ε) = εα)÷v±e�ªµ

εα
d

dt

∫
R2N

(f ε)2

2
F−1dvdx =

∫
R2N

L(f ε)f εF−1dvdx

=

∫
R2N

[(ρε)2F − (f ε)2F−1]dvdx

= −
∫
R2N

[f ε − ρεF ]2F−1dvdx

(13)

3t ≥ 0�§lþª�±í�Ñ±eü��Oµ

sup
t≥0

∫
R2N

(f ε(t, ·))2

F
dvdx ≤

∫
R2N

f2
0

F
dvdx = ‖f0‖L2(F−1) (14)

Ú ∫ ∞
0

∫
R2N

[f ε − ρεF ]2F−1dvdxdt ≤ εα

2
‖f0‖L2(F−1) (15)
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�âCauchy-SchwarzØ�ª�±�Ñµ

ρε(t, x) =

∫
RN

f ε

F
1
2

F
1
2 dv ≤

(∫
RN

(f ε)2

F
dv

) 1
2

(16)

ÚL(f ε)��O��§ρε(x, t)�O�L�ªXeµ

sup
t≥0

∫
RN

(ρε(t, ·))2dx ≤ ‖f0‖L2(F−1) (17)

Ú½�µ ��§?1Laplace-FourierC�

½Âf̂ ε�f ε�Laplace-FourierC�§�Úf ε��§Ñ´'u(x, t)�¼ê§Ù½Â�µ

f̂ ε(p, k, v) =

∫
RN

∫ ∞
0

e−pte−ik·xf ε(x, v, t)dxdt p > 0, k ∈ R (18)

,��dÓ�f̂ ε÷veªµ

εα∂tf̂ ε + εv · ∇xf̂ ε = L(f̂ ε) (19)

òf ε�LaplaceC�ªf�\þªí�Ñµ

εαρf̂ ε − εαf̂0 + εiv · kf̂ ε =< f̂ ε > F − f̂ ε (20)

Ù¥f̂0��§Ð�f0�LaplaceC�¤��ªf"òþªU��f̂ ε��ªµ

f̂ ε =
F

1 + εαp+ εiv · k
ρ̂ε +

εαf̂0

1 + εαp+ εiv · k
(21)

Ù¥ρ̂ε�ρε�Laplace-FourierC�/ª§¿�÷vρ̂ε(p, k) =< f̂ ε > (p, k)"é(21)ªfüà?1È

©��µ

ρ̂ε =

(∫
RN

F (v)

1 + εαp+ εiv · k
dv

)
ρ̂ε +

(∫
RN

εαf̂0

1 + εαp+ εiv · k
dv

)
(22)

�â�8�z^�
∫
RN F (v)dv = 1�±òþªU��µ

∫
RN

f̂0

1 + εαp+ εiv · k
dv + aερ̂ε = 0 (23)

Ù¥

aε(p, k) =
1

εα

∫
RN

(
1

1 + εαp+ εiv · k
− 1)F (v)dv (24)

éu�§(29)�1��ªf§�ε→ 0�§

∫
RN

f̂0

1 + εαp+ εiv · k
dv →

∫
RN

f̂0dv = ρ̂0 (25)

�âb�f0 ∈ L2(F−1)�§��Ñf0 ∈ L2
x(L1

v)§ÏLParseval equality [25]�í�Ñf0�FourierC
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�f̂0�áuL
2
x(L1

v)§¿�Xf̂0éu¤k�k3vþ��È�"

Ú½nµaε(p, k)3ε→ 0���O

òaε(p, k)©)�üÜ©§éuùüÜ©©O?1�O"

aε(p, k) = − 1

εα

∫
RN

εαp+ εiv · k
1 + εαp+ εiv · k

F (v)dv

= −p
∫
RN

1 + εαp

(1 + εαp)2 + ε2(v · k)2
F (v)dv

− 1

εα

∫
RN

(εv · k)2

(1 + εαp)2 + ε2(v · k)2
F (v)dv

= dε1(p, k) + dε2(p, k)

(26)

éudε1(p, k)§�ε→ 0�§

dε1(p, k) = −p
∫
RN

1 + εαp

(1 + εαp)2 + ε2(v · k)2
F (v)dv → −p

∫
RN

F (v)dv = −p (27)

�Yò¬édε2(p, k)?1�ε→ 0���O§ò¬æ^éÈ©«m?1y©§©¤|v| ≤ 1Ú|v| ≥ 1?

1&?§�[ë�©z [18]"

Ú½oµo(�V)

òÚ½��n¤k�O��\�§(23)��µ

ρ̂0 + (−p− κ|k|α)ρ̂ε = 0 (28)

éu?Ûα ∈ (0, 2]§p > 0§k ∈ RN�Ñ??¤á"

l�§(14)k.S��J���fS�§ò¬�Ñ�3��η ∈ L∞(0,∞;L2(R))§±�

uρ̂εfÂñuη3L∞(0,∞;L2(R))"��¡§ρ̂ε3L∞(a,∞;L2(R))´k.�§éu?Ûa > 0Ñ¤

á¶,��¡§éu¤k�ϕ = ϕ(t) ∈ D(0,∞)§§�.Ê.dC�LϕáuL1(0,∞)§éu¤k

�ψ = ψ(x) ∈ S(R)§§�FourierC�FψáuS(R)§±�uµ

< ρ̂ε, ϕ⊗ ψ >=< ρε,Lϕ⊗Fψ >−→< η,Lϕ⊗Fψ >=< η̂, ϕ⊗ ψ >

�ε→ 0§ρ̂ε ⇀ η̂§3L∞(a,∞;L2(R))þ§éu?Ûa > 0Ñ¤á§K�§(28)�U��µ

ρ̂0 + (−p− κ|k|α)η̂ = 0 (29)

éu?Û�p ≥ 0§k ∈ RNÑ??¤á"��§ρ´©ê�*Ñ�§(7)����)÷vµ

ρ̂0 + (−p− κ|k|α)ρ̂ = 0 (30)

éu?Û�p ≥ 0§k ∈ RÑ??¤á§Ó�±�uη̂ = ρ̂??¤á§Ï�LaplaceC�

ÚFourierC�Ñ´�é��N�§¤±η = ρ"�·��ª�±�â�§(15)í�Ñf ε ⇀ ρFéu

?ÛT > 03L∞(0, T ;L2(R× R))Ñ¤á"
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