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Abstract

In this thesis, we study the vanishing viscous limit of one-dimensional nonlinear viscous

system with multi-layer structure. It is proved that when two non-interacting shock

waves satisfy the entropy condition for the inviscid system, the asymptotic equivalence

can be achieved between the solution of the viscous system and the solution of the

inviscid system. This is proved based on matched asymptotic analysis and energy

estimate related to the stability theory of viscous shock profile. First, the approximate

solution of the viscosity system is constructed by the multi-scale matched asymptotic

expansion method, and then the final conclusion is obtained by the stability analysis

with the method of energy estimate.
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1. Úó

�©¥, ·�ïÄõ�(�e�kÊ5��V�§|

∂tu
ε + ∂x

(
f(uε(x, t))

)
= ε∂x

(
B(uε)∂xu

ε
)
, uε ∈ Rn, x ∈ R1, t ≥ 0, (1)

�)��AÃÊV�§|

∂tu+ ∂x
(
f(u(x, t))

)
= 0, u ∈ Rn, x ∈ R1, t ≥ 0, (2)

�)�ìC�d'X, Ù¥ f �1w¼ê, ��3 g(u(x, t)), ¦� ∇ug(u(x, t)) = B(u(x, t)).

Ê5´6N����©��á5, k'Ê5��4��¯K36NåÆïÄ¥���ÉÊ

8. 3¢SA^¥, ÃÊ�§�)Ï~´ØëY�, Ò�-ÅÚ�>mä��, ùa¯K�ïÄ��

E,, �X�ÆEâY²�JpÚuÐ, <�éÊ5��4�¯K�)ûJÑ
�½���¦. éu

"ÑÑ¯K Hoff [1]u 19VÄkJÑü-Å�3�, �����Ø 6Ä� Navier-Stokes�§
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�ÃÊ4�¯K, y²
�§�)©ª�3, ¿��Ê5ªu"�, §ÂñuÃÊ Euler�§-Å).

3dÄ:þ, GoodmanÚ Z.P. Xin [2]é��[�5Ê5ÅðÆ�§'uÊ5-Å¿¡½5½n

?1
í2, ��
Ê5�§|�ÃÊ�§|�m�ìC�d5. �5, ÏL��\�ïÄ, <�y

²
äk�´L(�¿��\���Ê5ÅðÆ�§���Ê54�¯K [3–10], Z.P. Xin [11]y

²
äk¥%DÕÅÐ�� Navier-Stokes�§�)3�lÐ©mä�«��XÊ5���Âñ

�¥%DÕÅ; Y. Wang [12]ïÄ
�Ê5Xê ε÷v k = O(ε) , ¿�-Å÷vtµ�^��, �

Ø �9 Navier-Stokes�§�"ÑÑ4�; H.Y. Wang [13]ÏLÄ�Å(��ºÝC�ÚÄ�U

þ©Û��{ïÄ
�k�rÝ�DÕÅ�3�, Ê5 p-XÚ��6Ä�.�"ÑÑ¯K, éuØ

1w�ÃÊ�§�), -Å!�>mäÚDÕÅk�U¬|ÜÑy [14–22], ùÒ¦¯KC��\E

,å5. 3�¹ Euler�§-Å!DÕÅÚ�>mä���U\��¹e, F.M. Huang [16]y²


Boltzmann�§�3��)¿Âñudn«Ä�Å.|¤� Riemann)¤(½�Maxwell). é

uÓ��Ê5-Å�Ê5�>Å�|ÜÅ, H.H. Zeng [23]y²
äk�Ð©6Ä�Ê5ÅðÆ|

�ìC½5. HakhoÚ T. Wang [24]ïÄ
��A� EulerXÚ�)dü�DÕÅÚ�>mä�

EÜÅ|¤�, Navier-Stokes�§�)�"ÑÑ4�ÚP~�Ç.

�©Ì�ïÄéuÊ5�´��5�V�§|, ·�Ñ��, éu�p�^�-Å, =¦3

�{ü��¹e, 3ü�-Å�E�, �U¬�)-Å, ��U¬�)�>mä [25, 26], ù¦�¯K

C�E,å5, Ïd�©·�Ì�?Øü�Ø�p�^�-Å, �aq�(J3k�õ���p�

^-Åe�Ó�¤á. �ü�-Å÷v Lax�^��, Ê5�§|�)ÂñuÃÊ�§|�). ©

Ù�y²Ì�©ü�Ü©, �ECq)ÚUþ�O. 31�Ùp, ÏL��ìCÐm��{, ·��

EÑÊ5�§�Cq). Äk©«�©OÐm, 3�EÐmª�z���, ·�|^
¥%6/½n

Ú½6/½n [27, 28]��'nØ���E�Cq)´¤á�. ��é�l-Å�ÃÊ�§)?

1p�?�, �ª��Cq), ¿é�Ê5�§|ÚÃÊ�§|�m)�/ªéX. 31nÙ¥, ·

�^Uþ�O��{?1½5©Û. Äk¦^�Ê5-Å¿¡½5�'�nØéÌÅ?1k�

�O, 2é�ÌÅ?1�O, ¦ÙU
�ÌÅ��, ��?1�p��ê��O, l��Ê5�§

�Cq)�ÃÊ�§�ý¢)�ìC�d5�y². ��c�X�ïÄ, �©��
°Ý�p�Â

ñ�, ù�¦��©�ïÄ�k¿Â.

éu (1)Ú (2) , ·�k±eb�¤á

(1)-Å÷v Lax �^�

3 x = si(t), i = 1, 2, k

λ1(u(si(t)− 0, t)) < · · · < λp(u(si(t)− 0, t)),

λp(u(si(t)− 0, t)) >
d

dt
ṡ(t) > λp(u(si(t) + 0, t)),

−0.1cmλp(u(si(t) + 0, t)) < · · · < λn(u(si(t) + 0, t)).

�éu?¿ t ≤ T Ú k = 0, 1, 2, 3, 4e�4��3

∂kxu(si(t)− 0, t) = lim
x→si(t)−

∂kx(u(x, t)),

∂kxu(si(t) + 0, t) = lim
x→si(t)+

∂kx(u(x, t)),
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Ù¥ i = 1, 2;

(2)é?¿ u ∈ U , Ù¥ U ∈ RN, 0 ∈ RN, k (i) - (iv)¤á

(i)�3�½Ý
 S(u) , ¦� SAé¡, Ù¥ A(u) = f ′(u) , A(u)�é�z, =�3�½Ý


R(u) , L(u)¦�

A = RΛL,RL = I,

Ù¥ Λ = diag(λ1, λ2, · · · , λn), λ1 < λ2 < · · · < λp < 0 < λp+1 < · · ·λn;

(ii) SBé¡�½, =�3 c0 > 0 , ¦� (SBξ, ξ) ≥ c0|ξ|2, éu?¿ ξ ∈ RN ;

(iii) LBR´�½�.

Ì�(J

½n 1. b�ÃÊ�§| (2)´î�V�, e u0(x, t) ∈ C2([0, T ]; H2(R)) ´ÃÊ�§| (2)

�), é ∀t ∈ [0, T ], i = 1, 2, �3�~ê ηi, i = 1, 2,÷v

|u0(si(t) + 0, t)− u0(si(t)− 0, t)| < ηi, (3)

Kév
�� ε > 0, �½� η ∈ (0, 1), Ê5�§| (1) �3����1w) uε(x, t) ∈
C1([0, T ];H2(R)) ÷v

sup
0≤t≤T

∫
R
|uε(·, t)− u0(·, t)|2dx ≤ Cεη, (4)

sup
0≤t≤T

|x−si(t)|≥εγ

|uε(·, t)− u0(·, t)| ≤ Cε, i = 1, 2, (5)

Ù¥ γ ∈ ( 4
5
, 1).

2. Cq)��E

�!¥, ·�ÄkÏL©«�ìCÐm2����{�EÑ�§| (1) �Cq) vε(x, t). 2|

^¥%6/½ny²Cq)�E�Ün5.

2.1. S	ÜÐm���^�

Äk, 3�l-Å�«�, ·�kò�§| (1) �)±?ê�/ªÐm

uOut(x, t) ∼ u0(x, t) + εu1(x, t) + ε2u2(x, t) + · · · (6)

Ù¥ u0, u1 · · · 3-Å x = si(t) ?ØëY, 3Ù¦«�1w. ò uOut �\ (1)¿�â ε��g?1

©a, �±��
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O(1) : ∂tu
0 + ∂xf(u0) = 0, (7)

O(ε) : ∂tu
1 + ∂x

(
f ′(u0)u1

)
= ∂2

xg(u0), (8)

O(ε2) : ∂tu
2 + ∂x

(
f ′(u0)u2

)
= ∂2

x

(
B(u0)u1

)
− 1

2
∂x
(
f ′′(u0)(u1)2

)
. (9)

Ùg, 3-Å� {x = s1(t)} NC, aqu	ÜÐm�±��Cq)

uIN1 (x, t) ∼ u0s(ξ, t) + εu1s(ξ, t) + ε2u2s(ξ, t) + · · · (10)

ùp ξ´ÏLe�� C���

ξ =
x− s1(t)

ε
+ δ1(t, ε), (11)

Ù¥ δ1´-Å ��6Ä

δ1(t, ε) = δ01(t) + εδ11(t) + ε2δ21(t) + · · · . (12)

ò uIN1 �\�§| (1) ��

O(
1

ε
) : ∂ξf(u0s)− ṡ1∂ξu0s − ∂2

ξg(u0s) = 0, (13)

O(1) : ∂2
ξ

(
B(u0s)u

1
s

)
− ∂ξ

(
f ′(u0s)u

1
s

)
+ ṡ1∂ξu

1
s = δ̇01∂ξu

0
s + ∂tu

0
s, (14)

O(ε) : ∂2
ξ

(
B(u0s)u

2
s

)
− ∂ξ

(
f ′(u0s)u

2
s

)
+ ṡ1∂ξu

2
s = δ̇11∂ξu

0
s + δ̇01∂ξu

1
s + ∂tu

1
s

+
1

2
∂ξ
(
f ′′(u0s)(u

1
s, u

1
s)
)
− 1

2
∂2
ξ

(
B
′
(u0s)(u

1
s, u

1
s)
)
. (15)

Ù¥ ṡ1 = ds
dt
, δ̇ = dδ

dt
. 3-Å�	���«�¥, ·�I�|^�VÐm¦S	Ü�Cq)�¤�

�, ��Xe���^�, =� ξ → ±∞k

u0s(ξ, t) =u0(s1(t)± 0, t) + o(1), (16)

u1s(ξ, t) =u1(s1(t)± 0, t) + (ξ − δ01)∂xu
0(s1(t)± 0, t) + o(1), (17)

u2s(ξ, t) =u2(s1(t)± 0, t) + (ξ − δ01)∂xu
1(s1(t)± 0, t)− δ11∂xu0(s1(t)± 0, t)

+
1

2
(ξ − δ01)2∂2

xu
0(s1(t)± 0, t) + o(1), (18)

�3-Å {x = s1(t)} NC�Ðm�{�Ó, ·���3-Å� {x = s2(t)} NC�Cq)

uIN2 (x, t) ∼ û0s(ζ, t) + εû1s(ζ, t) + ε2û2s(ζ, t) + ε3û3s(ζ, t). (19)

ζ =
x− s2(t)

ε
+ δ2(t, ε), (20)

δ2(t, ε) = δ02(t) + εδ12(t) + ε2δ22(t) + · · · . (21)

DOI: 10.12677/aam.2023.1210434 4419 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.1210434


Ö���

O(
1

ε
) :∂ζf(û0s)− ṡ2∂ζ û0s − ∂2

ζ

(
g(û0s)

)
= 0, (22)

O(1) :∂2
ζ

(
B(û0s)û

1
s

)
− ∂ζ

(
f ′(û0s)u

1
s

)
+ ṡ2∂ζ û

1
s = δ̇02∂ζ û

0
s + ∂tû

0
s, (23)

O(ε) : ∂2
ζ

(
B(û0s)û

2
s

)
− ∂ζ

(
f ′(û0s)û

2
s

)
+ ṡ2∂ζ û

2
s = δ̇12∂ζ û

0
s + δ̇02∂ζ û

1
s + ∂tû

1
s

+
1

2
∂ζ
(
f ′′(û0s)(û

1
s, û

1
s)
)
− 1

2
∂2
ζ

(
B
′
(û0s)(û

1
s, û

1
s)
)
, (24)

Ù¥ ṡ2 = ds
dt
, δ̇ = dδ

dt
. kXe��^�

û0s(ζ, t) =u0(s2(t)± 0, t) + o(1), (25)

û1s(ζ, t) =u1(s2(t)± 0, t) + (ζ − δ02)∂xu
0(s2(t)± 0, t) + o(1), (26)

û2s(ζ, t) =u2(s2(t)± 0, t) + (ζ − δ02)∂xu
1(s2(t)± 0, t)− δ12∂xu0(s2(t)± 0, t)

+
1

2
(ζ − δ02)2∂2

xu
2(s2(t)± 0, t) + o(1). (27)

2.2. Ê5-Å¿¡��E

3 x = s1(t) NC�Ä±e~�©�§|

f(φ)ξ − ṡ1φξ = f(φ)ξξ, (28)

φ(ξ, t)→ ul = u0(s1(t)− 0, t), ξ → −∞, (29)

φ(ξ, t)→ ur = u0(s1(t) + 0, t), ξ → +∞, (30)

Ù¥, (29) - (30)�>.^�, ÷v

ṡ1(ul − ur) = f(ul)− f(ur). (31)

Kk (28) - (30)�e��§|�d

(φ− ur)ξξ = B−1(φ)(f ′(φ)− ṡ1I)(φ− ur)ξ −B−1(φ)dB(φ)
(
(φ− ur)ξ, (φ− ur)ξ

)
, (32)

φ(ξ, t)− ul → u, ξ → −∞, (33)

φ(ξ, t)− ur → 0, ξ → +∞, (34)

Ù¥ u = ul − ul.� C = {u ∈ RN | (32) − (34)k) Φ(u, ξ) = φ− ur,∀ξ ∈ R1}, K'u C k±e
·K¤á

·K 2.1. 3b� (A1)− (A3) ¤á�cJe, �3�� 0 ���� V Ù¥ 0 ∈ RN , V ∈ U , ¦�

(i) - (iii)¤á, Ù¥
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(i) C ´V ¥²L0 �1w6/, 0 ∈ V;

(ii) T0C = Ñ(0), Ñ(0) ´ B−1(φ)(A− ṡI) KA��éAA��þ)¤�ØCf�m;

(iii) Our � ur ����,

@oéu Φ(u, ξ), � φ ∈ Our �, �3~ê c, � α ≥ 0 �, | ∂u∂ξΦ(u, ξ) |≤ c exp(−αξ) ¤á.

3y²·K 2.1ck0���Ún.

Ún 2.1. B−1(φ)(A(0)− ṡ1I) �KA����ê�A(0)− ṡ1I �Ó,=B−1(φ)(A(0)− ṡ1I)

·K 2.2. �3 u1, u1s1 ¦�e��§|¤á

∂tu
1 + ∂x

(
f ′(u0)u1) = gxx(u0), (35)

∂ξ
(
f ′(u0s1)u1s1

)
− ṡ1 · ∂ξu1s1 = ∂2

ξ

(
B(u0s1)u1s1

)
− δ̇01 · ∂ξu0s1 − ∂tu

0
s1
, (36)

u1s1(ξ → ±∞) = ∂xu
0(s1(t)± 0, t)(ξ1 − δ01) + u1(s1(t)± 0, t) + o(1). (37)

·K 2.3. db� (A1)− (A3), k T0C ∩ E+A(0) = 0.

db� (A1) ��, A(u) 3 Ω ∩ C S�_, 2(Ü·K 2.3�±��Tu0(s(t)+0),t C ∩ E+A(u0(s(t) +

0), t)) = {0}. dd, e¡'u u1 �Ð>�¯K÷v�� Lopastinski^�

∂tu
1 + ∂x

(
f ′(u0)u1

)
= gxx(u0), (38)

u1(s1(t) + 0, t) ∈ C1, (39)

u1(0, x) = 0. (40)

�
�� (38) - (40)Ð�·½5, ·�0�e¡Ún [29]

Ún 2.2. �ÄÐ>�¯K

∂tu+A(u)∂xu = 0, x > 0 , 0 < t < T,

B(t, u(t, x = 0)) = 0, 0 < t < T,

u(t = 0, x) = u0(x), x > 0.

b�þã�§´î�V�, u0(x) ∈ C1
b (R1

+), B ∈ C1([0, T ] × U), ¿�Ð>�÷v 0��N5^

�: B(0, u0(0) = 0, � a : = u0(0), b��5�§|

∂tv +A(a)∂xv = 0, x > 0 , 0 < t < T,

duB(0, a)v(t, 0) = h(t), t > 0,

v(t = 0, x) = v0(x), x > 0.

÷v�� Lopastinski^�, K�3 T ∗ > 0 ¦[�5Ð>�¯Kk���©ã C1 ), XJÐ>�

^��÷v 1��N5^�, =Bt(0, a) = duB(0, a)A(a)u
′

0(0), K)´ C1 �. b� (38) - (40)÷v

?¿��N5^�, 2dÚn 2.2, �3��� u1(t, x) ∈ H∞([0, T ]× R1
+) ¦ (38) - (40)k). �d
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��, ·�(½
 u1, u1s, 2^�Ó��{�±�� u2, u2s, û
1
s, û

2
s ��35.

2.3. Cq)

y3·�|^�ä¼ê5�ECq). ·�kò�l-ÅÚ-ÅNC�)�g½Â�

O(x, t) = u0(x, t) + εu1(x, t) + ε2u2(x, t), x 6= si(t), i = 1, 2, (41)

I1(x, t) = φ(
x− s1(t)

ε
+ δ01 + εδ11 + ε2δ21 , t) + εu1s(

x− s1(t)
ε

+ δ01 + εδ11 + ε2δ21 , t)

+ ε2u2s(
x− s1(t)

ε
+ δ01 + εδ11 + ε2δ21 , t), (42)

I2(x, t) = φ̂(
x− s2(t)

ε
+ δ02 + εδ12 + ε2δ22 , t) + εû1s(

x− s2(t)
ε

+ δ02 + εδ12 + ε2δ22 , t)

+ ε2û2s(
x− s2(t)

ε
+ δ02 + εδ12 + ε2δ22 , t). (43)

Ù¥ ui, u
i
s, ûis ��E3þ�!¥®²�Ñ. ��ä¼ê mi(y) ∈ C∞0 (R), i = 1, 2 ¿÷v

0 ≤ mi(y) ≤ 1:

mi(y) =


1, |y| ≤ 1,

hi(y), 1 < |y| < 2,

0, |y| ≥ 2,

Ù¥ hi(y) ´1w¼ê, y = x−si(t)
εγ

, ÷v 0 < hi(y) < 1. dd, ½Â�§ (1) �Cq)�

vε(x, t) = m1I1 +m2I2 + (1−m1 −m2)O + d(x, t) = v̄ε(x, t) + d(x, t), (44)

Ù¥, d(x, t) �p�?��, γ ∈ ( 4
5
, 1). d-Å�S	ÜCq)��E, vε(x, t) ÷v�§

∂tv
ε + ∂xf(vε)− ε[g(vε)]xx =

5∑
i=1

qi(x, t), (45)

Ù¥, qi(x, t) ´1w¼ê½ÂXe

q1(x, t) = (1−m1 −m2){[f(O)− f(u0)− εf ′(u0)u1 − ε2f ′(u0)u2 − ε2

2
f ′′(u0)(u1, u1)

− ε3[B(u0)u2x +B′(u0)u2(εu1x + ε2u2x) +
1

2
B′′(u0)(u1 + εu2)2(u0x + εu1x + ε2u2x)},

q2(x, t) = m1{(f(I1)− f(u0s)− εf ′(u0s)u1s − ε2f ′(u0s)u2s −
ε2

2
f ′′(u0s)(u

1
s, u

1
s)

+ ε3δ̇21∂xu
0
s + ε3δ̇11∂xu

1
s + ε4δ̇21∂xu

1
s + ε3δ̇01∂xu

2
s + ε4δ̇11∂xu

2
s + ε5δ̇21∂xu

2
s

+
ε3

2
∂x[B′(u0s)∂x(u0s, u

0
s)] + ε∂x[B′′(u0s)∂xu

0
s]− ε∂2

x[B(u0s)∂xu
0
s]

− ε3∂2
x[B′(u0s)∂xu

1
s(∂xu

1
s + ε∂xu

2
s]},
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q3(x, t) = m1{(f(I2)− f(û0s)− εf ′(û0s)û1s − ε2f ′(û0s)û2s −
ε2

2
f ′′(û0s)(û

1
s, û

1
s)

+ ε3δ̇22∂xû
0
s + ε3δ̇12∂xû

1
s + ε4δ̇22∂xû

1
s + ε3δ̇02∂xû

2
s + ε4δ̇12∂xû

2
s + ε5δ̇22∂xû

2
s

+
ε3

2
∂x[B′(û0s)∂x(û0s, û

0
s)] + ε∂x[B′′(û0s)∂xû

0
s]− ε∂2

x[B(û0s)∂xû
0
s]

− ε3∂2
x[B′(û0s)∂xû

1
s(∂xû

1
s + ε∂xû

2
s]},

q4(x, t) = ∂tm1(I1 −O) + ∂tm2(I2 −O) + f(m1I1 +m2I2 + (1−m1 −m2)O)x

− {m1f(I1) +m2f(I2) + (1−m1 −m2)f(O)}x + ε(B(O)Ox)x

+ ∂xm1(f(I1)− f(O)) + ∂xm2(f(I2)− f(O))

+ ε{m1(B(I1)−B(O))(I1 −O)x +m2(B(I2)−B(O))(I2 −O)x}x

− ε∂xm1(B(I1)−B(O))(I1 −O)x − ε∂xm2(B(I2)−B(O))(I2 −O)x

+ ε{m1B(O)(I1 −O)x +m2B(O)(I2 −O)x}x

− ε∂xm1B(O)(I1 −O)x − ε∂xm2B(O)(I2 −O)x

+ ε{m1(B(I1)−B(O))Ox +m2(B(I2)−B(O))Ox}x

− ε∂xm1[B(I1)−B(O)]Ox − ε∂xm2[B(I2)−B(O)]Ox

− ε{g(m1I1 +m2I2 + (1−m1 −m2)O)}xx,

q5(x, t) = dt − ε(g(vε)− g(vε − d))xx + (f(vε)− f(vε − d))x.

(i) supp q1 ⊆ {(x, t) : |x− si(t)| ≥ εγ , 0 ≤ t ≤ T, i = 1, 2},

∂lxq1(x, t) = O(1)ε3−lγ , (

∫ T

0

‖∂lxq1(·, t)‖2dt)
1
2 ≤ O(1)ε3−(l−1/2)γ , l = 0, 1, 2; (46)

(ii) supp q2 ⊆ {(x, t) : |x− s1(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq2(x, t) = O(1)ε(2−l)γ , l = 0, 1, 2; (47)

(iii) supp q3 ⊆ {(x, t) : |x− s2(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq3(x, t) = O(1)ε(2−l)γ , l = 0, 1, 2; (48)

(iv) suppq4 ⊆ {(x, t) : εγ ≤ |x− si(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq4(x, t) = O(1)ε(3−l)γ , l = 0, 1, 2. (49)
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P Rε =
∑4

i=1 qi(x, t), K Rε = O(1)ε2γ . y3- d(x, t) ´e�*Ñ¯Kdt = ε(B(v̄ε)dx)x −Rε,

d(x, t) = 0.
(50)

�), K vε ÷vXe/ª�Åð�§, =

∂tv
ε + ∂xf(vε)− ε∂x

(
B(vε)∂xv

ε
)

= ε
(
B(v̄ε)dx

)
x
− ε
(
g(vε)− g(v̄ε)

)
xx

+
(
f(vε)− f(v̄ε)

)
x
. (51)

e¡�O�5*ÑÅ d(x, t). ÏL d(x, t) Ú qi(x, t) �(�, ·��±��±eÚn

Ún 2.3. � d(x, t)´�§ (50)�), K ∀t ∈ [0, T ] ke��O

sup
0≤t≤T

∫
R
|d(x, t)|2 dx+ ε

∫ T

0

∫
R
|∂xd(x, t)|2 dxdt ≤ Cε5γ , (52)

sup
0≤t≤T

∫
R
|∂xd(x, t)|2 dx+ ε

∫ T

0

∫
R

∣∣∂2
xd(x, t)

∣∣2 dxdt ≤ Cε5γ−2, (53)

sup
0≤t≤T

∫
R

∣∣∂2
xd(x, t)

∣∣2 dx+ ε

∫ T

0

∫
R

∣∣∂3
xd(x, t)

∣∣2 dxdt ≤ Cε5γ−4, (54)

sup
0≤t≤T

‖ d(x, t) ‖L∞(R)≤ Cε
5γ−1

2 , (55)

sup
0≤t≤T

‖ ∂xd(x, t) ‖L∞(R)≤ Cε
5γ−3

2 , (56)

Ún 2.4.éu (42) ½Â� vε(x, t) , k

vε(x, t) =


u0(x, t) +O(1)ε, |x− si(t)| ≥ εγ , i = 1, 2

u0s(ξ, t) +O(1)εγ , |x− s1(t)| ≤ 2εγ

û0s(ζ, t) +O(1)εγ , |x− s2(t)| ≤ 2εγ .

(57)

3. ½5©Û

3.1. Ø��§

b� uε(x, t) ´�§ (1.1) �ý¢), -

uε(x, t) = vε(x, t) + w̄(x, t), x ∈ R1, t ∈ [0, T ]. (58)

w̄t + ∂x
(
f ′(vε)w̄

)
+Q1x

=ε∂2
x

(
B(vε)w̄

)
+ εQ2xx − ε

(
B(v̄ε)dx

)
x

+ ε[B(vε)d−Q3]xx + [−f ′(vε)d+Q4]x, (59)
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w̄(x, 0) ≡ 0.

Ù¥

Q1 = f(uε)− f(vε)− f ′(vε)w̄, (60)

Q2 = g(uε)− g(vε)− g′(vε)w̄, (61)

Q3 = g(v̄ε)− g(vε) + g′(vε)d, (62)

Q4 = f(v̄ε)− f(vε) + f ′(vε)d. (63)

-w̄(x, t) = w̃x(x, t). é (58)È©��

w̃t + f ′(vε)w̃ +Q1 = ε
(
B(vε)w̃x

)
x

+ εQ2x − εB(v̄ε)dx + ε[B(vε)d−Q3]x + [−f ′(vε)d+Q4], (64)

w̃(x, 0) ≡ 0.

?1ºÝC�

w̃(x, t) = εw(y, τ), y =
x− s(t)

ε
, τ =

t

ε
. (65)

w̃τ − ṡwy + f ′(vε)wy +Q1

=
(
B(vε)wy

)
y

+Q2y −B(v̄ε)dy + [B(vε)d−Q3]y + [−f ′(vε)d+Q4], (66)

w̃(y, 0) ≡ 0.

·K 3.1. (k��O)b��Ü¯K (66)k��) w ∈ C1([0, τ0];H
2(R)) , ÷v

sup
0≤t≤T

‖w(·, τ)‖H2 ≤ cεδ, (67)

@ok

sup
0≤t≤T

‖w(·, τ)‖2H2 +

∫ τ0

0

‖wy(·, τ)‖2H2dτ ≤ cε5γ−3, (68)

Ù¥, δ > 0. (3.9)¥ f ′(vε)�?¿Ý
, ��yUþ�O^|?1, �òÙé�z, k½Â

θ(y, τ) = L(vε)w(y, τ), (69)

M(y, τ) = (∂yL(vε)) ·R(vε), (70)

N(y, τ) = (∂τL(vε)) ·R(vε). (71)

âd, (66)�±=z�
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θτ −Nθ + (Λ− ṡ)θy + LQ1

= L[B(vε)(Rθ)y]y + LQ2y − LB(v̄ε)dy + L(B(vε)d)y − LQ3y − ΛLd+ LQ4 (72)

θ(y, 0) ≡ 0.

3.2. Ä�Uþ�O

Ún 3.1.b� w ∈ C1([0, τ0];H
2(R))� (66)�), ÷v·K 3.1�b�^�, @o

‖w(·, τ)‖2 +

∫ τ

0

‖wy(·, τ)‖2dσ ≤ cε5γ−3.

y².ò (72)ª�¦ θ ¿3�ªü>È©�

1

2

d

dτ
‖ θ ‖2=

∫
θNθdy +

∫
θ(Λ− ṡ)θydy −

∫
θ(Λ− ṡ)Mθdy

+

∫
θL[B(vε)(Rθ)y]ydy +

∫
θL(Q4 −Q1)dy +

∫
θL(Q2y −Q3y)dy

−
∫
θLB(v̄ε)dydy +

∫
θLB((vε)d)ydy −

∫
θΛLddy. (73)

db� (i) - (iii)�±���3~ê c0 > 0 ¦�

c0 ‖ θy ‖2≤
∫
θyL(vε)B(vε)R(vε)θydy.

u´|^©ÜÈ© (73)ª�=C�

1

2

d

dτ
‖ θ ‖2 +c0 ‖ θy ‖2 ≤

∫
θNθdy −

∫
θ(Λ− ṡ)θydy +

∫
θ(Λ− ṡ)Mθdy

−
∫
θyL(vε)B(vε)Ryθdy −

∫
θ∂yL(vε)B(vε)Ryθdy

−
∫
θ∂yL(vε)B(vε)Rθydy +

∫
θL((vε)(Q4 −Q1)dy

+

∫
θL(vε)(Q2y −Q3y)dy −

∫
θLB(v̄ε))dydy

+

∫
θL(vε)[B(vε)d]ydy −

∫
θΛL(vε)ddy. (74)

e¡é (74)ªmàz��?1©m�O, dÚn 2.3�±í�

∂τv
ε = O(1)ε. (75)
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∫
θNθdy =

∫
θ∂τL(vε)R(vε)θdy ≤ cε

∫
|θ∇L(vε)R(vε)θ|dy ≤ cε ‖ θ ‖2 .

y3�O1��,©«�?1�O, Ï�ü�-ÅØ�p�^, ¤±·�ò��«�y©�±eA�

Ü©

EO := {x ≤ s1(t)− 2εγ} ∪ {s1(t) + 2εγ ≤ x ≤ s2(t)− 2εγ} ∪ {x ≥ s2(t) + 2εγ}, (76 a)

EI1 := {|x− s1(t)| ≤ 2εγ}, (76 b)

EI2 := {|x− s2(t)| ≤ 2εγ}, (76 c)

EM1
:= {εγ ≤ |x− s1(t)| ≤ 2εγ}, (76 d)

EM2
:= {εγ ≤ |x− s2(t)| ≤ 2εγ}. (76 e)

dÚn 2.3��

∂yv
ε = m1φy +m2φ̂y +O(1)ε. (77)

2d-Å¿¡�5�, é −
∫
θ(Λ− ṡ)θydy©«��O

−
∫
θ(Λ− ṡ)θydy

≤− 1

2

∫
m1|∂yλp(φ)|θ2pdy + cεγ

∫
m1|∂yλp(φ)|θ2pdy + (c+ cεγ)

∫ ∑
k 6=p

m1|∂yλp(φ)|θ2kdy

− 1

2

∫
m2|∂yλp(φ̂)|θ2pdy + cεγ

∫
m2|∂yλp(φ̂)|θ2pdy + (c+ cεγ)

∫ ∑
k 6=p

m2|∂yλp(φ̂)|θ2kdy

+ cε ‖ θ ‖2 .

d (70)Ú-Å¿¡�5�, �±��∫
θ(Λ− ṡ)Mθdy ≤ (cεγ + cµ1)

∫
m1|∂yλp(φ)|θ2pdy + (c+ cεγ)

∫ ∑
k 6=p

m1|∂yλp(φ)|θ2kdy

+ (cεγ + cµ2)

∫
m2|∂yλp(φ̂)|θ2pdy + (c+ cεγ)

∫ ∑
k 6=p

m2|∂yλp(φ̂)|θ2kdy

+ cε ‖ θ ‖2 .

−
∫
θyL(vε)B(vε)∂yR(vε)θdy = −

∫
θyL(vε)B(vε)∇R(vε)[m1φy +m2φ̂y +O(1)ε]θdy

≤ cεδ
∫
m1|∂yλp(φ)|θ2dy + cεδ

∫
m2|∂yλp(φ̂)|θ2dy + cε ‖ θ ‖2 .

−
∫
θ∂yL(vε)B(vε)∂yR(vε)θdy ≤ cεδ

∫
m1|∂yλp(φ)|θ2dy + cεδ

∫
m2|∂yλp(φ̂)|θ2dy + cε ‖ θ ‖2 .
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d (60)Ú (63)k

|Q4 −Q1| ≤ c|d|2 + c|wy|2 ≤ c|d|2 + c|∂yR(vε)θ|2 + c|R(vε)θy|2.

∫
θL(vε)(Q4 −Q1)dy

≤(c+ cεγ)

∫
|θ|d|2|dy + (c+ cεγ)

∫
|θ|∂yR(vε)θ|2|dy + (c+ cεγ)

∫
|θ|R(vε)θy|2|dy

=
3∑
i=1

Ji.

J1 =(c+ cεγ)

∫
|θ|d|2|dy ≤ (c+ cεγ)[ε

∫
|θ|2dy + ε−1

∫
|d|4dy ≤ cε ‖ θ ‖2 +cε10γ−4.

J2 ≤(cµ1 + cεγ) ‖ θ ‖L∞
∫
m1|∂yλp(φ)|θ2dy + (cεγ + cµ2) ‖ θ ‖L∞

∫
m2|∂yλp(φ̂)|θ2dy + cε ‖ θ ‖2,

J3 =(c+ cεγ)

∫
|θ|R(vε)θy|2|dy ≤ (c+ cεγ) ‖ θ ‖L∞‖ θy ‖2 .

nþ�±�� ∫
θL(vε)(Q4 −Q1)dy ≤ cε10γ−3 + cε ‖ θ ‖2 +(c+ cεγ) ‖ θ ‖L∞‖ θy ‖2

+ (cµ1 + cεγ) ‖ θ ‖L∞
∫
m1|∂yλp(φ)|θ2dy

+ (cµ2 + cεγ) ‖ θ ‖L∞
∫
m2|∂yλp(φ̂)|θ2dy.

∫
θL(vε)(Q2y −Q3y)dy ≤ c

∫
|θyL(vε)(|d|2 + |∂yR(vε)θ|2 + |R(vε)θy|2)|dy

+ c

∫
|θ∂yL(vε)(|d|2 + |∂yR(vε)θ|2 + |R(vε)θy|2)|dy

=
5∑
i=4

Ji

J4 ≤
c0
6
‖ θy ‖2 +cε10γ−3 + cε4 ‖ θ ‖2 +cε2δ0 ‖ θy ‖2

+(cµ1 + cεγ)

∫
m1|∂yλp(φ)|θ2dy + (cµ2 + cεγ)

∫
m2|∂yλp(φ̂)|θ2dy.

J5 ≤cε10γ−3 + cε ‖ θ ‖2 +(c+ cεγ) ‖ θ ‖L∞‖ θy ‖2

+(cµ1 + cεγ) ‖ θ ‖L∞
∫
m1|∂yλp(φ)|θ2dy + (cµ2 + cεγ) ‖ θ ‖L∞

∫
m2|∂yλp(φ̂)|θ2dy.
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¤±nþk∫
θL(vε)(Q2y −Q3y)dy ≤ cε10γ−3 + cε ‖ θ ‖2 +[(c+ cεγ) ‖ θ ‖L∞ +cε2δ0 +

c0
6

] ‖ θy ‖2

+ (cµ1 + cεγ)(‖ θ ‖L∞ +1)

∫
m1|∂yλp(φ)|θ2dy

+ (cµ2 + cεγ)(‖ θ ‖L∞ +1)

∫
m2|∂yλp(φ̂)|θ2dy.

−
∫
θL(vε)B(v̄ε)dydy ≤ cε ‖ θ ‖2 +cε5γ−2.

kée���^©ÜÈ©, 2r (77)�\∫
θL(vε)[B(vε)d]ydy ≤ (cµ1 + cεγ)

∫
m1|∂yλp(φ)|θ2dy + (cµ2 + cεγ)

∫
m2|∂yλp(φ̂)|θ2dy

+ cε2 ‖ θ ‖2 +cε ‖ θy ‖2 +cε5γ−2.

−
∫
θΛLd dy ≤ ε ‖ θ ‖2 +cε5γ−2.

ò¤k��O�\ (74), �n�k

1

2

d

dτ
‖ θ ‖2 +c0 ‖ θy ‖2 +

1

2

∫
m1|∂yλp(φ)|θ2pdy +

1

2

∫
m2|∂yλp(φ̂)|θ2pdy

≤ (cµ1 + cεγ)(‖ θ ‖L∞ +1)

∫
m1|∂yλp(φ)|θ2pdy

+ (cµ2 + cεγ)(‖ θ ‖L∞ +1)

∫
m2|∂yλp(φ̂)|θ2pdy

+ (c+ cεγ)(‖ θ ‖L∞ +1)

∫ ∑
k 6=p

m1|∂yλp(φ)|θ2kdy

+ (c+ cεγ)(‖ θ ‖L∞ +1)

∫ ∑
k 6=p

m2|∂yλp(φ̂)|θ2kdy

+ cε ‖ θ ‖2 +[(c+ cεγ) ‖ θ ‖L∞ +
c0
6

] ‖ θy ‖2 +cε5γ−2.

·��±ÀJ ε, µi(i = 1, 2), ‖ θ ‖L∞ v
�¦�

(cµi + cεγ)(‖ θ ‖L∞ +1) ≤ 1

4
, i = 1, 2,

(c+ cεγ) ‖ θ ‖L∞ +cε2δ0 +
c0
6
≤ c0

2
.

d

dτ
‖ θ ‖2 +c0 ‖ θy ‖2 +

∫
m1|∂yλp(φ)|θ2pdy +

∫
m2|∂yλp(φ̂)|θ2pdy

≤ (c+ cεγ)

∫ ∑
k 6=p

m1|∂yλp(φ)|θ2kdy + (c+ cεγ)

∫ ∑
k 6=p

m2|∂yλp(φ̂)|θ2kdy +cε ‖ θ ‖2 +cε5γ−2. (78)

e¡·�I�?�Ú�O'u θk ��¦Ù�ÌÅ��, |^ (72)ª·��±��
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∫
m1|∂yλp(φ)|θ2kdy

=2

∫
EI1

(
λp(φ)− ṡ1
λk(φ)− ṡ1

)θk[(λk(φ)− λk(vε))θky − θkτ + {(Λ− ṡ)Mθ +Nθ + L(Q4 −Q1)

+ L[B(vε)(Rθ)y]y + L(Q2y −Q3y)− LB(v̄ε)dy + L(B(vε)d)y − ΛLd}k]dy =
∑
1

Ki.

e¡m©©O�O Ki, i = 1, 2...10.

K1 =

∫
EI1

∂y(
λp(φ)− ṡ1
λk(φ)− ṡ1

)(λk(v
ε)− λk(φ))θ2kdy +

∫
EI1

(
λp(φ)− ṡ1
λk(φ)− ṡ1

)∂y(λk(v
ε)− λk(φ))θ2kdy

=K1
1 +K2

1 .

d-Å¿¡�5�k

|∂y(
λp(φ)− ṡ1
λk(φ)− ṡ1

)| ≤ c|φy| ≤ c|∂yλp(φ)|.

K1
1 ≤cεγ

∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 .

K2
1 =≤cµ1ε

γ

∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 .

?

K1 ≤cεγ
∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 .

K2 = −2

∫
EI1

(
λp(φ)− ṡ1
λk(φ)− ṡ1

)θkθkτdy ≤ cεγ
∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 .

K3 ≤cµ1

∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 .

K4 = 2

∫
EI1

(
λp(φ)− ṡ1
λk(φ)− ṡ1

)θk[Nθ]kdy ≤ cε ‖ θk ‖2 .

K5 ≤(c+ cεγ)µ1 ‖ θk ‖L∞
∫
m1|∂yλp(φ)|θ2dy + cε ‖ θ ‖2

+(c+ cεγ)µ1 ‖ θ ‖L∞‖ θy ‖2 +cε10γ−3.

DOI: 10.12677/aam.2023.1210434 4430 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.1210434


Ö���

�e5, �OÊ5�, |^-Å¿¡�5�31��-ÅNC?1�O��

K6 ≤(c+ cεγ)µ1

∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 +cµ1 ‖ θky ‖2 .

�e5, |^©ÜÈ©?nK7

K7 ≤cε5γ−1 + (c+ cεγ)µ1

∫
m1|∂yλp(φ)|θ2kdy + cε ‖ θk ‖2 +(c+ cεγ)(‖ θk ‖L∞ +µ1) ‖ θky ‖2 .

$^�ÜØ�ª, 2|^Ún 2.3�O��n�

K8 =− 2

∫
EI1

(
λp(φ)− ṡ1
λk(φ)− ṡ1

)θk[L(vε)B(v̄ε)dy]kdy ≤ cε5γ−2 + cε ‖ θ ‖2,

K9 ≤cε5γ−1 + cε ‖ θy ‖2 +(c+ cεγ)µ1

∫
m1|∂yλp(φ)|θ2kdy + cε2 ‖ θk ‖2,

K10 ≤cε ‖ θk ‖2 +cε5γ−1.

ò±þ�OÜ¿¿�n�∑
k 6=p

∫
m1|∂yλp(φ)|θ2kdy

≤− d

dτ
[
∑
k 6=p

∫
(
λp(φ)− ṡ1
λk(φ)− ṡ1

)θ2kdy] + (c+ cεγ)(µ1+ ‖ θ ‖L∞)

∫
m1

∑
k 6=p

|∂yλp(φ)|θ2kdy

+(c+ cεγ)(µ1+ ‖ θ ‖L∞)

∫
m1|∂yλp(φ)|θ2pdy + cε ‖ θ ‖2

+(c+ cεγ)µ1 ‖ θy ‖2 +cε5γ−2. (79)

31��-ÅNC·��±���þªaq�(J∑
k 6=p

∫
m2|∂yλp(φ̂)|θ2kdy

≤− d

dτ
[
∑
k 6=p

∫
(
λp(φ̂)− ṡ2
λk(φ̂)− ṡ2

)θ2kdy] + (c+ cεγ)(µ2+ ‖ θ ‖L∞)

∫
m2

∑
k 6=p

|∂yλp(φ̂)|θ2kdy

+(c+ cεγ)(µ2+ ‖ θ ‖L∞)

∫
m2|∂yλp(φ̂)|θ2pdy + cε ‖ θ ‖2 +(c+ cεγ)µ2 ‖ θy ‖2 +cε5γ−2. (80)

� µ1, µ2, ‖ θ ‖L∞ , εv
�, ò (79), (80)�\ (78), 3 [0, τ ] þÈ©, d θ(y, τ = 0) = 0, k

‖ θ ‖2 +
c0
2

∫ τ

0

‖ θy ‖2 dσ +
1

2

∫ τ

0

∫
m1|∂yλp(φ)|θ2pdydσ +

1

2

∫ τ

0

∫
m2|∂yλp(φ̂)|θ2pdydσ

≤ cµ1

∑
k 6=p

‖ θk ‖2 +cµ2

∑
k 6=p

‖ θk ‖2 +cε

∫ τ

0

‖ θ ‖2 dσ + cτε5γ−2.
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2�â GronwallØ�ªÚ wy = Rθy −RMθ∫ τ

0

‖ wy(·, τ) ‖2 dσ ≤ cε5γ−3.

3.3. p��O

Ún 3.2.b� w ∈ C1([0, τ0];H
2(R))÷v·K 3.1�b�^�, @ok

‖∂yw(·, τ)‖2H1 +

∫ τ

0

‖∂yw(·, τ)‖2H2dσ ≤ cε5γ−3.

y².é (66)ªü>Ó��^ ∂y, �¦ ∂yw, ¿3 R þÈ©�

1

2

d

dτ
‖ ∂yw ‖2 +c1

∫
| ∂2

yw |2 dy

≤
∫
∂2
yw · f ′(vε)wydy +

∫
∂2
yw ·Q1dy −

∫
∂2
yw · ∂yB(vε)wydy

−
∫
∂2
yw ·Q2dy +

∫
∂2
yw ·B(v̄ε)dydy

+

∫
∂2
yw · ∂y[B(vε)d−Q3]dy −

∫
∂2
yw · [−f ′(vε)d+Q4]dy.

d (60) , (61) (62) , Ún 2.3 , ÏL{üO���

1

2

d

dτ
‖ ∂yw ‖2 +c1

∫
| ∂2

yw |2 dy

≤c1
2
‖ ∂2

yw ‖2 +cε2δ ‖ wy ‖2 +cε2δ ‖ ∂2
yw ‖2 +cε5γ−1.

- ε v
�, 2d GronwallØ�ª�íÑ (81)ª

‖ ∂yw ‖2 +c1

∫ τ

0

‖ ∂2
yw ‖2 dy ≤ cε5γ−3. (81)

E�c�Ú½, é (66)ªü>'u y¦���, 2�¦ ∂2
yw, ¿3 RþÈ©��

1

2

d

dτ
‖ ∂2

yw ‖2 +c1 ‖ ∂3
yw ‖2 dy

≤
∫
∂3
yw · [f ′(vε)wy]ydy +

∫
∂3
yw ·Q1ydy −

∫
∂3
yw · [∂yB(vε)wy]ydy

−
∫
∂3
yw ·Q2yydy +

∫
∂3
yw · [B(v̄ε)dy]ydy

+

∫
∂3
yw · ∂2

y [B(vε)d−Q3]dy −
∫
∂3
yw · [−f ′(vε)d+Q4]ydy.

ém>z��?1�O��
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1

2

d

dτ
‖ ∂2

yw ‖2 +c1

∫
| ∂3

yw |2 dy

≤c1
2
‖ ∂2

yw ‖2 +cε2δ ‖ wy ‖2 +cε2δ ‖ ∂2
yw ‖2 +cε2δ ‖ ∂3

yw ‖2 +cε5γ−1.

- ε v
�, 2d GronwallØ�ª��

‖ ∂2
yw ‖2 +c1

∫ τ

0

‖ ∂3
yw ‖2 dσ ≤ cε5γ−3. (82)

ò (81)Ú (82)�\=���Ún 3.2. e¡·�y²·K 3.1¥b�´¤á�, d SobolevØ�ªk

sup
0≤τ≤T/ε

‖wy(·, τ)‖L∞(R) ≤ c sup
0≤τ≤T/ε

‖wy(·, τ)‖1/2L2(R) · sup
0≤τ≤T/ε

‖wyy(·, τ)‖1/2L2(R)

≤cε5γ−3.

Ï� γ ∈ ( 4
5
, 1) , �y.��·�y²·K 1.

y².d·K 3.1k

sup
0≤t≤T

‖uε(·, t)− vε(·, t)‖2L2(R) = sup
0≤t≤T

‖w̃x(·, t)‖2L2(R)

=ε sup
0≤τ≤T/ε

‖wy(·, τ)‖2L2(R)

≤cε5γ−2.

Ó�, ÏL·K 2.4¥Cq)��E·��±��

sup
0≤t≤T

‖vε(·, t)− u0(·, t)‖2L2(R) ≤ cεγ .

l�� (4)¤á

sup
0≤t≤T

‖ uε(·, t)− u0(·, t) ‖2L2(R)

≤ sup
0≤t≤T

‖ uε(·, t)− vε(·, t) ‖2L2(R) + sup
0≤t≤T

‖ vε(·, t)− u0(·, t) ‖2L2(R)

≤cε5γ−3 + cεγ

≤cεγ .

��, ·�y² (5)

‖uε − vε(·, τ)‖L∞(R) ≤ ‖wy(·, τ)‖L∞(R)

≤ c sup
0≤τ≤T/ε

‖wy(·, τ)‖1/2L2(R) · sup
0≤τ≤T/ε

‖wyy(·, τ)‖1/2L2(R)

≤ cε.

Ïd��Ñ(Ø, ½n 1�y.
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