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Abstract

A graph G is k-degenerate if its every subgraph contains a vertex of degree at most

k. Weakly k-degenerate graphs are a generalization of k-degenerate graphs. In this

paper, we prove that every planar graph without 4, 7-cycles and some special cycles is

weakly 2-degenerate. Consequently, it is 3-DP-colorable. As corollaries, every planar

graph without 4-, k-, 7- and 9-cycles is weakly 2-degenerate and 3-DP-colorable, where

k ∈ {5, 6}.
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1. Úó

XJ��ãG�¤kfãHÑ¹k��:�Ýê�õ�k§@o¡Tã�k-òz�"k-òzã

3ãØ¥�üXé���Ú"w,§z�k-òzã´k + 1-�Àã"z�²¡ãÑ´5-òzã§

Ïd�´6-�Àã"

DvořákÚPostle [1]0�
DP/Ú�Vg§Ù´é�L/Ú��«í2"Ó�§¦��y²


z�k-òzã´k + 1-DP-�/ã"

�âî.úª±9ºÃ½n§·���Ø¹3��²¡ã´3-òz�"���� [2]y²
Ø¹

Ê��²¡ã´3-òz�"Fijavž� [3]y²
Ø¹8��²¡ã´3-òz�"4dd� [4]y²


Ø¹��n�/�Ê��²¡ã´3-òz�"SittitraiÚNakprasit [5]y²
3�
¿©^�e�

Ø¹4�Ú5��²¡ã´2-òz�"

½n1. (P. Sittitrai, K. Nakprasit [5])

1. z�Ø¹4�§5�§7�§10��²¡ã´2-òz�"

2. z�Ø¹4�§5�§7�§11��²¡ã´2-òz�"

3. z�Ø¹4�§5�§8�§10��²¡ã´2-òz�"
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4. z�Ø¹4�§5�§8�§11��²¡ã´2-òz�"

JumnongnitÚPimpasalee [6]y²
3�
¿©^�e�Ø¹4�Ú6��²¡ã´2-òz�"

½n2. (P. Jumnongnit, W. Pimpasalee [6])

1. z�Ø¹4�§6�§8�§10��²¡ã´2-òz�"

2. z�Ø¹4�§6�§9�§10��²¡ã´2-òz�"

¤±§·�g���¯Kµ3�
¿©^�e§Ø¹=ü«á��²¡ã´2-òz�º

dué�8�{ÆS�íÄ§BernshteynÚLee [7]½Â
fòz�)º"

½Â1. £íØ¤ �G´��ã§¿�kN�f : V (G) → Z"éu��:u§u ∈ V (G)§ö�£í

Ø¤(G, f, u)ÏL

f ′(v) =

f(v)− 1 XJuv ∈ E(G)

f(v) ÄK

��G′ = G− u ±9N�f ′ : V (G′)→ Z"

XJ(J��f ′´�K�§@o·�¡ö�£íØ¤�A^´Ün�"

½Â2. £íØ!�¤ �G´��ã§¿�kN�f : V (G) → Z"éu�é���:u,w ∈ V (G)§

ö�£íØ��¤(G, f, u, w)ÏL

f ′(v) =

f(v)− 1 XJuv ∈ E(G), v 6= w

f(v) ÄK

��G′ = G− u ±9N�f ′ : V (G′)→ Z"

XJf(u) > f(w)§¿�(J��f ′´�K�§@o·�¡ö�£íØ!�¤�A^´Ün

�"

XJ��ãG´k�UÏL�X�Ün�£íØ¤Ú£íØ!�¤�ö�A^í�G¥�

¤k:§@oK¡G´f -fòz"XJù�ãG´f -fòz�§ùp�f´~ê¼êd§@o·�

¡G´d-fòz�"XJù�ãG´f -òz�§ùp�f´~ê¼êd§@o·�¡G´d-òz�"

���§·�^wd(G)L«G�fòzê§¿�§´�����êd§¦�G´d-fòz�"��

�§·�^d(G)L«G�òzê§¿�§´�����êd§¦�G´d-òz�"

±e§BernshteynÚLee [7]�Ñ
ã�ØÓ/Úê�m�Ø�'Xµ

·K1. χ(G) ≤ χl(G) ≤ χDP (G) ≤ χDPP (G) ≤ wd(G) + 1 ≤ d(G) + 1§Ù¥χDPP (G)�ãG�3

�DP-/Úê"

l·K1uy§d(G) + 1´�
ã/Úëê�þ."Ïd§·�éã�fòzêäk4��,

�"BernshteynÚLee [7]y²
z�²¡ãÑ´4-fòz�"�5§¸µÚ�7� [8]y²
�á

���5�²¡ã´2-fòz�"�7 [9]y²
3�½^�e�Ø¹4 �Ú6��²¡ã´2-fòz

�"

½n3. (�7 [9])
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1. 4G�Ø¹4�§6�Ú9��²¡ã"eGØ�3�~��5��7�§@oG´2-fòz�"

2. 4G�Ø¹4�§6�Ú8��²¡ã"eGØ�3�~��9��3�§@oG´2-fòz�"

3ù�©Ù¥§·��y²3�
¿©^�e�Ø¹4�Ú7��²¡ã´2-fòz�"e¡·

�k0��
½Âµ

�G���²¡ã"XJ��:v§kd(v) = k (d(v) ≥ kÚd(v) ≤ k)§K¡ù�:�k-:

(k+-:Úk−-:)"XJ��¡f§kd(f) = k(d(f) ≥ kÚd(f) ≤ k)§K¡ù�¡�k- ¡ (k+-¡

Úk−- ¡)"

·�éu�
3-:Ú4-:§�Ñ½Âµ'é��3-¡�3-:¡�A1-:¶'é��5-¡Úü

�8+-¡�3Ý:¡�A2-:¶'éü�5-¡Ú��8+-¡�3Ý:¡�A3-:¶'én�6+-¡�3-Ý

:¡�A3-:"�:v�4-:"XJv'éü�3¡§K¡v�B1-:¶y3b�v�'é��3-¡§f�

�v'é§�Ø�n�/���¡"ef�10+- ¡§K¡v�B2-:§ÄK§K¡v�B3-:"

�C´��²¡ãG����"XJk�^>§ uC�SÜ§¿�ë�CþØëY�ü

�:§K¡ù^>�C�u"XJ��:v uC�SÜ§k3�3Cþ��Øv1, v2, v3§@o

¡G[{vv1, vv2, vv3}]�C�9."uÚ9.r�©�
�Ý�ci���"·�rù
uÚ9.·
�¡��^(c1, c2)-u½ö��(c1, c2, c3)-9."

XJ����k�^(3, 5)-u, ½ö�^(3, 9)-u, ½ö�^(5, 6)-u, ½ö��(5, 5, 5)-9.§@

o¡ù���´AÏ�"·�^GL«Ø¹4�§7�ÚAÏ��²¡ã�8Ü"

3ù�©Ù¥§·���
±e�(Jµ

½n4. G¥�z�ã´2-fòz�"

íØ1. G¥�z�ãÑ´3-DP-�/"

íØ2. z�Ø¹4�§5�§7�Ú9��²¡ã´2-fòz�§Ó�§�´3-DP-�/�"

íØ3. z�Ø¹4�§6�§7�Ú9��²¡ã´2-fòz�§Ó�§�´3-DP-�/�"

2. ½n4�y²

·��±ÏL�y{y²½n4"4G´éu½n4�4��~§Ù¥GPk���º:ê\>

êoÚ"�G´��ëÏã¿�Ù:���Ý�3§¿�G¥vkã 1§ã 2 ±9ã 3 ¥�(�"

2.1. ���.

3ù!¥§·�y²G¥:���Ý�3§¿�ã 1§ã 2§ã 3¥�(�3G ¥Ø�3"X

Jwd(G) = d ¿�éuG�?Û��fãH§kwd(H) < d§@o·�¡G´�����d-fò

zã"XJ��ëÏã�z�¬´���½ö´����ã§·�¡ù�ëÏã�GDP -ä"

BernshteynÚLee [7]y²
±e'uGallai�(J"

½n5. (Bernshteyn, Lee [7]) �G����d-fòzã§Ù¥d ≥ 3"

1. G���Ý���d"

2. 4U ⊆ {u ∈ V (G)|dG(u) = d}"@oG[U ]�z�Ü©Ñ´��GDP -ä"
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�â±þ½n§·��±��±eÚnµ

Ún1. G¥:���Ý�3"

y². b�GØ´��2-fòzã§�´§�z�fã´2-fòzã"@oG´��ëÏ�3-fò

zã"Ïd§G´�����3-fòzã"�â½n5(1)§G¥��:�Ýê�õ�2´Ø�U�"

Figure 1. The round black dot is 3-vertex

ã 1. �/ç:´3-:

Ún2. ã 1¥�(�Ø�3"

y². y3�G′�G���fã§ù�fãdã 1(a)(�¥�:p���"@où�fãG′�¹


/Xã 1(a)�ã§@o·��±��2-ëÏfãG′Ø�U´���½ö´����ã"�â

½n5(2)§·���G Ø�U´���3-fòzã§gñ§¤±ã 1¥(a)(�Ø�3"Ón§ã

1¥(b)(�Ø�3"

Figure 2. The round black dot is 3-vertex,
the square black dot is 4-vertex

ã 2. �/ç:´3-:§�/ç:´4-:
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Figure 3. The round black dot is 3-vertex,
the square black dot is 4-vertex

ã 3. �/ç:´3-:§�/ç:´4-:

Ún3. ã 2±9ã 3¥�(�Ø�3"

y². y3·�b�W´ã 2¥(a)(�"duGØ¹4�§7�ÚAÏ�§K3W¥�8�Ø�3?Û

�^u"dG�4�5§·��±ÏL�X��£íØ¤Ú£íØ!�¤ö��ÜnA^rV (G)−
V (W )¥�:��í�§�e5·�Uì±e^S��í�W¥�:µx3, y3, y4, y5, y6, y7, y8, x2, x1,

x8, x7, x6, x5, x4"3í�W¥�:�L§¥§Ø
1�Ú^£íØ!�¤(G, ., x3, x4)ö�§Ù¦

Ñ´£íØ¤ö�"Ïd§ã 2 ¥(a) (�Ø�±��éu½n44��~�fã"Ón§éuã

2¥(b)(�±9ã 3¥(�ÑØU��éu½n44��~�fã"

½Â3. 4f´��8-¡½ö10-¡"

1. 4f���X��3-¡[v1v2u]�8-¡§¿�f'é�¤k:Ñ´3-:§P�v1, v2, . . . , v8"�

âã 1¥(a)(�Ø�3§@ou´��4+-:"ù��¡f¡��1-¡"·�48+-¡hL«'é

Xuv1v8½öuv2v3 �¡"

2. 4f�'éX9�A1-:Ú��B3-:�10-¡§rÓ�'éX��A1-:Ú��B3-:�3-¡P

�[v1v2u]§Ù¥u�Ø3fþ�:§v1�B3-:"ù��¡f¡��2-¡"·�48+-¡hL«'

éXuv1�¡"

3. 4f�'éX8�A1-:Ú2�A2-:�10-¡§10�'é�3-:�gP�v1, v2, . . . , v10§Ù¥v9, v10

´ü�A2-:"d�§f��X4�3-¡[v1v2u1], [v3v4u2], [v5v6u3], [v7v8u4], Ù¥u1, u2, u3, u4 ´

©O3t1,t2,t3,t4¥§�Ø3fþ�:"@o�âã 1¥(b)(�Ø�3§@ou1, u2, u3, u4Ñ

´4+-:"ù��¡f¡��3-¡"·�4hL«'éX´u1v2v3u2§½ö´u2v4v5u3§½ö

´u3v6v7u4�10+-¡§Ó�§rù��´P�Ð´"

±þ��1-¡!�2-¡Ú�3-¡,Ú¡��¡"Ù{�¡Ú¡Ð¡"

2.2. �=£

éuG�:8VÚ¡8F"4:Ú¡�Ð©��ch(v) = d(v) − 4Úch(f) = d(f) − 4§Ù
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¥v ∈ V§f ∈ F"�âî.úª§·���µ∑
x∈V ∪F

ch(x) =
∑
v∈V

(d(v)− 4) +
∑
f∈F

(d(f)− 4) = −8.

�=£5KXeµ

R1. z�3-¡l§z�'é�:¥��� 1
3
"

R2. 4v ´��3-Ý:"

(1) XJv´��A1-:§@o§lz�'é�8+-¡¥��� 2
3
"

(2) XJv´��A2-:§@o§lz�'é�8+-¡¥��� 1
2
"

(3) XJv´��A3-:§@o§lz�'é�8+-¡¥��� 1
2
§¿�lz�'é�5-¡¥�

� 1
4
"

(4) XJv´��A4-:§@o§lz�'é�6+-¡¥��� 1
3
"

R3. 4v ´��4-Ý:"

(1) XJv´��B1-:§@o§lz�'é�10+-¡¥��� 1
3
"

(2) b�v´��B2-:§@o§l�v'é§�Ø�n�/���10+-¡¥��� 1
3
"

(3) b�v´��B3-:§@o§l'é�8+-¡¥�g��� 1
6
§Ù¥ù
8+-¡´��3-¡

�"

R4. z�5-Ý:�z�'é��3-¡=� 1
9
"

R5. z�6+-Ý:�z�'é��3-¡=� 1
3
"

R6. 4f´���3-¡§������3-¡[xyz]���^>xy¶Ó�§f0´��Ð¡�3-¡[xyz]�

��^>xz"

(1) XJz´��6+-:§@ozÏLf0�f=�
1
6
"

(2) XJz´��5-:§¿�z'éXü^Ð´§@ozÏLf0�f=�
1
18
"

(3) XJz´��5-:§¿�z�'éX�^Ð´§@ozÏLf0�f=�
1
9
"

·�^ch∗(x)½Â3�=£±���ª�§Ù¥x ∈ V ∪ F"du:8Ú¡8��Ú3�=£
�L§�¥vkUC§@o·��Ñ(Øµ

∑
x∈V ∪F

ch(x) =
∑

x∈V ∪F
ch∗(x) = −8. e¡§·�ÏLy

²�ª�ch∗(x) ≥ 0§Ù¥x ∈ V ∪ F§V«
ùé4��~´gñ�§�Ò�¤
é½n4�y

²"

äó1. 4f´��Ð�8+-¡"XJf��k�¡h§@of�h=� 1
6
§ù�±�ch∗(f) ≥ 0"

y². �¹1: �f´��Ð�8-¡§Ù��X��3-¡[v1v2u]§¦�uØ3fþ"duf´Ð��ã

1¥(a)(�Ø�3§Kf��'éX��4+-:"b��34+-:Ø´v1½öv2§�âã 2¥(�Ø�

3§KØ¬���¡§�Kgñ"

b�v1Úv2¥��k���4+-:"4v1´��4+-:"XJv1´��5+-:§f�õ��1��2-

¡"�âäó1±95KR2§f�v2�õ=
2
3
§�Ù¦3-:�õ= 1

2
§��¡= 1

6
"�±��ch∗(f) =
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8− 4− 2
3
− 6× 1

2
− 1

6
> 0"XJv1´���4-:§�âã 2¥(�Ø�3§y3f�õ��1��¡"

�â5KR3(3)§¤±§·�kch∗(f) = 8 − 4 − 2
3
− 6 × 1

2
− 1

6
− 1

6
= 0"XJv1Úv2Ñ´4-:§@

och∗(f) = 8− 4− 6× 1
2
− 2× 1

6
− 2× 1

6
> 0"

�¹2: �f´��Ð�k-¡§ùpk ≥ 10"·�b�f'éXn�4-:§ù�ÒV«
f�

õ��kn ��2-¡½ö�3-¡¶¿�b�f��Xm��1-¡§dufÚ�1-¡�N�Ó'é�

�3-:§�â5KR2ÚR3§@of��1-¡Ú3-:��Ú� 1
2

+ 1
6

= 2
3
"f�õ�z�'é�3-:

= 2
3
§�õ�z����4-:= 1

3
§�z�'é��¡= 1

6
"@o·���f�õ�'é�2-¡�4-:

= 1
6

+ 1
6

= 1
3
§f�õ�'é�3-¡�4-:= 1

3
+ 1

6
= 1

2
"XJf'éX����5+-:§·�k§

ch∗(f) = k− 4− 2
3
× (k− 2m− n− 1)− ( 2

3
+ 2

3
)×m− 1

2
× n = 1

3
k+ 1

6
n− 10

3
≥ 0"XJfØ'é?

Û5+-:§·�kch∗(f) = k − 4− 2
3
× (k − 2m− n)− ( 2

3
+ 2

3
)×m− 1

2
× n = 1

3
k + 1

6
n− 4"

b�k = 10§@okch∗(f) = 1
6
n − 2

3
"duf´Ð�¿���X�¡§Kkn ≥ 1"X

Jn = 1§duã 2¥(b)(�Ø�3§@of�õ'éX���2-¡"efTÐ'éX9�A1-:§@

of�U'éX���2-¡§Kd��e�:�B2-:§�â5KR3(2)§fØ�ù�:=�§d

�kch∗(f) = 10 − 6 − 9 × 2
3

= 0"e¡·�b�f�õ'éX8�A1-:§K�eü�:�3-:

Ú4-:"eù�4-:�B1-:§B2-:½ö´��'éX�2-¡�B3-:§@où�3-:�A4-:"Ï

dkch∗(f) = 10 − 6 − 8 × 2
3
− 1

3
− 1

3
= 0"ÄK§f�õ�ù�4-:= 1

6
§Ïdk§ch∗(f) =

10− 6− 8× 2
3
− 1

2
− 1

6
= 0"

XJn = 2§duGvkã 3�(�§fØ���3-¡"�â5KR3±9äó1, Kf�z�4-:

�õ=max { 1
3
, 1
6

+ 1
6
} = 1

3
§·���ch∗(f) = 10− 6− 8× 2

3
− 2× 1

3
= 0"

XJn = 3§d�f�õ��k3��2-¡½ö2��3-¡"b�f�õ'ék6�A1-:§@o·

���ch∗(f) = 10 − 6 − 6 × 2
3
− 1

2
− 3 × 1

3
− 3 × 1

6
= 0"�e5·�4f'ék7�A1-:§d

�§�Ûê�A1-:§d�f�õ'éf�õ��k3��2-¡½ö1��3-¡"efØ���3-¡§

Kf�z�4-:�õ=max{ 1
3
, 1
6

+ 1
6
} = 1

3
"@okch∗(f) = 10 − 6 − 7 × 2

3
− 3 × 1

3
> 0"ef��

X���3-¡§@of�'éX�3-¡�ü�4-:�õ= 1
3

+ 1
6

= 1
2
§��e�4:�õ= 1

3
"Ïd

kch∗(f) = 10− 6− 7× 2
3
− 2× 1

2
− 1

3
= 0"XJn ≥ 4�§ch∗(f) = 1

6
n− 2

3
≥ 0"

b�k ≥ 11§·�kch∗(f) = 1
6
n− 1

3
"duf´Ð�¿�'éX�¡§@okn ≥ 1"·��I

��Äf'éX��4-:��¹"dufØ���3-¡§Kf�ù�4-:�õ=max{ 1
3
, 1
6

+ 1
6
} = 1

3
"

·��±��§ch∗(f) = 11− 6− 10× 2
3
− 1

3
= 0"

b�k ≥ 12§·��±�t���ch∗(f) = 1
6
n ≥ 0"

äó2. éu¤k�v ∈ V§Ñkch∗(v) ≥ 0

y². �¹1: �d(v) = 3§¿�kch(v) = 3− 4 = −1"du3-:v�õ'éX��3-¡§¤±:v�

±´A1§A2§A3±9A4-:¥�Ù¥��"XJv´��A1-:§�â5KR1ÚR2(1)§@o§��

'é�3-¡= 1
3
§¿�lz��'é�8+-¡�� 2

3
"·�k§ch∗(v) = −1− 1

3
+2× 2

3
= 0"XJv´�

�A2-:§�â5KR2(2)§@o§lz��'é�8+-¡�� 1
2
"Ïdk§ch∗(v) = −1+2× 1

2
= 0"

XJv´��A3-:§�â5KR2(3)§@o§lz��'é�8+-¡�� 1
2
§¿�l�'é�5-¡¥

��1
4
"Ïdk§ch∗(v) = −1 + 1

2
+ 2× 1

4
= 0"XJv´��A4-:§�â5KR2(4)§@o§lz
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��'é�6+-¡�� 1
3
"Ïdk§ch∗(v) = −1 + 3× 1

3
= 0"

�¹2: �d(v) = 4§¿�kch(v) = 4 − 4 = 0"3�=£�5K¥§�kR3�9�4-:§@

o·���Äv�B1- :§B2-:±9B3-:��¹"XJv´��B1-:§'ék2�3-¡§@o�

â5KR1ÚR3(1)§vlz�'é�10+-¡¥�� 1
3
§¿��z�'é�3-¡ 1

3
"Ïdk§ch∗(v) =

0+2× 1
3
−2× 1

3
= 0"XJv´��B2-:§@o�â5KR1ÚR3(3)§vl'éXv§�Ø�3-¡��

�10+-¡¥�� 1
3
"Ïdk§ch∗(v) = 0− 1

3
+ 1

3
= 0"XJv´��B3-:§@o�â5KR1ÚR3(3)§

vlz�'é�8+-¡¥�� 1
6
§¿��z�'é�3-¡ 1

3
"Ïdk§ch∗(v) = 0− 2× 1

6
+ 1

3
= 0"

�¹3: �d(v) = 5§¿�kch(v) = 5 − 4 = 1"duv�õ'ék2�3-¡§�â5KR1§

ùü�3-¡�glv�� 1
3
"�âR4ÚR6§@ov�õ�Ù¦'é�3�¡ 1

9
"Ïdk§ch∗(v) =

1− 2× 1
3
− 3× 1

9
= 0"

�¹4: �d(v) = k ≥ 6§¿�kch(v) = k − 4"y3§v�õ'ékbd(v)
2
c�3-¡§�â5

KR1§ù
3-¡�glv¥�� 1
3
"�âR5ÚR6§@ov�õ�Ù¦'é�(d(v)−bd(v)

2
c)�¡ 1

6
"Ï

dkch∗(v) = k − 4− bd(v)
2
c × 1

3
− (d(v)− bd(v)

2
c)× 1

3
= 2

3
k − 4 ≥ 0"

äó3. éu¤kf ∈ F§Ñkch∗(f) ≥ 0"

y². �¹1: �d(f) = 3"�â5KR1§flz��'é�:¥�� 1
3
"Ïdk§ch∗(v) = 3− 4 +

3× 1
3

= 0"

�¹2: �d(f) = 5"XJf��'ék1�4+-:§�â5KR2§@of�õ�z�'é�3-

: 1
4
"Ïdk§ch∗(f) = 5 − 4 − 4 × 1

4
= 0"XJfTÐ'é
5�3-:§@où�5-¡�õ'é

k4�A3-:§�â5KR2(3)§ù
A3-:�glf¥��
1
4
"Ïdk§ch∗(f) = 5− 4− 4× 1

4
= 0"

�¹3: �d(f) = 6"duG ∈ G§Kkf'éX6�6+-¡"·��±�Ñf'éX6�A4-:§�

â5KR2(4)§ù
A4-:�glf¥��
1
6
"Ïdk§ch∗(f) = 6− 4− 6× 1

3
= 0"

�¹4: �d(f) = 8"duG ∈ G§Kkf�õ��X��3-¡"b�fØ��?Û3-¡"@of�

õ'éX8�3-:§ù
3-:�g�õlf¥�� 1
2
"Ïdk§ch∗(f) = 8− 4− 8× 1

2
= 0"b�fT

Ð��X��3-¡§P�[xyz]§¦�¦��ú�>�xy"XJf´Ð¿���X��§�âäó1§

·���ch∗(f) ≥ 0"XJf´Ð¿�Ø��X��§@of�½'éX��4+-:§d�§ù�4:

Ø¬´B1-:"Ïdk§ch
∗(f) = 8−4−2× 2

3
−5× 1

2
− 1

6
= 0"XJf´�¡§d���1-¡§@o

©O�>xzÚyz���ü�Ð8+-¡�f= 1
6
"Ïdk§ch∗(f) = 8− 4− 2× 2

3
− 6× 1

2
+ 2× 1

6
= 0"

�¹5: �d(f) = 9"duG ∈ G§KkfØ��?Û��3-¡"@of�õ'éX9�3-:§ù


3-:�g�õlf¥�� 1
2
"Ïdk§ch∗(f) = 9− 4− 9× 1

2
> 0"

�¹6: �d(f) = k ≥ 10"XJf´��X���Ð�§�âäó1§·���ch∗(f) ≥ 0"e

¡·�?Øf´Ø��X���Ð�½ö´����¹µ

�¹6.1: �k = 10"b�f�õ'éX6�A1-:"�â�Ü5K§@of�õ��e4�:©

O= 1
2
"Ïdk§ch∗(f) = 10 − 4 − 6 × 2

3
− 4 × 1

2
= 0"b�fTÐ'éX7�A1-:"dukÛê

�A1-:§@of�½'éX��4+-:§f�õ�ù�:= 1
3
"¿�f �õ��eü�:©O= 1

2
"
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Ïd§ch∗(f) = 10− 4− 7× 2
3
− 2× 1

2
− 1

3
= 0"

b�fTÐ'éX8�A1-:"d�§·�4f���4�3-¡�t1, t2, t3, t4§Ù¥u1, u2, u3, u4´

©O3t1,t2,t3, t4¥Ø3fþ�:"b�f��'éX��4+-:"XJù�4+-:´B1-:½öB2-:§

@o�e�,��:Ø�U�A2-:½öA3-:§f�ùü�:�õ©O=
1
3
"Ïdk§ch∗(f) =

10 − 4 − 8 × 2
3
− 1

3
− 1

3
= 0"XJù�4+-:Ø´B1-:½öB2-:§@of�ù�:�õ=

1
6
§

��e,��:�õ= 1
2
"Ïdk§ch∗(f) = 10 − 4 − 8 × 2

3
− 1

2
− 1

6
= 0"XJfvk'é?

Û��4+-:§@oùü�3:�½´��§ÄK�{§ùü�3-:ÑØ´A2-:½öA3-:§K

kch∗(f) = 10− 4− 8× 2
3
− 2× 1

3
= 0"

e¡?Øü�3-:����¹µd�f��3-¡"b�u1, u2, u3, u4Ñ´4-:"@of��k3�

Ð�10-¡§ù
¡©O�f= 1
6
"Ød�	§f�õ��2�A2-:"Ïdk§ch

∗(f) = 10− 4− 8×
2
3
−2× 1

2
+3× 1

6
> 0"b�u1, u2, u3, u4¥��k�:´5+-:§P�t1"XJt1´��6+-:§�â5

KR6(1)§@ot1�f=2× 1
6
"Ïdk§ch∗(f) = 10−4−8× 2

3
−2× 1

2
+2× 1

6
= 0"XJt1, t2, t3, t4¥

�k��:�5-:§P�t1"�â5KR6(2)ÚR6(3)§,�t1���f=
1
9

+ 1
18

= 1
6
"Ød�	§f�

�X����Ð¡§ù�Ð¡�f= 1
6
"Ïdk§ch∗(f) = 10− 4− 8× 2

3
− 2× 1

2
+ 1

6
+ 1

6
= 0"X

Jt1, t2, t3, t4¥��k2�5-:§�â5KR6(2)ÚR6(3)§ù
5-:©O�f= 1
6
"Ïdk§ch∗(f) =

10− 4− 8× 2
3
− 2× 1

2
+ 2× 1

6
= 0"

b�fTÐ'éX9�A1-:"y3f'éX��4+-:§P�u§d�u�½Ø�B1-:"eu�B3-

:§@of ����2-¡"d�§u¬lf�� 1
6
"Ó�§u'éX��Ð�8+-¡h§�âäó1§hÏ

Lu �f = 1
6
"Ïdk§ch∗(f) = 10− 4− 9× 2

3
− 1

6
+ 1

6
= 0"euØ�B3-:§fØI��ù�:=

�§Ïdk§ch∗(f) = 10− 4− 9× 2
3

= 0"

b�f'éX10�A1-:"ã 3¥(b)V«
f'éX5�Ð�10+-¡"Ïdk§ch∗(f) = 10− 4−
10× 2

3
+ 5× 1

6
> 0"

�¹6.2µ�k = 11"w,§f�õ'éX10�A1-:"XJf�õ'éX9�A1-:§@of�õ

��eü�:= 1
2
"Ïdk§ch∗(f) = 11− 4− 9× 2

3
− 2× 1

2
= 0"XJf�õ'éX10�A1-:§�

â5KR2(4)½öR3§@of�õ��e5ù�:u= 1
3
"Ïdk§ch∗(f) = 11−4−10× 2

3
− 1

3
= 0"

�¹6.3µ�k ≥ 12"duf�õ�z�'é�:= 2
3
"Ïdk§ch∗(f) = k − 4− k × 2

3
≥ 0"

�âäó2±9äó3§�±�Ñ(Øµ
∑

x∈V ∪F
ch∗(x) ≥ 0§�4��~gñ"ù�§·��¤
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