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Abstract

Based on the attractor theory in time-dependent spaces, we consider long-time be-
havior of solutions for the wave equation with nonlinear damping on the unbounded

domain. We prove the asymptotic compactness of the process by using the contrative
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functions and some detailed estimates, thus the existence of time-dependent attractors

is proved.
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1. 5]
3 H T A AR B R B R

{ e(®)ug + g(ug) — Au+ Au+ f(u) = h(z), z € R®, t > 1, (1.1)

w(@, 7) = ug(z), u(z,7) = us(z), z € R3,

A B AR 4 SR W 5| T BIAFAE M, Horbu(a, ) R FEREL X > 0, h(-) € L2(R?), e = () F iR IBHI

i/
tLi+mooE(t) =0, (1.2)
R, FAEL > 0143
sup(le(t)] +€'(¢)] < L. (1.3)
teER

R JEg € CH(R), g(0) = 0, g™ A% IBIG, T 2

\lig};-nog g'(s) >0, (1.4)
l9(s)| < Co(1 +[s]"), 1 <p <5, (1.5)
JELMTf € CL(R), f(0) = 0FH 2
[F()l < Gl +s]%), Vs €R, 0 < g <2, (1.6)
lim fls) > =)\, Vs €R, (1.7)

|s| =400 S
Hrp\ A = AR HFEE, HO <X <Ay, Co, CLZIEF AL

IS R AR 42 S W 5| 2 B Plindo, Temam&8 N\ [1-4182 I, JF HAT T 1 Ik 75 B AT R B I
[B] AR 42 R W 51 A A7 AR R T ) . 24 ] 408 2 Kl () 2 55 I TRl 0 5 (9 1E 3 B HLFHL @ U 2
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PERE, 52 (1.1) R AT A CA WA [5-7]. 20165, S RUUESE N [7)WF 50 78 S8 L B A JEZe 1t
RHEJE I 7 2
e)us + g(ur) — Au+ p(u) = f(x).

RIS TR 42 SR 51 (A AR PE. 2019 48, X525 58 N [8]5 18 1R _E A I TR e 18 AR B Ay
&
U + auy — k(0)Au — / K (s)Au(t — s)ds + g(x,u) = f.
0

VE& 1 S @S 1 U UE o R T 5 ) 46 oR BT v, AR JE R 7 VIR B TR T R A B S, 91
33 7T H2(R™) x L2(R™) B[ 51 7 AR, SC (950 7 B B2 B e FZk vE e 42 ry sk
S F R
(B)ure + a(w)g(ur) — Au— / u(s) A (s)ds + f(u) = h(x)
0
fREIEIAIT . S [101Eg(us) = auy — Au W R <RI A 1H 773K T 3772
e(t)uy — Aup +up — Au+ Au+ f(u) = h(x)

FER™ LI IRVRA 51 5 A7 AEVE.

BT VA EBICBUIR, ASCAETL TR R® EERESTRE (1.1) RG] T IEENE. 2 e(t) K
TR ¢ AR mAET 0, i T RS E S E ¢ A%, WG E R RNGH. A
SCRE 20 SUEEAR TP 0 T 4 pR RO VA HEST B BT R RE, JF BN — e A H 50, el 7B A E
Sobolev IRNAEZ M AME, FEMAAR] T B (1.1) £ RS _FEF R4 R 5] RIAEE .

2. Fi&ER

AR — Mk, iIH = L2(R?),V = HY(R?), HIWEATEE 8 8¢, ), || - | X Fs € R,
CH® = H*(R?) = D(A%), FFW T A S 3 y FR AN T 5

(w,0), = (A3w, A%v), [Jw][} = (A3w, ATw).
MTFteR K0 <s <1, XM AKBRH = H T x He, FHREECN
Gy )|, = M2y + ]2+ ()]l -
Ms = OfF, iLH, = H' x H, R TEECN
|| (s )17, = [Vl + [Jul|* + e ()] |u| .
530 [5]— 8¢, d T AR R B g, B 5% (1.5) AT #3
9(s)1F =1g(s)7 +lg(s)I” < C3 A +1SDlg(s)| < C + Chg(s)s, (2.1)

H— F
9(5)| < C + C(g(s)s)7. (2.2)
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EX 1.1 [3,7,11] W{X, herfe —BRMBIE LT H, BMASHE THRUE, ) X, = Xiyt >
7,7 € R} &—NIE, iR e e:

() Ulr,7) = Id £ X, LEESBT, vr € R
(ii) U(t, s)U(s, ):U( T), Vt>s>T.

513 1.2 [8] % F(u) = [, f(s)ds, IR (1.7), O < v = min{1, A}, f#fEo(v) > 0, ¢; > 0(i =
1,2), 13
2(F(u),1) > —v[|Vul|* — i, (2.3)

(F()w) + SVl = o)l [ull? - c.. (2.4)
SI3 1.3 [5,7] #g(-)il L&A (1.5), MIXFTFV0 > OFFAE IEH RLCs, (55T G v, v € R, &

[lu = |* < 6 + Cs(g(u) — g(v)(u—v).

EM 1.4 [11] 2 X, Y NP BanachZ [\, BANX x YHI—MNERTHE, {UB) }isoNX x YV ER
P WIRXFAEREMe > OF7ET = T(B, e) Myl € O(B) M8 MEEz,y € B, A

||U(t7T)‘T - U(t7T)y|| <e+ @%’(xvy)a

WU () 0 WX X Y —E452F 5, HA o R TT, C(B)#7R"B x BEITA L% R B4

EE 1.5 [11] 2 X, Y AWM BanachZE 18], {U (t) }i>0 WX )Y ERBESEERE BA{U () }izofEX X
Y FH—ANERRG T Y A AR RO

U (1) }iso TEX LA T HE By
() {U(t) }mo e Bo L HOMIE FE A 2L

ER 1.6 [7,11] #U(, )72 —EBanachZ [A{ X }er W — N FE, WU (-, ) — A AR 4 5
WSl FU" = {Afher = U U(t,7)B,, HHNH

s<tT<s
() U, A — AR B = (B }rc;
(ii) U(-, )2 hr[al i .

3. BtEMKEE /RS FRFE M

SIFE 2.1 [4,11] #(1.2) — (1L.7)8%AL, MAEEVIME2, = (uo,w1) € H,, TEH A AFTE 7] 78 (1.1) 1)
ME—f#z(t) = (u(t),u(t)), Wi Ru € C([r,t], H'),u; € C([r,t],L?). }Ab, ¥zi(r) = {ui,ul} €
H,(i=1,2) 2 2||z(7)||g, < R =1,2) FIRNVME, Hz (t) 25N THHEz (7) BN, A7
#C = C(R) >0, 15

l121(8) = z2(O)lzr, < el (t) = 22(7)l |1, V=7 (3.1)

Ft, R (L) ER—ARESIS U (¢, 1), U (¢, 7) : H, — Hy, U(t, 7)2(7) = {u(t), u(t)}
SI8 2.2 #5(1.2)- (L)AL, (ERVIE(r) € BL(R) C Hy, WEEHERy > 0, (4B = {B(Ro)cs
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FERLARU (¢, 7) B TR AR i Bk

R X E(t) = S |wl* + §[Vull® + 3llul® + (F(u),1) — (hyw). Flu5(0.1)#EL(R)F

fEPIR, AT

d '(t)

%Eo(t) + /R3 g(u)updr — 5 || |* = 0. (3.2)
g (u, ) Fle (t) B2 /
/ g(up)upde — £ ét) [|ue][* > 0.
R3
(3.2) L[, 1] LBy, 7
Eo(t) SEO(T>7 th’T (33)
H(2.3)4,
1-— A 1 4
Eo0) > g+ v+ 2@ - Dyl - e+ Spn
4
—(e1+ XHhHQ) (3.4)
(R, H(3.2)F1(3.4) AT 43,
| [ stwyudsds = 5 [ @lfuts)|as
T R3 T
4
< Bo(m)+ (e + 5 IBIP). (3.5)
F—J5, 454 (2.2), (3.4)FHolder AR, H
[ stwudsl <€ [ Julde -+l -+ Cllul 7 [ guuds, (3.6)
R3 R3 R3
Hry > 02% /0~ Hu, + 0u'5 (L) EL?(R?) HAENA, 715
d
T Es(t) +1(t) =0, (3.7)
HHEs(t) = Eo(t) + de(t) (ue, u),
10 = E 02— ool + 61190l 2+ 6l + 6w, )
— O0(h(z),u) + / g(ug)(us + du)dx — 6’ (t) (ug, u).
RS
MR (1.3), (3.4), Holder NERAY oung N5, BLO R 05 /N, 7l 15
t 1-— A 4
50 > D+ S w4 All® e+ SI10IP)
1
- (f(t)HutH2 + 6°LI[ul|?)
5 s
> g(ﬁ(t)HUtH2 +[Vaul? + [[ul*) = (e + XH’IHQ)- (3.8)
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1RAE (1.4)RI(1.5), 47155 > OFICs > 0fE7S
/ g(uy)ugdx > 26||uy||? — Cs.
RS

1AL,

!/ 1 !
=8¢ (#) (e, u) = =7 [e' )l [uel[* = 6 L ul*.

Rk, 4545 (2.4), (3.6), BUZBE/NEInAIS, A

e'(t ov
10 > O el + a9l + oxul? — &) vul
— B0 ul® — 28 — B3l + S 1EIP) + 28] — C
2 2A
p=1 1,
= 600 [ fulde -+l + bl [ gtunuede] = GOl + 5Ll
R3 R3
1)
> SOl + Vull + [l - 20— CsEo(r) | gl — o1+ [l

- (3.9)
Xt (3.7)1E[r, t] LR t
Es(t) = E5() —/ I(s)ds.
H1(3.5), (3.8)F1(3.9) 1] 15

4] L6
S E@Oul* + [IVull® +[[ul?) = M, < —/ [ EO wl* +[[Vull® + [[ul]*) - Mi]ds,  (3.10)

/\l:lj
My = 26 + Cs5(1 + |||]?) + C,

4 4
M; = (ex + 1IRI[*) + C5Eo(r) (Eo(r) + 1 + S]AI*) + CEo (7).

litt, XL MR, = 80 A7 ity > 1845
e(to) | (to)|1* + [[Vulto)||* + [[u(to)[|* < Ro.

8B, = {(uo,ur) € Hy : [Juo|]2 + |[Vao|]2 + e(r)|[ua]]? < Ro}. LB, & — AN S [ KA
Wtk X B, = J U(t,7)B,, M B & E{U (¢, 7)} BIHG FRYEE.

t>T
T VIE B R 3 e, A 0 (), s, () 1 R (L 1) 82 10, 0B (i (7), 0 (7)) €
(B, }rer. N THRIE, 53C [7)]—FF, SIS

9i(t) = g(us, (1)), fi(t) = f(wi(t)), i=1,2, w=1uy(t) — uat).
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&
i

A 2w (t)i5 2
{ e(t)wn + (91(8) = g2(8) — Aw + dw + fi(t) = fo(t) = 0, £ > T, s
w(a,T) = uy(T) — w3(T), wx, T) = vb(T) — (D).
SE LB (1) = Se()] w2 + 1| Vawl[2 + 2A||w])?, FA(3.11) 5w, 76 L2 (R®) HE &L, 4
@ But) — 52/ Ol + ((01(8) = 92(0)), we) + (i~ foru) = (3.12)
¥ (3.12)7E[s, t] LR AT 15
(1) / () Pde
+ / t((gmg) — ga(€)). wi(€))de + / (1 = for wi(€))dE = 0. (3.13)
HTe'(t) <0, W (3.13) "7 %1
[ €~ e, wee < Bu(o) [ (1~ @
B (1.3) R0 51 3130 51, SHERE IS > 0OfF(ECs > 0ffif]
S(©)hunl? < Liunl? < 6L + LCs(g1(€) — ga(E), wn(€),
L
/ (Ol < SL(t—T) + CHLE(T) — CoL / (- how)de, (314
25(3.11) 3w, HAER? x [T, t] BRI, AT
/| | (Fus) s + () (1), wlt)
— D)D) wD) + [ (s wals)w(s))ds + /| el Pds
[ gmwtepis = [P~ [t fawnas (3.15)
¥ (3.14) 5(3.15) 45 &l 15
2/; Eu(s)ds < 25L(t — T) + 2C5LE, (t) — 205L/Tt<f1 — fo,w,)ds
— et {wn(0) wlt) + (D) ), w(T) + | ) wal€), w(€)de)
-/ (gr — o () / (i o wl©))e (3.16)
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EE

A—J51H, K (3.13)7E [T, t] LA, B

// 01(6) — 9a(£), wi(€ dfds—// &) llwil [2dgds

- - / / (1) ~ 2@ s + [ Buo)is (317)

A [os (91(8) — 92(8))we(€)dw — 3¢ () [Jwe| > > 0, H555(3.16) M(3.17) A4

(t=T)Bu(D) < OLG—T)+ LB - CoL | Uy = farwn)ds = e(8) wn(8) w()

+ §s<T><wt<T>,w<T>>+§ | ) <s>>ds—§ | = gntos

- 5 - nas = [ [ tnte w(€)deds. (319
B TR, AR [ [oa (91(€) — 92(&))wewd€. % (1.1)Feu; JFEER® LB,

1d 2 2 2y €(1) 2

5 2 el |+ 19l + Ml ) = S5 s | P + g ), s,

H(f(ui), ui,) = (hyus, ),

U £ (3.2)-(3.4) LS 0 RS O 75 £, 3115
t
/ (9(us), wi,)ds < Eo(T) — Eoft) < Cr,
T
XBCHRHITT, W (2.2) fHolder AN XA

|/Tt /R3 g(u;, )w(z, s)dxds|

t t
[ / (Ch + Chg(uug, Yus, dxds] 77 ( / w(z, )|+ duds) 7+
T JR3 T JR3

IN

IN

¢ ¢
[Ci(t—T)+ C’i/ / g(u;, uitdxds]pil(/ lw(z, s)|P dads) 7T
RS R3

IN

[Cl(t — T)751 + (C1Cp) 7] / lw(z, s)|PT dads) 7 (3.19)
DR (3.19) AN (3.18) 1, 13
(t=T)Eu(t) < OSL(t—T)+CsLEy(t)—C L/ (Fr = for wi)ds — %5(t)(wt(t) wl(t)

+ (M) {w /thllwldS/ (f1(s) = fa(s), w(s))ds

A / (1€) — re) mt€deds + A [t sy
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dl

D D
Ci(t—T)p+1 +(C;Cr)P+1
Hrhg = S0 2(1 T)

o
P (W (T), 0} (T), (WB(T), (7))
- thT [t powias - Q(f_ﬂswwt(t),w(t»
+ / ks = 5 / (i(s) = fals), w(s))ds
- t%T [ [0 - @), wenacas
+ t_// \w(z, s) [P deds) 7, (3.20)
Crt = SL(t = T) + Cs LEw(t) + (T) (w,(T), w(T)), (3.21)
] 4E4S Co
Bu(t) < S (D), 0§(T), (3(T) wE(1))) (3.22)

EI 2.3 A H&AM(1.2)-(1.7) 8L, SMEEFE E Rt € R, H ATz, 22, C X, LLEXAEE
P{rn}52, CR7 (1, = —00, M n — o00), TFINHU(t, 70)xn 5, H—MUSTHI.

HERR XMEE e > 0, BERE, 2T < tHt — TR K, {13

CM €

t—T < 2
DR b E s 2.5, FRATT R R BB AN B 2 T b € C(By). B (U, Uy, )2 0 (1.1) XL, #)
B (ug,vy) € By. H(3.3) AT [u| |24 || Vul|? +e(t)||u||> R S HARTRT ), BRI |w, | |22 T, HRAh,
H1(1.2), (1.3), M EERIT, € € [T,t], e(&)2A T, 1 |un, |PRE . 20 = {2 e R®: |z| < k},
5 Alaogluie B, AR — etk FAUBR K

(i) un = wfEL>(T, t; Hy (%)) F;

(if) wn, = w AELP (T, t; HY (%)) H;

(i) w, — wTEL2(T, t; L2(2))H;

(V) un (T) = w(T), un(t) — u(t)fEL .

N TH(3.20) MR — 0. ¥ %, H31E82.2, (1), (i) (i) 43

nh_>ngo 77}1_1)1100/ /RS (up) — ) (un(8) — um(s))dzds = 0, (3.23)
lim lim e(t) (U, (t) — U, (1)) (un(t) — um(t))dz = 0, (3.24)

n—00m—00 Jp3
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EE

t
lim lim / / L(tp, — tm, ) (Un — um)dxds, (3.25)
R3

n—oo m—oo T

53 (7] e BES ARTIE ISR, BAT 1A
lim i ) — . i (8))dzds = 0. 3.26
st [ 700 = 70000 5) e, ())ns (3.20

HAEAEZ I, | [ foa (1, () — h, (€)) (21 (€)) — pluns (€))) €] AT F 1K1, W B Lebesguett
WSk e AT 1S

gQJg;// [ 0,0 =t () (nl€)) = Pl ()
- /T (lim hm/ [ 006) = 10 (€ (0,(6)) = lun(€))drd) s

n—oo m—oo

= 0. (3.27)

B, B (i) AT %0

A K p
lim lim (/ |w(z, s)|PT dxds) 71 = 0. (3.28)
T JR3

n—oom—oo t — T

PRI, MR (3.23) — (3.28), 19 Zlll 72 I 4 R A, AT ol A2 T3 e 4 PR 20, N (3.22) T Rt AR A2 T3 e
AR, W 58 B

EE 2.4 % (1.2)-(1.7) AL, B (L) =B fRU (t, 1) - Hy — Hy H— AR R K
*ﬁé%uﬁgl¥(] - {At}tER'

WERA 51 3E2.2, E 2.3, E FELAF AN, ) (1. 1) A5 ME— I TR 4 R R 511U = { A hier.
BEAh, T 51 B2 1 R A SR AR, FA T AR U R AL ).

4. #5p

A SCHET I R4 R R 3] T-H 96, 090 T 15 TR RS b4 L M BUR g () B T 72
(L1 AR FE KB A7 2. L 405 B 1) 99— B 1 T ) 7 S R 0 S b, 9 R 7 sk
- Sobolew A I A, HETTAE] T 50 (1.1) i 2] TROGE (e e, (6 IR S oeeh, TR T
IS4 il R TS0 R F IR 04 A B 5, 71 76 T U4 2 ) .
A=

E 2K | AR RFEFE 4> (11961059).
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