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Abstract

Based on the attractor theory in time-dependent spaces, we consider long-time be-

havior of solutions for the wave equation with nonlinear damping on the unbounded

domain. We prove the asymptotic compactness of the process by using the contrative
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functions and some detailed estimates, thus the existence of time-dependent attractors

is proved.
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1. Úó

�©�ÄXe�k��5{Z�Å�§{
ε(t)utt + g(ut)−∆u+ λu+ f(u) = h(x), x ∈ R3, t ≥ τ,
u(x, τ) = u0(x), ut(x, τ) = u1(x), x ∈ R3,

(1.1)

�m�6�ÛáÚf��35,Ù¥u(x, t)´��¼ê, λ > 0, h(·) ∈ L2(R3), ε = ε(t)üN4~¿

÷v

lim
t→+∞

ε(t) = 0, (1.2)

AO/,�3L > 0¦�

sup
t∈R

[|ε(t)|+ ε′(t)] ≤ L. (1.3)

��5{Zg ∈ C1(R), g(0) = 0, gî�4O,¿÷v

lim inf
|s|→+∞

g′(s) > 0, (1.4)

|g(s)| ≤ C0(1 + |s|p), 1 ≤ p < 5. (1.5)

��5�f ∈ C1(R), f(0) = 0¿÷v

|f ′(s)| ≤ C1(1 + |s|q), ∀s ∈ R, 0 ≤ q ≤ 2, (1.6)

lim
|s|→+∞

f(s)

s
> −λ1, ∀s ∈ R, (1.7)

Ù¥λ1´A = −∆�1�A��,�0 < λ < λ1, C0, C1´�~ê.

�m�6�ÛáÚf´dPlinio, Temam�< [1–4]JÑ�, ¿�ïÄ
���§ÚÅ�§��

m�6�ÛáÚf��359ìC(�.��m�6Xêε(t)´��mtÃ'��~ê�{Z���
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5�,�§(1.1) )���m1�®kïÄ [5–7]. 2016c,�Âï�< [7]ïÄ
k.�þäk��5

{ZÅ�§

ε(t)utt + g(ut)−∆u+ ϕ(u) = f(x).

��m�6�ÛáÚf��35. 2019c, 4ËË�< [8]�Ä
R3þäk�m�6PòXê���

§

utt + αut − k(0)∆u−
∫ ∞
0

k′(s)∆u(t− s)ds+ g(x, u) = f.

�öÄkïá
�yL§ìC;�Ø ¼ê�{,,�|^d�{y²
��§)�ìC;5, ¿

��
H2(Rn)× L2(Rn) þ�m�6áÚf��35.© [9]ïÄ
äk��5{ZÚ�5PÁ�Å

Ä�§

ε(t)utt + a(x)g(ut)−∆u−
∫ ∞
0

µ(s)∆ηt(s)ds+ f(u) = h(x)

)��Ï1�.© [10]3g(ut) = αut −∆ut�|^“�Ü”�O�{¼�
Å�§

ε(t)utt −∆ut + ut −∆u+ λu+ f(u) = h(x)

3Rn þ�m�6áÚf��35.

Äu±þïÄyG, �©3Ã.� R3 þ�ÄÅÄ�§ (1.1)��ÛáÚf��35. � ε(t)�

6u�m t�3�Ã¡�?ªu 0�, duXêëê��m tk', ¯KC���E,Úk�. �

©ò²;nØ¥�Ø ¼ê�{í2A^�ùa�§, ¿�A^�
�OE|, �Ñ
Ã.�þ

Sobolev i\�;�(J, ?
��
Å�§ (1.1)3��m R3þ�m�6�ÛáÚf��35.

2. ý��£

Ø���5, PH = L2(R3), V = H1(R3), H�SÈÚ�ê©OP�〈·, ·〉, || · ||. éus ∈ R+,

PHs = Hs(R3) = D(A
s
2 ),¿D��A/SÈÚ�ê:

〈w, v〉s = 〈A s
2w, A

s
2 v〉, ||w||2s = 〈A s

2w,A
s
2w〉.

éut ∈ R9 0 ≤ s ≤ 1,½Â�m�6�mHs
t = Hs+1 ×Hs,�A�ê�

||(u, ut)||2Ht = ||u||2s+1 + ||u||2s + ε(t)||ut||2s.

�s = 0�,PHt = H1 ×H,�A�ê�

||(u, ut)||2Ht = ||∇u||2 + ||u||2 + ε(t)||ut||2.

�© [5]��,éu��5¼êg,d^�(1.5)��

|g(s)|
p+1
p = |g(s)|

1
p + |g(s)|p ≤ C1

0 (1 + |S|)|g(s)| ≤ C1
0 + C1

0g(s)s, (2.1)

?�Ú,k

|g(s)| ≤ C + C(g(s)s)
p
p+1 . (2.2)
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½½½ÂÂÂ 1.1 [3, 7, 11] �{Xt}t∈R´�xD��5�m, ¡Vëê�fx{U(t, τ) : Xτ → Xt, t ≥
τ, τ ∈ R} ´��L§,XJ§÷v:

(i) U(τ, τ) = Id´ Xtþ�ð�N�, ∀τ ∈ R;

(ii) U(t, s)U(s, τ) = U(t.τ), ∀t ≥ s ≥ τ .

ÚÚÚnnn 1.2 [8] �F (u) =
∫ u
0
f(s)ds,�â(1.7),�0 < ν = min{1, λ},�3%(ν) > 0, ci > 0(i =

1, 2),¦�

2〈F (u), 1〉 ≥ −ν||∇u||2 − c1, (2.3)

〈f(u), u〉+
ν

2
||∇u||2 ≥ %(ν)||u||2 − c2. (2.4)

ÚÚÚnnn 1.3 [5, 7] eg(·)÷v^�(1.5),Kéu∀δ > 0�3�~êCδ,¦�é¤k�u, v ∈ R,k

||u− v||2 ≤ δ + Cδ(g(u)− g(v))(u− v).

½½½nnn 1.4 [11] -X,Y�ü�Banach�m, B�X × Y���k.f8, {U(t)}t≥0�X × Yþ�
�+.XJéu?¿�ε > 0�3T = T (B, ε)ÚϕtT ∈ C(B) ¦�é?¿�x, y ∈ B,k

||U(t, T )x− U(t, T )y|| ≤ ε+ ϕtT (x, y),

K{U(t)}t≥0�X × Y−Ø �+,Ù¥ϕtt�6uT , C(B)L«B ×Bþ¤kØ ¼ê�8Ü.

½½½nnn 1.5 [11]-X,Y�ü�Banach�m, {U(t)}t≥0�X×Yþ�ëY�+.@o{U(t)}t≥03X×
Y ¥k���ÛáÚf��=�e�^�¤á:

(i){U(t)}t≥03Xþ�3k.áÂ8B0;

(ii){U(t)}t≥0´B0þ�ìCØ �+.

½½½nnn 1.6 [7, 11] eU(·, ·)´�xBanach�m{Xt}t∈R���L§,KU(·, ·)k���m�6�Û
áÚfU∗ = {A∗t}t∈R =

⋂
s≤t

⋃
τ≤s

U(t, τ)Bτ ,��=�

(i) U(·, ·)k��.£áÂxB = {Bt}t∈R;

(ii) U(·, ·)´.£ìC;�.

3. �m�6�ÛáÚf��35

ÚÚÚnnn 2.1 [4, 11] �(1.2) − (1.7)¤á, é?¿Ð�zτ = (u0, u1) ∈ Hτ , 3Ht¥�3¯K(1.1)�

��)z(t) = (u(t), ut(t)), ÷vu ∈ C([τ, t], H1), ut ∈ C([τ, t], L2). d	, �zi(τ) = {ui0, ui1} ∈
Hτ (i = 1, 2) ´÷v||zi(τ)||Hτ ≤ R(i = 1, 2) �ü�Ð�,�zi(t) ´éAuÐ�zi(τ)�ü�),K�

3C = C(R) ≥ 0,¦�

||z1(t)− z2(t)||Ht ≤ ec(t−τ)||z1(t)− z2(τ)||Hτ , ∀ t ≥ τ. (3.1)

Ïd,XÚ(1.1))¤��rëYL§U(t, τ),=U(t, τ) : Hτ → Ht, U(t, τ)z(τ) = {u(t), ut(t)}.

ÚÚÚnnn 2.2 e(1.2)-(1.7)¤á,?¿Ð�z(τ) ∈ Bτ (R) ⊂ Hτ ,K�3R0 > 0,¦�B = {Bt(R0)}t∈R
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´L§U(t, τ) ��m�6áÂ8.

yyy²²² ½ÂE0(t) = ε(t)
2
||ut||2 + 1

2
||∇u||2 + λ

2
||u||2 + 〈F (u), 1〉 − 〈h, u〉. ^ut�(0.1)3L2(R3)¥

�SÈ,��
d

dt
E0(t) +

∫
R3

g(ut)utdx−
ε′(t)

2
||ut||2 = 0. (3.2)

dg(ut)Úε(t)�^� ∫
R3

g(ut)utdx−
ε′(t)

2
||ut||2 > 0.

�(3.2)3[τ, t]þÈ©,�

E0(t) ≤ E0(τ), ∀ t ≥ τ. (3.3)

d(2.3)k,

E0(t) ≥ ε(t)

2
||ut||2 +

1− ν
2
||∇u||2 +

λ

4
(2− 1

λ
)||u||2 − (c1 +

4

λ
||h||2)

≥ −(c1 +
4

λ
||h||2). (3.4)

Ïd,d(3.2)Ú(3.4)��, ∫ t

τ

∫
R3

g(ut)utdxds−
1

2

∫ t

τ

ε′(t)||ut(s)||2ds

≤ E0(τ) + (c1 +
4

λ
||h||2). (3.5)

,��¡,(Ü(2.2), (3.4)ÚHölderØ�ª,k

|
∫
R3

g(ut)udx| ≤ C
∫
R3

|u|dx+ η||u||2 + Cη||u||
p−1
p

∫
R3

g(ut)utdx, (3.6)

Ù¥η > 0v
�.^ut + δu�(1.1)3L2(R3)¥�SÈ,��

d

dt
Eδ(t) + I(t) = 0, (3.7)

Ù¥Eδ(t) = E0(t) + δε(t)(ut, u),

I(t) =
|ε′(t)|

2
||ut||2 − δε(t)||ut||2 + δ||∇u||2 + δλ||u||2 + δ〈f(u), u〉

− δ〈h(x), u〉+

∫
R3

g(ut)(ut + δu)dx− δε′(t)(ut, u).

�â(1.3), (3.4), HölderØ�ªÚY oungØ�ª,�δv
�,��

Eδ(t) ≥ ε(t)

2
||ut||2 +

(1− ν)

2
||∇u||2 +

λ

4
||u||2 − (c1 +

4

λ
||h||2)

− (
1

4
ε(t)||ut||2 + δ2L||u||2)

≥ δ

8
(ε(t)||ut||2 + ||∇u||2 + ||u||2)− (c1 +

4

λ
||h||2). (3.8)
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�â(1.4)Ú(1.5),�3δ > 0ÚCδ > 0¦�∫
R3

g(ut)utdx ≥ 2δ||ut||2 − Cδ.

d	,

−δε′(t)(ut, u) ≥ −1

4
|ε′(t)|||ut||2 − δ2L||u||2.

Ïd,(Ü(2.4), (3.6),�v
��ηÚδ,k

I(t) ≥ (
|ε′(t)|

2
− δε(t))||ut||2 + δ||∇u||2 + δλ||u||2 − δν

2
||∇u||2

− δ%(ν)||u||2 − c2δ − δ(
λ

2
||u||2 +

1

2λ
||h||2) + 2δ||ut||2 − Cδ

− δ[C

∫
R3

|u|dx+ η||u||2 + Cη||u||
p−1
p

∫
R3

g(ut)utdx]− [
1

4
|ε′(t)|||ut||2 + δ2L||u||2]

≥ δ

4
(ε(t)||ut||2 + ||∇u||2 + ||u||2)− c2δ − CδE0(τ)

∫
R3

g(ut)utdx− Cδ(1 + ||h||2)

− C2. (3.9)

é(3.7)3[τ, t]þÈ©k

Eδ(t) = Eδ(τ)−
∫ t

τ

I(s)ds.

d(3.5), (3.8)Ú(3.9)��

δ

8
(ε(t)||ut||2 + ||∇u||2 + ||u||2)−M2 ≤ −

∫ t

τ

[
δ

4
(ε(t)||ut||2 + ||∇u||2 + ||u||2)−M1]ds, (3.10)

Ù¥

M1 = c2δ + Cδ(1 + ||h||2) + C2,

M2 = (c1 +
4

λ
||h||2) + CδE0(τ)(E0(τ) + c1 +

4

λ
||h||2) + CE0(τ).

Ïd,é?¿�R0 = 4M1

δ
,�3t0 ≥ τ¦�

ε(t0)||ut(t0)||2 + ||∇u(t0)||2 + ||u(t0)||2 ≤ R0.

8ÜBτ = {(u0, u1) ∈ Hτ : ||u0||2 + ||∇u0||2 + ε(τ)||u1||2 ≤ R0}.ÏdBτ ´��k.��m�6á
Â8.½ÂBt =

⋃
t≥τ

U(t, τ)Bτ ,KBt´L§{U(t, τ)} �k.áÂ8.

e¡y²L§�ìC;5, �d, �(ui(t), uit(t))´¯K(1.1)éA�), Ð�(ui0(τ), vi0(τ)) ∈
{Bτ}τ∈R.�
{B,�© [7]��,Ú\ÎÒ

gi(t) = g(uit(t)), fi(t) = f(ui(t)), i = 1, 2, w = u1(t)− u2(t).
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@ow(t)÷v  ε(t)wtt + (g1(t)− g2(t))−∆w + λw + f1(t)− f2(t) = 0, t ≥ T,

w(x, T ) = u10(T )− u20(T ), wt(x, T ) = v10(T )− v20(T ).
(3.11)

½ÂEw(t) = 1
2
ε(t)||wt||2 + 1

2
||∇w||2 + 1

2
λ||w||2, ^(3.11)�wt3L

2(R3)¥�SÈ,k

d

dt
Ew(t)− 1

2
ε′(t)||wt||2 + ((g1(t)− g2(t)), wt) + (f1 − f2, wt) = 0, (3.12)

ò(3.12)3[s, t]þÈ©��

Ew(t)− Ew(s)− ε′(t)

2

∫ t

s

||wt(ξ)||2dξ

+

∫ t

s

((g1(ξ)− g2(ξ)), wt(ξ))dξ +

∫ t

s

(f1 − f2, wt(ξ))dξ = 0. (3.13)

duε′(t) < 0,Kd(3.13)��∫ t

s

((g1(ξ)− g2(ξ)), wt(ξ))dξ ≤ Ew(s)−
∫ t

s

(f1 − f2, wt(ξ))dξ.

d(1.3)ÚÚn1.3��,é?¿�δ > 0�3Cδ > 0¦�

ε(ξ)|wt|2 ≤ L|wt|2 ≤ δL+ LCδ(g1(ξ)− g2(ξ), wt(ξ)),

K ∫ t

T

ε(ξ)||wt||2dξ ≤ δL(t− T ) + CδLEw(T )− CδL
∫ t

T

(f1 − f2, wt(ξ))dξ, (3.14)

�(3.11)¦w,¿3R3 × [T, t]þÈ©,��∫ t

T

||∇w(s)||2ds+ ε(t)〈wt(t), w(t)〉

= ε(T )〈wt(T ), w(T )〉+

∫ t

T

ε′(s)〈wt(s), w(s)〉ds+

∫ t

T

ε(s)||wt(s)||2ds

−
∫ t

T

〈g1 − g2, w(s)〉ds− λ
∫ t

T

||w(s)||2ds−
∫ t

T

〈f1 − f2, w(s)〉ds, (3.15)

ò(3.14)�(3.15)(Ü��

2

∫ t

T

Ew(s)ds ≤ 2δL(t− T ) + 2CδLEw(t)− 2CδL

∫ t

T

〈f1 − f2, wt〉ds

− ε(t)〈wt(t), w(t)〉+ ε(T )〈wt(T ), w(T ) +

∫ t

T

ε′(ξ)〈wt(ξ), w(ξ)〉dξ〉

−
∫ t

T

〈g1 − g2, w(ξ)〉dξ −
∫ t

T

〈f1 − f2, w(ξ)〉dξ. (3.16)

DOI: 10.12677/aam.2023.1210437 4462 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.1210437


�,¦

,��¡,ò(3.13)3[T, t]þÈ©,k

(t− T )Ew(t) +

∫ t

T

∫ t

s

〈g1(ξ)− g2(ξ), wt(ξ)〉dξds−
1

2

∫ t

T

∫ t

s

ε′(ξ)||wt||2dξds

= −
∫ t

T

∫ t

s

〈f1(ξ)− f2(ξ), wt(ξ)〉dξds+

∫ t

T

Ew(s)ds. (3.17)

Ï�
∫
R3(g1(ξ)− g2(ξ))wt(ξ)dx− 1

2
ε′(ξ)||wt||2 > 0,(Ü(3.16) Ú(3.17) ��

(t− T )Ew(t) ≤ δL(t− T ) + CδLEw(t)− CδL
∫ t

T

〈f1 − f2, wt〉ds−
1

2
ε(t)〈wt(t), w(t)〉

+
1

2
ε(T )〈wt(T ), w(T )〉+

1

2

∫ t

T

ε′(s)〈wt(s), w(s)〉ds− 1

2

∫ t

T

〈g1 − g2, w(s)〉ds

− 1

2

∫ t

T

〈f1(s)− f2(s), w(s)〉ds−
∫ t

T

∫ t

s

〈f1(ξ)− f2(ξ), wt(ξ)〉dξds. (3.18)

�e5,·�?n
∫ t
T

∫
R3(g1(ξ)− g2(ξ))wdxdξ.�(1.1)¦uit¿3R3þÈ©,k

1

2

d

dt
(ε(t)||uit ||2 + ||∇ui||2 + λ||ui||2)−

ε′(t)

2
||uit ||2 + 〈g(uit), uit〉

+〈f(ui), uit〉 = 〈h, uit〉,

(Ü(3.2)-(3.4)±9�m�6áÂ8��35,·�k∫ t

T

〈g(uit), uit〉ds ≤ E0(T )− E0(t) ≤ CT ,

ùpCT�6uT ,Kd(2.2)ÚHölderØ�ªk

|
∫ t

T

∫
R3

g(uit)w(x, s)dxds|

≤ [

∫ t

T

∫
R3

(C ′0 + C ′0g(uit)uit)dxds]
p
p+1 (

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
1
p+1

≤ [C ′1(t− T ) + C ′1

∫ t

T

∫
R3

g(uit)uitdxds]
p
p+1 (

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
1
p+1

≤ [C ′1(t− T )
p
p+1 + (C ′1CT )

p
p+1 ](

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
1
p+1 . (3.19)

yò(3.19)�\(3.18)¥,�

(t− T )Ew(t) ≤ δL(t− T ) + CδLEw(t)− CδL
∫ t

T

〈f1 − f2, wt〉ds−
1

2
ε(t)〈wt(t), w(t)

+ ε(T )〈wt(T ), w(T )〉+
1

2

∫ t

T

|wt||w|ds−
1

2

∫ t

T

〈f1(s)− f2(s), w(s)〉ds

−
∫ t

T

∫ t

s

〈f1(ξ)− f2(ξ), wt(ξ)〉dξds+A(

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
p
p+1 ,
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Ù¥A = C′1(t−T )
p
p+1 +(C′1CT )

p
p+1

2
.

-

ϕtT ((u10(T ), v10(T )), (u20(T ), v20(T )))

= − CδL

t− T

∫ t

T

〈f1 − f2, wt〉ds−
1

2(t− T )
ε(t)〈wt(t), w(t)〉

+
L

2(t− T )

∫ t

T

|wt||w|ds−
1

2(t− T )

∫ t

T

〈f1(s)− f2(s), w(s)〉ds

− 1

t− T

∫ t

T

∫ t

s

〈f1(ξ)− f2(ξ), wt(ξ)〉dξds

+
A

t− T
(

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
p
p+1 , (3.20)

CM = δL(t− T ) + CδLEw(t) + ε(T )〈wt(T ), w(T )〉, (3.21)

K�í�

Ew(t) ≤ CM
t− T

+ ϕtT ((u10(T ), v10(T )), (u20(T ), v20(T ))). (3.22)

½½½nnn 2.3 e^�(1.2)-(1.7)¤á, é?¿�½�t ∈ R, k.S�{xn}∞n=1 ⊂ Xτn±9é?¿

�{τn}∞n=1 ⊂ R−t (τn → −∞, � n→∞),S�{U(t, τn)xn}∞n=1 k��ÂñS�.

yyy²²² é?¿�ε > 0,�½�t,-T < t�t− Tv
�,¦�

CM
t− T

<
ε

2
.

Ïdd½n1.5,·��I�y²éz��½�TkϕtT ∈ C(Bt). �(un, unt)´¯K(1.1)éA�),Ð

�(un0 , v
n
0 ) ∈ BT .d(3.3)��||u||2+||∇u||2+ε(t)||ut||2´k.��6T�,Ïd||un||2´k.�.d	,

d(1.2), (1.3),é�½�T, ξ ∈ [T, t], ε(ξ)´k.�,�||unt ||2´k.�.-Ωk = {x ∈ R3 : |x| < k},
�âAlaoglu½n,Ø���5,·�b�

(i) un
∗
⇀ u3L∞(T, t;H1

0 (Ωk))¥;

(ii) unt
∗
⇀ ut3L

2(T, t;H1
0 (Ωk))¥;

(iii) un → u3L2(T, t;L2(Ωk))¥;

(iv) un(T )→ u(T ), un(t)→ u(t)3L2¥.

e¡�O(3.20)�z��.Äk,dÚn2.2, (i), (ii) Ú(iv)��

lim
n→∞

lim
m→∞

∫ t

T

∫
R3

(f(un)− f(um))(un(s)− um(s))dxds = 0, (3.23)

lim
n→∞

lim
m→∞

∫
R3

ε(t)(unt(t)− umt(t))(un(t)− um(t))dx = 0, (3.24)
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lim
n→∞

lim
m→∞

∫ t

T

∫
R3

L(unt − umt)(un − um)dxds, (3.25)

�© [7]¥½n5.4�y²aq,·�k

lim
n→∞

lim
m→∞

∫ t

T

∫
R3

(f(un)− f(um))(unt(s)− umt(s))dxds = 0. (3.26)

éz��½�t, |
∫ t
s

∫
R3(unt(ξ) − umt(ξ))(ϕ(un(ξ)) − ϕ(um(ξ)))dxdξ| ´k.�,KdLebesgue��

Âñ½n��

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

∫
R3

(unt(ξ)− umt(ξ))(ϕ(un(ξ))− ϕ(um(ξ)))dxdξds

=

∫ t

T

( lim
n→∞

lim
m→∞

∫ t

s

∫
R3

(unt(ξ)− umt(ξ))(ϕ(un(ξ))− ϕ(um(ξ)))dxdξ)ds

= 0. (3.27)

��,d(iii)��

lim
n→∞

lim
m→∞

A

t− T
(

∫ t

T

∫
R3

|w(x, s)|p+1dxds)
p
p+1 = 0. (3.28)

Ïd,�â(3.23)− (3.28),��ϕtT´Ø ¼ê,l
ϕtT´ìCØ ¼ê,l(3.22)��L§´ìCØ

 �,y²�¤.

½½½nnn 2.4 b�(1.2)-(1.7)¤á,d¯K(1.1)�)�L§U(t, τ) : Hτ → Ht k��ØC��m�

6�ÛáÚfU = {At}t∈R.

yyy²²² dÚn2.2,½n2.3,½n1.4��,¯K(1.1)�3����m�6�ÛáÚfU = {At}t∈R.

d	,duÚn2.1¥L§�rëY5,·���U´ØC�.

4. (Ø

�©Äu�m�6�ÛáÚfnØ, ïÄ
3Ã.� R3 þ�k��5{Z g(ut)�Å�§

(1.1))���m1�.|^Ø ¼ê��{Ú�
�OE|y²
L§�ìC;5,�Ñ
Ã.�

þSobolevi\�;�(J,?
��
XÚ(1.1)�m�6áÚf��35. 3�Y�ïÄ¥, ��

±�Äd¯K3Ã.� Rn þ���m1�±9áÚf��K5�¯K.

Ä7�8
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