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Abstract

Association rule mining, is widely used in various fields by mining the association relationships
between transactions through data mining, in which, association rules are mainly generated
through frequent itemsets, and the mining of frequent itemsets is reduced to the mining of closed
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frequent itemsets, and this shows the important role of closed frequent itemsets in association
rule mining. This article takes the analysis of shopping basket association rules as a scenario to
sort out the theory of closed frequent itemsets, and proves the monotonicity of functions i and t in
the definition of closure operators; proves three properties that the closure operator definition
satisfies; explores the support of frequent itemsets and their closures; discusses the relationship
between the support of closed frequent itemsets and their supersets. Finally, the properties of the
equivalence class formed by the frequent itemsets and their closure are studied, and relevant
theorems, proofs, and conclusions are provided.

Keywords

Association Rule Mining, Frequent Itemsets, Support, Closure, Close Frequent Itemsets

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

AR ETARZ T i 572 H Agrawal S5[1]17T 1994 fEAEFZHR QAL IR Apriori B4 ORIV, 1%
XoF JBL 5 () W P S AT A, 3 o e e A B T 7 A e DR, o T B D A T R R A R
it B RV ER R SR A3 M B (R S I8 . SRS, DRIBRR U2 40 4 B FH 21 %543, thin: 2Rl DNA 456
FPAIREI R I2], #E T RFAE R3], ISR I SRR AT WAL [4], SR AL [5] 5 .

X KB 9 55 A AL AT A B A2 1) — /> PRI 6 R f /N SRR BB A AR A A B =
R, JUHI B/ SRR A T B AR o X SR RN Y — AN TSR A IR, AL 7 T AE
SEANE T, TR B B AR A A R AN T AR T . RO — I, EEATER Y T A
TR AN KA B TR (W42 9 S50 6] [7]. PSR TSR S B KA B AR SR it T 58 B DU R B RN, [
I AT B AR I SRt 1 TR IR SRR BEA L[] [9], R —ANTRUER e I P TS AG AH ] (1 SRR RE[10] 03X,
PRI IR 1) 25— 2D e A R th BT AT ATV IO o $2 408 PR AR B At 1 B0 A 250 (1) R IR
£ (2) WAEIMEDE RS & M.

2 A B I ) BE T T R LB 2 [11] [12] [13] [14], AR TAEF2H i Rt b At iZ [15]
[16], {HEXF T P B I A By BRAR (AT 70 LU o AT BB AT TAF A EE, R IEA TR 2 40 11 (H A5
TR . AR SC 32 2 DURE A S 7 ot (14037 SR B AR PR A S AR IR & . PRI A SR 50 5%, 45 A Y
(1 72 B RIE B, 6F P AT AR PR BV AE 28T SE SR N BOEIMT, SRR & SeBEAT T 0R, A5 X AN T4
IR R R B LR N R -

2. MMBIMEEREX B

B ={X, Xy, X | N HIRAET(item) KT RIS & . EE X < | FRvTUSE(itemset). | 7] DL IR
i B S T R RS . — NPT U AR A4 . —ANEEOR N K TRy Kk T, 34
FINW R BT K RS, BIFTE RN K. | BF4E[10].

AT ={t, b, -t} BB AW FTB RS SRR MR EES[L0]. & T T Bl — SRR
PR . BAMB IR H 45 bR IR A A IR F RHBUFHESU . T T AR L A 5 5
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WifteT A& TWixe X , HHME(L,x)eD . XBEA(t,x)eD, LR MEELRES, TELRRB% t W
SET R Xo

N, AT 4 TR 8 S, S AN R DG R B e L[10] [17]:

EX L 2 520, ECH(X)={teT|tdx), Kb Xcl, HX)RESHE X 4
T SRR S

X 2. BH:2 52", EONI(T)={x|vteT ttud xf, HdTcT, HiMRESFAGTET
AT B A ILTENES . BAEMY, iQRBELSRRFteT FEEHTINES.

B 1 [10]. P A. By C. D\ E # 6 MIUEILMEGAT, 55— A4 6 AN A G —
BRI, H 0 RIS 1 KRS T IHAR M ARG 6 DHSARIRRT R i 5,
Bl 6 NI I FE SR IRF R, g, o

A|[B|C|D|E t | i)
11t |1]o]1 |1 # | ABDE
2101 ]1]0 |1 t, | BCE
311 ]o]1 |1 t; | ABDE
4011|101 t, | ABCE
st ]r |1 ts | ABCDE
6lo|1|1]1]0 ts | BCD

RSB R SR 1O 70 39 s
i(t,)={ABDE},i(t,) = {BCE},--i(t;) = {BCD]
JE s AT 1) S it 4 5 AR 5
i(t,t,)={BE},i(t,t,,t;)={BE},i{t,t, t;,t,.t;} = {BE}, i (t,,t,,t;,t,,ts,t; ) = {B}.
LA P it A B S PR O«
t(A)={tt t, ], t(B) ={t, t, t;,t,,t, 1}, 1 (C) = {t, bt 1 ],
(D) ={tuto o b § 1(E) = {tu tp to ty s
20 A T it 3 () — AR A5 T 3K 155 10«
t(AB)={t, t,,t,,t;},t(AC) ={t, ,t;},---,t(ABC) = {t, t; },---,t (ABCDE) = {t; }.

SR A — T BECURT | BB, 75 SCRRIL7] RO RO M I (BRI 45 AR E D], A
B JT ST N0 T 4T T 0 R AER,

EE L WE X, < X, Wt(X,)ct(X, ), BORREmsEs wRT T, Wi(T,)ci(T,), Wi
R B L

TR (1) 1(X,) FIt(X, ) SR IERIESE T RISEES X, B X K094 8 r, T X, < X, » D3GR
W T X, MBI R 2 RS X, £, ENWET X, MBELRWET X, . A
t(Xq) St(X, ) VEHIRREL t AL IR -

(2) i(T) FRES T, BIFGT MR RS, 1(T,) TR T, BN T M S
T, T, WHIT, S B TH T, M52 B TSI S b0, AT, B 3L F o
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EEARSZTNT, BB ILF R M ES, Fﬁuﬁi(Tq)gi(Tk), BV i o ) ER R IR

KT LA e, 20 R 2.

Bl 2. AR 1 BRI SEAE AL, AV X, = {B}, X,={AB}, NIf

t(X,)=t(B)={t,t,,ts.,t,. t;,t;} » Mt(X,)=t(AB)={t, t;,t,.t;} , A Wt(AB)ct(B): X
ittt} ={BE}, TMi{t,t,,t,t,,t.t}={B}, Ai{t,t,t;,t, t.t}ci{t .t}

NTHERI, B EREANERR, Fla: BAHIOER I{), Hit)ERi{tL)), A
t(A) % t({A}), I t(AB)E R t{ABYHE.

SEX 3. TR X M3 RRE N[10]: sup(x):|{t|(t,x)eD}|, A AR A X B S R, B
e AR B X B S PR o 2 K

EX 4. HEE T (closure operator) Ny c: 2" —2', & XAIR[10]:

c(X)=iot(X)=i(t(X)),

H c(X)FrHN X [ 4L

KT HAE 12 R i) 3.

Bl 3. MR 1 KU TR A,

(1) c(AB)=iot(AB)=i(t(AB)), XM t(AB)={t,t,t,.t;}, FiLl

i(t(AB)):i({tivt3’t4’ts}):i(ti’t31t4vt5):{ABE}’
T/, {ABEME{AB}HII.
(2) c(CD)=iot(CD)=i(t(CD)), XHt(CD)={ts.t,}, AL
i<t(CD)):i({tS'te}):i(ts’ts):{BCD}’
T2, {BCD}Wr N{CD}HIHfL.
(3) c(BD)=iot(BD)=i(t(BD)), XHt(BD)={t,t;t;,t;}, ATLA
i(t(BD))zi({t1,t3,t5,t6})=i(t1,t3,t5,t6):{BD},
T2&, {BD}ZH KM,
(4) c(ABD)=iot(ABD)=i(t(ABD)), iXH t(ABD)={t,t,,t;}, FrLh
i(t(ABD))=i(t,,t;,t;) = {ABDE} .
&, {ABDE}Z{ABD}IHI .
B L M, BURE 2 A0 3t s BN | R BOZ A ME AT SE R, FREAR 2 TR i kB e
ATAISE I SEF SR 5 P A X eI [ W S WA S T e 22 (R G TR AR 1, b2 it P RIs SR —

MO NCTLE S S ATLE =i HRgUS Ipu
SEHL 2. ¢(X)72 X IFE, M sup(c(X))=sup(X).

UET: c(X)=i(t(X)). mUsup(c(X))=sup(i(t(X))), IR L, ()2 A X A4
B T A(E(X)) 2R A A OO FE R SRR R iR, TR BRI R, RS ()R A S,
EBEBE BRI T X A, MG T QORI A S, BTBAsup(i(t(X)))=sup(X). ATLL

sup(c(X))=sup(X) -
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KT AL B0 8 2R 3 PR 0T, A% 18 I SCHR B 45 1) P B AR A B gkt FH I 3 2% 3k 47 7 X I¥[18],
IR ¢ AR SR B o FRATTAE I LU SCHR[L7140 H I P SE K0 X, ARG IE BZ 551 76 7 g %
B S X =2k . SCHR[10] Bt X =2, (HEA S HIEN, BATX BRI AT 1
e FHE 2 R4 X = 25 MR E T o

B 3. HEHET c IR RIS, HiF 2T 3 MEEE[10]:

(1) bGP (extensive): X cc(X):

(2) #EE(monotonic): # X, < X, Me(X;)cc(X;):

(3) HFA{E(idempotent): c(c(X))=c(X) -

UEHA:

(1) BB gE X R, FEFEESKE TR X WEFESA 4, Wttt B3
VAT T e Xy, BCEIEIERIESE T B Xo ZAMOHABR i, A X ce(X) .

) BX cX;, BHREH L Ft(X;)ct(X,), RUESEX) ENAXBEEFSE(X,) T,

FHRAE SRR 1, A i(0(X,)) <i(t(X,)), AifitE
c(X,)=iot(X,)=i(t(X,))<i(t(X;))=iot(X;)=c(X;).

(3) t(X)sE T K X BEE, t(c(X)RFLRIMGEL c(X) iz, 1M c(X)& X K. =& M
R, BTRLE(c(X))=t(X). BTELi(t(c(X)))=i(t(X)).

SEX 5 [10]. A TE XL c(X) =X, WFRILAE A (closed), B X ZHIEAE T ¢ i— e, 0
X WA AE TS, H—J5TH, #c(X)= X, WX EARE MR, 4 )N X K.

PR 2. G MNEIE X, L2 FTE.

XA, IRAEEE 1, T — M SR R RS X, — @ RRAR B FI S X A S T,
PR R AR B S o T AL FW S 1 K e S 2, AR AES Z i X e, x4
R E AR, BT RL X A B AR

KF—Aw A EE M, 261 N 4.

B 4. tetn Bl 3(1)H c(AB) ={ABE} = {AB} , XUiHI{ABE}Z{AB}HIMIEL; T 2(3)H c(BD) =
{BD}, XuiW{BD}&H 1.

AR AL SR B MR, T DAIE X R e(X) A AR IR S S AR iR fF L. BbmT i, #HAEHE X e F (F 2
BT SR E R R SE &) A 5 2 AR AL, WIe R AR BOIRIE € X, BRFHIRIRFTE
tOX) AT S SRR I R A LT

EF A R Z 2 XA, A sup(X)=sup(Z).

UER: W X REMIN, WA cX)=X, 288A sup(X)=sup(Z): W% X AR, MR
fift 2 5T OO FRENTE, MK X FIESE c(X) 2 [ — B, EEAI R FE SRR ES T 2
— PRI, T T B EOE R X AT c(X) R SCRRE, BTLUA sup(X ) =sup(Z) -

SEX 6 [10]. A M AL AL A € LT

C ={x [X e F HAGFLEY o X,ﬁi%sup(X):sup(Y)} .

BA g U, X R H A, & X MFTH R SERE N, BT RramMY o X, #4 sup(X ) >sup(Y)-
EHLS, A ANETIE Z e CHATIE XL X cZ, M X ZHER. Fit—5, XS
£y sup(X ) =max{sup(Z)|ZeC,X =Z} [10]s

4l
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VIRCEE

B, WX <z, BrbAf sup(X)=sup(Z) .

H, s X HIHAEAREAZ, W, RYEEE 4, A sup(X)=sup(Z)-

£i L, fsup(X)=max{sup(Z)|ZeC,X cZ}.

T E PR 5 ESCHR[10] A AR IR, AR IS 45 bR IR S R

PR 3. AR L, W X R PARE T, OB SRR RS EEE R D IR X AN AR
WiE, WAFEHEAE Z, fifFsup(Z)=sup(X), HIXFERELEZ B2 X M.

SEEE 6. M P X, %S={Z|Z2X Hsup(Z)=sup(X)}, SEEKOEERZ)BAHE Z,,
W X f .

UEW]: #RHES ={Z|Z 2 X Hsup(Z)=sup(X)}, B Asup(Z)=sup(X), BiHIMGLEEERIMLE Z 1
JEL 2 R S A X R B —RERY, BIt(Z)=t(X) o MARIEEAR 1, X AR 45 4 t(X) 8
)RR S Z, €S, MR MRKE MES Zn WRZMETIGLK, BIt(Z,)=t(Z)=t(X),
FTA Zo 2 X (IS,

B A: MAEER 6, W LIE SRS A I — A28 S ={Z | Z 2 X H sup(Z)=sup(X)},
Hor, {813z, | = max({|z|,z € S}) () Zin SRS S AP A TR 10 P

RS RIEER 6 MUEHE 3(1), [F—AEEMIE, R M XANTEAE T2 AR

.
EHE 7. WIEWUEE X A RITAEE X AP b e (TR D) 1 -
EH:

WZ'={Z|Z X, DAY o Z flifFsup(Y)=sup(Z)}, M4 X MHE c(X)HifE 2 2, B2z
PHMBE Z, Z o X BfF[c(X)|> |2, HIUFHE PR LR:

(1) mHc(X)2Z,,

MW sup(c(X))<sup(Z,), XA Z R HTEE, FTUAARIFAEc(X) 2 Z EfFsup(c(X))=sup(Z,), AT
LI sup(c(X)) <sup(Z,)» BEHI cOOR Zy ARTE— AN, T Zy RRERSMAEME, Z RTAERE X
SR

(2) R c(X)DZ,, WIEFLHES, M Z A cO)MFERI— DN, W 2, ARERENRMHE, 74
RATHER X M. X BB

gl RIAEALE 2, Z, 2 X, MR [c(X)|> (2| UH, FLREXFEMMNEZ, Z,2X, i
Hle(X)| <z EHE,

VR RPN, R RS TR e B e

SEA UL B . w R, BRI R

—NouHdEE D LA AN IUERE S C 2Bl 1 — M BB RN, LA I b4
X AT e SCREEEASE . BUE IR I L AR B AR R

MRYES] 1 B S SE R ZE D, nTLMSRIE 1 Fonpith e, Hd, AR E S — M
TRAE AN L [ 4 bR IR TR, ELIR i A B A A {1,2,4 Y AN ARG SE T 5 AN AR
ANT7 e B I A PR T s DA P A0 T £ A A ) e o LS A ) o 81 [R) — /N AR U P B, e A
2, ZRATERG AR, kX 4 M dhES{A. AB. AE. ABE}ITTERIE N, ABE
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SEPETE, HE AR RESELLVE A, ABE BRZRRMRE, X 4 MRE T BA M E KL
FE[Z, Rlsup(A)=sup(AB)=sup(AE)=sup(ABE). K& CHR[10]/I%E 9 FiEl 9-2 —isr, |AlE
BT B B — MR B TRAE AT T LA R B AT T L AN k1) 43, LU SCR[10] BL SGTE R Ik 1) 3 i /b,
X L B RIS UE A1 0 T A B AR M 4516
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Figure 1. Schematic diagram of the closed itemset and equivalence classes for the goods purchase
in Example 1

B 1 Bl 1 8RR EREN XS R R EE
3. &g

FEHR AL 4R, R RIEHRI Zp A rp 2 I S IR F) — b S R AN R IR 424 75 2K, O TR B2 21 K
PR RIERIN o AR STOxT PR BE AR 1) 5 SCMAR T REAT 1A, Herboxt P e SCR K e B ¢ AT 4T 1
FRPEIERT s X PSR E SGil 2 RITE BT TAERT s R IUERAIL AR DU BRI ER A SRR
AR R BEAT T A M RIE R, s ad SRR SRR P2 ANITAR 2 18] FR) L 2 1 kAT 17 TOUER 1) PA) 6 (0 o 4
T ARREE R, ITREAT 7 IR S RN R 3 o BNV SCAE A I SR IR 73 (1175 53¢ o AT A 25 0
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