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Abstract

In this paper, an efficient spectral Galerkin approximation for second-order elliptic

boundary value problems with variable coefficients on an arbitrary convex quadrilat-

eral region is proposed. Firstly, any quadrilateral region is converted to D̃ = [−1, 1]2

by bilinear isoparametric transformation and coordinate transformation, and its weak

form and corresponding discrete format on D̃ are established. Secondly, we prove the

existence and uniqueness of the weak solution. In addition, the Legendre orthogonal

polynomial is used to construct a set of effective basis functions in the approximation

space, and the matrix form of the discrete scheme is derived. Finally, the spectral

convergence of spectral Galerkin approximation to the second-order elliptic boundary

value problem with variable coefficients on arbitrary convex quadrilateral region is

verified by numerical experiments.
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2. C���f/ª9ÙlÑ�ª

�����.§·��Äe¡���ý�¯Kµ{
−∆u(x, y) + α(x, y)u(x, y) = f(x, y), (x, y) ∈ Ω

u(x, y) = 0, (x, y) ∈ ∂Ω
(1)

Ù¥Ω´dº:�I�(x1, y1), (x2, y2), (x3, y3), (x4, y4)¤�¤�?¿ào>/«�§α(x, y) �?¿

�Kk.¼ê"

-Hs(Ω)ÚHs
0(Ω)L«Ï~�s�Sobolev�m§‖ · ‖s,ΩÚ| · |s,Ω ©OL«Ù�êÚ��ê"d�

�úª��(1)�f/ª�:éu ∈ H1
0 (Ω)§¦�

a(u, v) = f(v),∀v ∈ H1
0 (Ω), (2)

Ù¥a(u, v) =
∫

Ω
∇u∇v + αuvdxdy, f(v) =

∫
Ω
fvdxdy"

- {
x = x1 + (x2 − x1)x̄+ (x3 − x1)ȳ + (x4 − x3 − x2 + x1)x̄ȳ,

y = y1 + (y2 − y1)x̄+ (y3 − y1)ȳ + (y4 − y3 − y2 + y1)x̄ȳ,
(3)

w,§(3)´l��«�D = {(x̄, ȳ) : x̄, ȳ ∈ [0, 1]}�«�Ωþ�V�5�ëC�"Pû(x̄, ȳ) =

u(x, y), α̂(x̄, ȳ) = α(x, y)"

�
�yà«�þ��ëC�´�é��§C��Jacobi1�ªI�÷ve�^�µ

J(x̄, ȳ) =

∣∣∣∣∣ x2 − x1 + aȳ x3 − x1 + ax̄

y2 − y1 + bȳ y3 − y1 + bx̄

∣∣∣∣∣ > 0 (4)
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Ù¥a = x4 − x3 − x2 + x1, b = y4 − y3 − y2 + y1.

q-  x̄ = 1
2
(ξ + 1),

ȳ = 1
2
(η + 1).

(5)

w,(5)´l��«�D̃ = {(ξ, η) : ξ, η ∈ [−1, 1]}�«�Dþ��IC�"Pũ(ξ, η) = û(x̄, ȳ), J̃(ξ, η) =

J(x̄, ȳ), α̃(ξ, η) = α̂(x̄, ȳ)"

d(3)Ú(5)9EÜ¼ê¦�{K��FÝ�fÏLC�L���d/ª�µ

∇u = ∇̃ũ = 2[ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
, ũη

x2−x1+ a
2 (η+1)

J̃
− ũξ

x3−x1+ a
2 (ξ+1)

J̃
] (6)

½ÂSobolev�m:

H1
0 (D̃) = {ũ :

∫
D̃

(|ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
|2 + |ũη

x2−x1+ a
2 (η+1)

J̃
−

ũξ
x3−x1+ a

2 (ξ+1)

J̃
|2)J̃dξdη <∞, ũ(±1, η) = 0, ũ(t,±1) = 0},

Ù�A�SÈÚ�ê©O�µ

〈ũ, ṽ〉 =
∫
D̃
ũṽJ̃dξdη, ‖ũ‖ =

√
〈ũ, ũ〉,

〈ũ, ṽ〉1 =
∫
D̃

(ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
)(ṽξ

y3−y1+ b
2 (ξ+1)

J̃
− ṽη

y2−y1+ b
2 (η+1)

J̃
)J̃dξdη

+
∫
D̃

(ũη
x2−x1+ a

2 (η+1)

J̃
− ũξ

x3−x1+ a
2 (ξ+1)

J̃
)(ṽη

x2−x1+ a
2 (η+1)

J̃
− ṽξ

x3−x1+ a
2 (ξ+1)

J̃
)J̃dξdη,

|ũ|1 =
√
〈ũ, ũ〉1, ‖ũ‖1 =

√
〈ũ, ũ〉1 + 〈ũ, ũ〉.

d(6)��f/ª(2)ÏL(3)Ú(5)C�L���d/ª�:éũ ∈ H1
0 (D̃)§¦�

A(ũ, ṽ) = F (ṽ),∀ṽ ∈ H1
0 (D̃), (7)

Ù¥

A(ũ, ṽ) =
∫
D̃

(ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
)(ṽξ

y3−y1+ b
2 (ξ+1)

J̃
− ṽη

y2−y1+ b
2 (η+1)

J̃
)

J̃dξdη +
∫
D̃

(ũη
x2−x1+ a

2 (η+1)

J̃
− ũξ

x3−x1+ a
2 (ξ+1)

J̃
)(ṽη

x2−x1+ a
2 (η+1)

J̃
− ṽξ

x3−x1+ a
2 (ξ+1)

J̃
)

J̃dξdη +
∫
ũ
αũṽ J̃

4
dξdη, F (ṽ) =

∫
D̃
f̃(ξ, η)ṽ(ξ, η) J̃(ξ,η)

4
dξdη, f̃(ξ, η) = f(x, y).

½Â%C�mXN = PN × PN ∩H1
0 (D̃)§Ù¥PNL«gêØ�LN�õ�ª�m"K(7)�A�l

Ñ�ª�µéuN ∈ XN§¦�µ

A(ũN , ṽN ) = F (ṽN ),∀ṽN ∈ XN , (8)
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3. )��3��5

Ún1 A(ũ, ṽ)�½Â3H1
0 (D̃)×H1

0 (D̃)þ�ëYr��V�5/ª§=

|A(ũ, ṽ)| . ‖ũ‖1‖ṽ‖1,∀ũ, ṽ ∈ H1
0 (D̃),

|A(ũ, ũ)| & ‖ũ‖21,∀ũ ∈ H1
0 (D̃).

y²µduα´�Kk.¼ê§ÏLCauchy − SchwarzØ�ª��:

|A(ũ, ṽ)| = |
∫
D̃

(ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
)(ṽξ

y3−y1+ b
2 (ξ+1)

J̃
− ṽη

y2−y1+ b
2 (η+1)

J̃
)

J̃dξdη +
∫
D̃

(ũη
x2−x1+ a

2 (η+1)

J̃
− ũξ

x3−x1+ a
2 (ξ+1)

J̃
)(ṽη

x2−x1+ a
2 (η+1)

J̃
− ṽξ

x3−x1+ a
2 (ξ+1)

J̃
)

J̃dξdη +
∫
ũ
α̃ũṽ J̃

4
dξdη| = |

∫
Ω
∇u∇v + αuvdxdy| . ‖u‖1,Ω‖v‖1,Ω.

dPoincaréØ�ªkµ

|A(ũ, ṽ)| . ‖u‖1,Ω‖v‖1,Ω . |u|1,Ω|v|1,Ω = (
∫

Ω
|∇u|2dxdy)

1
2 (
∫

Ω
|∇v|2dxdy)

1
2

= {
∫
D̃

(|ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
|2 + |ũη

x2−x1+ a
2 (η+1)

J̃
− ũξ

x3−x1+ a
2 (ξ+1)

J̃
|2)J̃dξdη} 1

2

{
∫
D̃

(|ṽξ
y3−y1+ b

2 (ξ+1)

J̃
− ṽη

y2−y1+ b
2 (η+1)

J̃
|2 + |ṽη

x2−x1+ a
2 (η+1)

J̃
− ṽξ

x3−x1+ a
2 (ξ+1)

J̃
|2)J̃dξdη} 1

2

= |u|1|v|1 ≤ ‖u‖1‖v‖1.

,��¡§·�k

|A(ũ, ũ)| ≥
∫
D̃

(|ũξ
y3−y1+ b

2 (ξ+1)

J̃
− ũη

y2−y1+ b
2 (η+1)

J̃
|2 + |ũη

x2−x1+ a
2 (η+1)

J̃
−

ũξ
x3−x1+ a

2 (ξ+1)

J̃
|2)J̃dξdη & |ũ|21

y..

½n1 ef ∈ L2(Ω)§Kf/ª(7)ÚlÑ�ª(8)©O�3��)ũ ∈ H1
0 (D̃) ÚuN ∈ XN"y

²:duf ∈ L2(Ω),KdCauchy)SchwarzØ�ª9PoincaréØ�ªk

|F (ṽ)| = |
∫
D̃
f̃ ṽJ̃dξdη| = |

∫
Ω
fvdxdy|

≤ (
∫

Ω
f2dxdy)

1
2 (
∫

Ω
v2dxdy)

1
2 . (

∫
Ω
v2dxdy)

1
2

. (
∫

Ω
|∇v|2dxdy)

1
2 = |v|1.

=F (ṽ)�½Â3H1
0 (D̃)þ�k.�5�¼"dÚn19Lax−Milgram½n��f/ª(7)�3��

)ũ ∈ H1
0 (D̃)"aq/§·��ylÑ�ª(8)�3��)uN ∈ XN"y."

4. �{k�¢y

yò£ã�{�Ì�¢yL§"Äk§�%C�mXN��|Ä¼ê"-ϕi(ξ) = Li(ξ) −
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Li+2(ξ)(i = 0, 1, 2 · · · , N − 2)§Ù¥Li(ξ) �igLegendreõ�ª§Ïd%C�mXN �L«�µ

XN = span{ϕi(ξ)ϕj(η) : i, j = 0, 1, · · · , N − 2}. (9)

òũN^Ä¼êÐm�µ

ũN =
N−2∑
i,j=0

uijϕi(ξ)ϕj(η) (10)

Ù¥uij�ÐmXê"-

U =


u00 u01 · · · u0,N−2

u10 u11 · · · u1,N−2

...
...

. . .
...

uN−2,0 uN−2,1 · · · uN−2,N−2

 (11)

3(8)¥4vN�H%C�mXN¥�¤kÄ¼ê§ÏL�X��í�L§§��n��µ

AU = F (12)

Ù¥µ

A = A1
ij −A2

ij −A3
ij +A4

ij +A5
ij −A6

ij −A7
ij +A8

ij +Bij ,

Asij = (isklj
s
mn)N−2

k,l,m,n=0, s = 1, 2, · · · , 8, Bij = (ikljmn)N−2
k,l,m,n=0.

i1klj
1
mn = 4

∫ 1

−1

∫ 1

−1

ϕ′l(ξ)ϕn(η)ϕ′k(ξ)ϕm(η)(y3 − y1 + b
ξ + 1

2
)2 1

J̃
dξdη,

i2klj
2
mn = 4

∫ 1

−1

∫ 1

−1

ϕ′l(ξ)ϕn(η)ϕk(ξ)ϕ
′
m(η)(y3 − y1 + b

ξ + 1

2
)(y2 − y1 + b

η + 1

2
)

1

J̃
dξdη,

i3klj
3
mn = 4

∫ 1

−1

∫ 1

−1

ϕl(ξ)ϕ
′
n(η)ϕ′k(ξ)ϕm(η)(y3 − y1 + b

ξ + 1

2
)(y2 − y1 + b

η + 1

2
)

1

J̃
dξdη,

i4klj
4
mn = 4

∫ 1

−1

∫ 1

−1

ϕl(ξ)ϕ
′
n(η)ϕk(ξ)ϕ

′
m(η)(y2 − y1 + b

ξ + 1

2
)2 1

J̃
dξdη,

i5klj
5
mn = 4

∫ 1

−1

∫ 1

−1

ϕl(ξ)ϕ
′
n(η)ϕk(ξ)ϕ

′
m(η)(x2 − x1 + a

ξ + 1

2
)2 1

J̃
dξdη,

i6klj
6
mn = 4

∫ 1

−1

∫ 1

−1

ϕ′l(ξ)ϕn(η)ϕk(ξ)ϕ
′
m(η)(x3 − x1 + a

ξ + 1

2
)(x2 − x1 + a

η + 1

2
)

1

J̃
dξdη,

i7klj
7
mn = 4

∫ 1

−1

∫ 1

−1

ϕl(ξ)ϕ
′
n(η)ϕ′k(ξ)ϕm(η)(x3 − x1 + a

ξ + 1

2
)(x2 − x1 + a

η + 1

2
)

1

J̃
dξdη,

i8klj
8
mn = 4

∫ 1

−1

∫ 1

−1

ϕ′l(ξ)ϕn(η)ϕ′k(ξ)ϕm(η)(x3 − x1 + a
ξ + 1

2
)2 1

J̃
dξdη,
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ikljmn =

∫ 1

−1

∫ 1

−1

α̃(ξ, η)ϕl(ξ)ϕn(η)ϕk(ξ)ϕm(η)J̃dξdη,

F =

∫ 1

−1

∫ 1

−1

f̄ϕm(ξ)ϕn(η)J̃dξdη.

5. ê��~

�L²�{�k�5ÚÂñ5§�X�ê��~�¥y§·�ò3MATLAB2016a²�þ?

§ÿÁ"½Â°()�%C)�Ø�Xeµ

e(u, uN ) = {
∫
D̃

(ũ− uN )2 J̃
4
dξdη} 1

2 .

~1µΩ����ào>/��¹§�α = 1,o�º:�I©O�µA(x1, y1) = (−2,−1), B(x2, y2) =

(2,−3), C(x3, y3) = (−1, 1.25), D(x4, y4) = (2, 1)§Xã 1¤«§O�Xe¯K�ê�)µ{
−∆u+ u = f, (x, y) ∈ Ω

u = 0, (x, y) ∈ ∂Ω

T¯K�°()�µ(y + 1
2
x+ 2)(x− 2)(y + 1

12
x− 7

6
)(y − 9

4
x− 7

2
)sinxsiny"

éuØÓ�N§·�3ã 2¥xÑ
°()u�%C)uN�m�Ø��e(u, uN )"lã 2·�

�±*	�§�N ≥ 18 �§%C)�°()�m�Ø���
��10−12�°Ý"�
��*/

L²·��{�Âñ5ÚÌ°Ý§·�©O3ã 3Úã 4¥�Ñ°()�N = 20�%Cã�§3ã

5Úã 6 ¥©O�ÑN = 15ÚN = 20�°()ÚØ�)�m�Ø�ã�"lã 1-ã 6·��±*	

�·���{´Âñ�ÚÌ°Ý�"

Figure 1. Generally convex quadrilateral area

ã 1. ��ào>/«�
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Figure 2. Error curve between approximate and
analytic solutions

ã 2. %C)�)Û)�m�Ø��

Figure 3. Exact solution of u(x,y) image

ã 3. °()u(x,y)�ã�

Figure 4. Image of the approximation solution at N=20

ã 4. N=20�%C)�ã�
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Figure 5. An image of the error between the exact solution
and the approximate solution at N=15

ã 5. °()�N=15�%C)�m�Ø�ã�

Figure 6. An image of the error between the exact solution
and the approximate solution at N=20

ã 6. °()�N=20�%C)�m�Ø�ã�

~2µΩ����ào>/��¹§�α = 5,o�º:�I©O�µA(x1, y1) = (0,−1), B(x2, y2) =

(3, 0), C(x3, y3) = (−1, 0), D(x4, y4) = (0, 1)§Xã 7¤«§O�Xe¯K�ê�)µ{
−∆u+ αu = f, (x, y) ∈ Ω

u = 0, (x, y) ∈ ∂Ω

T¯K�°()�µ(x+ y + 1)(y − x− 1)(y + 1
3
x− 1)(y − 1

3
x+ 1)sinxsiny"

éuØÓ�N§·�3ã 8¥xÑ
°()u�%C)uN�m�Ø��e(u, uN )"lã 8·�

�±*	�§�N ≥ 16 �§%C)�°()�m�Ø���
��10−12�°Ý"�
��*/L

²·��{�Âñ5ÚÌ°Ý§·�©O3ã 9 Úã 10¥�Ñ°()�N = 20�%Cã�§3ã
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11Úã 12¥©O�ÑN = 15ÚN = 20�°()ÚØ�)�m�Ø�ã�"lã 7-ã 12 ·��±

*	�·���{´Âñ�ÚÌ°Ý�"

Figure 7. Generally convex quadrilateral area

ã 7. ��ào>/«�

Figure 8. Error curve between approximate and analytic solutions

ã 8. %C)�)Û)�m�Ø��
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Figure 9. Exact solution of u(x,y) image

ã 9. °()u(x,y)�ã�

Figure 10. Image of the approximation solution at N=20

ã 10. N=20�%C)�ã�

Figure 11. An image of the error between the exact
solution and the approximate solution at N=15

ã 11. °()�N=15�%C)�m�Ø�ã�
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Figure 12. An image of the error between the exact
solution and the approximate solution at N=205

ã 12. °()�N=20�%C)�m�Ø�ã�

~3µΩ����ào>/��¹§�α(x, y) = xy,o�º:�I©O�µA(x1, y1) =

(0,−1), B(x2, y2) = (3, 0), C(x3, y3) = (−1, 0), D(x4, y4) = (0, 1)§Xã 13¤«§O�Xe¯K

�ê�)µ {
−∆u+ α(x, y)u = f, (x, y) ∈ Ω

u = 0, (x, y) ∈ ∂Ω

T¯K�°()�µ(x+ y + 1)(y − x− 1)(y + 1
3
x− 1)(y − 1

3
x+ 1)sinxsiny"

éuØÓ�N§·�3ã 13¥xÑ
°()u�%C)uN�m�Ø��e(u, uN )"lã 14·

��±*	�§�N ≥ 16 �§%C)�°()�m�Ø���
��10−12�°Ý"�
��*

/L²·��{�Âñ5ÚÌ°Ý§·�©O3ã 15Úã 16¥�Ñ°()�N = 20�%Cã�§
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��±*	�·���{´Âñ�ÚÌ°Ý�"

Figure 13. Generally convex quadrilateral area

ã 13. ��ào>/«�
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Figure 14. Error curve between approximate and
analytic solutions

ã 14. %C)�)Û)�m�Ø��

Figure 15. Exact solution of u(x,y) image

ã 15. °()u(x,y)�ã�

Figure 16. Image of the approximation solution at N=20

ã 16. N=20�%C)�ã�
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Figure 17. An image of the error between the exact
solution and the approximate solution at N=15

ã 17. °()�N=15�%C)�m�Ø�ã�

Figure 18. An image of the error between the exact
solution and the approximate solution at N=20

ã 18. °()�N=20�%C)�m�Ø�ã�
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