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Abstract

We study a numerical solution of the time-fractional diffusion equation with Caputo-

Katugampola fractional derivative. We discretize the spatial diffusion term using

central-difference and the time-fractional derivative using L1 difference scheme. The

numerical test shows that the convergence rate of the method is 2th order in space

and (2− α)th order in time, respectively.
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1. có

�©ïÄeãCaputoõKatugampola�m©ê�*Ñ�§(TFDE)

Dρ,α
t u (x, t)− ∂2u (x, t)

∂x2
= f (x, t) , 0 ≤ t ≤ T, 0 ≤ x ≤ L, (1.1)

Ð©^�Ú>.^��

u (x, 0) = u0 (x) , 0 ≤ x ≤ L, (1.2)

u (0, t) = φ (t) , u (L, t) = ν (t) , 0 ≤ t ≤ T, (1.3)

Ù¥0 < α < 1, 0 < ρ ≤ 1, f , u0, φ, ν´�½�1w¼ê, Dρ,α
t u (x, t)´'u�mt �Caputoõ

Katugampola©ê��ê [1, 2]:

Dρ,α
t u (x, t) =

1

Γ (1− α)

∫ t

0

(
tρ

ρ
− sρ

ρ

)−α
∂u (x, s)

∂s
ds. (1.4)

ùaTFDE�^u�[�hÀ/Ú)Ô«+¥�*Ñy� [3, 4], ©z [5]éda�§?1
ê�
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¦), �¤��ê�)�Ø��O(τ1−α + h2)¶�©ïÄ�«#�ê�¦)�{§Ø��±�

�O(τ2−α + h2).

�©�{Ü©|�Xe: 312!, �CaputoõKatugampola�m©ê�*Ñ�§�Oê�)

{; 313!, ÏLê�«~�yê�){�k�5; 314!, �Ñ(Ø.

2. ê�lÑ�ª

½Â�mÚ�m��!:tn = nτ (n = 0, 1, 2, · · · , N)Úxi = ih (i = 0, 1, 2, · · · ,M), Ù

¥τ = T/NÚh = L/M , MÚN��½���ê. Puni = u(xi, tn).

3(1.1)¥�x = xi, t = tn, ��

Dρ,α
t u (xi, tn)− ∂2u (xi, tn)

∂x2
= f (xi, tn). (2.1)

�m©ê��ê��±L«�

Dρ,α
t u (xi, tn) =

1

Γ (1− α)

∫ tn

0

(
tρ

ρ
− sρ

ρ

)−α
∂u (xi, s)

∂s
ds

≈ ρα

Γ (1− α)

n∑
k=1

∫ tk

tk−1

(tρn − sρ)
−α u (xi, tk)− u (xi, tk−1)

τ
ds

=
ρα

Γ (1− α)

n∑
k=1

b̃
(n)
k

(
uki − uk−1

i

)
τ

, (2.2)

Ù¥

b̃
(n)
k =

∫ tk

tk−1

(tρn − sρ)
−α
ds, k = 1, 2, · · · , n, n = 1, 2, · · · , N. (2.3)

Ï�Ã{¼�b̃
(n)
k �°(�, �©ò}Á�Ok��ê�È©�{éÙ?1CqO�. �N (n) =

n
(
1 +

[
N
n

])
, ½Â�m��!:t

(n)
j = jτ (n)(j = 0, 1, 2, · · · , N (n)), Ù¥τ (n) = tn/N

(n), �-t
(n)

j− 1
2

=

t
(n)
j−1+t

(n)
j

2
. Kk

b̃
(n)
k =

∫ tk

tk−1

(tρn − sρ)−αds =

N(n)k
n∑

j=
N(n)(k−1)

n +1

∫ t
(n)
j

t
(n)
j−1

(tρn − sρ)−αds. (2.4)

P

Ĩj =

∫ t
(n)
j

t
(n)
j−1

(tρn − sρ)
−α
ds, j = 1, 2, · · · , N (n). (2.5)
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Ï��È¼ê(tρn − sρ)
−α
3s = 0Ús = tn?äkÛÉ5, �©æ�ü«�{5CqO�Ĩj .

�k ≤ n
2
(n�óê)�½k ≤ n+1

2
(n�Ûê)�, ¦^F/úª5CqÈ©

Ĩj ≈ Ij =
τ (n)

2

[(
tρn −

(
t
(n)
j−1

)ρ)−α
+
(
tρn −

(
t
(n)
j

)ρ)−α]
. (2.6)

�k > n
2
(n�óê)�½k > n+1

2
(n�Ûê)�, ¦^e¡¥:.È©úª5CqÈ©

Ĩj ≈ Ij =

∫ t
(n)
j

t
(n)
j−1

(
t
(n)

j− 1
2

)1−ρ
sρ−1 (tρn − sρ)

−α
ds

=
1

ρ(1− α)

(
t
(n)

j− 1
2

)1−ρ
[(
tρn −

(
t
(n)
j−1

)ρ)1−α
−
(
tρn −

(
t
(n)
j

)ρ)1−α]
. (2.7)

Remark 1. AO/, �n = 1�§¦^¥:.È©úª(2.7)5CqO�È©Ĩj.

^b
(n)
k L«b̃

(n)
k �Cq, K�m©ê��ê�(2.2)Cq�

Dρ,α
t u(xi, tn) ≈ ρα

Γ (1− α)

n∑
k=1

b
(n)
k

(
uki − uk−1

i

)
τ

=
ρα

τΓ (1− α)

(
b(n)
n uni −

n∑
k=2

(
b
(n)
k − b

(n)
k−1

)
uk−1
i − b(n)

1 u0
i

)
. (2.8)

3(2.1)¥, �m��þ3:(xi, tn)^��¥%�©5Cq�m�� �ê

∂2u(xi, tn)

∂x2
≈
uni+1 − 2uni + uni−1

h2
. (2.9)

ò(2.8)Ú(2.9) �\(2.1) , �

ρα

τΓ (1− α)

(
b(n)
n uni −

n∑
k=2

(
b
(n)
k − b

(n)
k−1

)
uk−1
i − b(n)

1 u0
i

)
=
uni+1 − 2uni + uni−1

h2
+ fni +O(τ2−α + h2).

(2.10)

-µ = ρα

Γ(1−α)
, λ = h2µ

τ
, (2.10) �±��±elÑ�ª

−Un
i−1 +

(
2 + λb(n)

n

)
uni − Un

i+1 = λ
n∑
k=2

(
b
(n)
k − b

(n)
k−1

)
Uk−1
i + λb

(n)
1 U0

i + h2fnm, (2.11)

Ù¥i = 1, 2, · · · ,M − 1Ún = 1, 2, · · · , N .

3. ê�¢�

3ùÜ©, �©Jø
��~f(0 < ρ < 1)5ÿÁê��{�Âñ5.
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Example 3.1.

Dρ,α
t u (x, t)− ∂2u (x, t)

∂x2
= 0, 0 ≤ t ≤ 1, 0 ≤ x ≤ 1, (3.1)

Ð©^�Ú>.^��:

u (x, 0) = 0, 0 ≤ x ≤ 1, (3.2)

u (0, t) = 0, u (1, t) = t2sin1, 0 ≤ t ≤ 1. (3.3)

duT~f�°()´���, ½ÂCq���Ø��(ë� [6])

Ep,q
space = max

1≤i≤p−1,1≤n≤q
|Un
i − Ũn

2i|, Ep,q
time = max

1≤i≤p−1,1≤n≤q

∣∣∣Un
i − Û2n

i

∣∣∣ ,
Ù¥U , ŨÚÛ©O��{M = p,N = q}, {M = 2p,N = q}Ú{M = p,N = 2q}��ê�). Âñ�

Ç�A�

rM,N
space = log2

(
EM,N
space

E
M/2,N
space

)
, rM,N

time = log2

(
EM,N
time

E
M,N/2
time

)
.

Table 1. Errors and convergence rates for space when N = 1000 and ρ = 0.5

L 1. �N = 1000 Úρ = 0.5�, �mþ�Ø�ÚÂñ�Ý

M = 10 M = 20 M = 40 M = 80 M = 160

α = 0.2 EM,N
space 3.6847× 10−5 9.2242× 10−6 2.3068× 10−6 5.7684× 10−7 1.4423× 10−7

rM,N
space 1.9981 1.9995 1.9997 1.9998

α = 0.5 EM,N
space 5.2863× 10−5 1.3236× 10−5 3.3102× 10−6 8.2763× 10−7 2.0694× 10−7

rM,N
space 1.9978 1.9995 1.9999 1.9998

α = 0.8 EM,N
space 7.0709× 10−5 1.7704× 10−5 4.4276× 10−6 1.1070× 10−6 2.7680× 10−7

rM,N
space 1.9978 1.9995 1.9999 1.9997

Table 2. Errors and convergence rates for time when M = 1000 and ρ = 0.5

L 2. �M = 1000 Úρ = 0.5�, �mþ�Ø�ÚÂñ�Ý

N = 10 N = 20 N = 40 N = 80 N = 160

α = 0.2 EM,N
time 9.8591× 10−5 3.0383× 10−5 9.2366× 10−6 2.7797× 10−6 8.2995× 10−7

rM,N
time 1.6982 1.7178 1.7324 1.7438

α = 0.5 EM,N
time 4.7626× 10−4 1.7297× 10−4 6.2247× 10−5 2.2273× 10−5 7.9396× 10−6

rM,N
time 1.4612 1.4744 1.4827 1.4882

α = 0.8 EM,N
time 1.4903× 10−3 6.5691× 10−4 2.8781× 10−4 1.2571× 10−4 5.4822× 10−5

rM,N
time 1.1818 1.1906 1.1950 1.1973

lL 1ÚL 2�±wÑµ�mþ�Âñ�Ý�2�, �mþ�Âñ�Ý�2− α�.
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4. (Ø

�©ïÄ
Caputo-Katugampola�m©ê*Ñ�§�ê�¦)�{, ¢�(JL²ê�){

3�mÚ�mþ�Âñ�Ý©O�2�Ú2− α�.
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