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Abstract: This paper considers an optimal investment problem for a risk-averse entrepreneur facing stochas-
tic demands to maximize the expectation of total consumption utility through consumption and business in-
vestment with costly reversibility. Utilizing dynamic stochastic control, we derive semi-closed-form solutions
for the average value and marginal value of the capital and the corresponding optimal consumption and in-
vestment strategies in a non-risk-neutral world. The numeric results show that the risk attitude of the entre-
preneur has a significant effect on the value of the capital and the optimal consumption strategy and invest-
ment decision.

Keywords: Dynamic Optimization; Risk Aversion; Consumption Utility-Based Indifference Pricing

Bk el REG R AR H B SR BE

WeE, MBRE
MEREER SRR, K
Email:zjyang@hnu.edu.cn
WREHE: 2011 4E3 A 1 H; BREHEE: 200193 A 12 H; sABEM: 20113 A 16 H

 E: ACEE AR R XS G AN, AT 251 SR S S R L,
KA R A m Rt 32 SR HIT71%, 330 7R POE T ol BEAR P E 5id
BB ~F P A S AR L P B DIE T B S4B s . BB S5 SRR, BNl 5 A XU A8 P Ak BEA
JABRHE 5 T B A S AR R SR AT B 55T iR SR AT BB IR .

S AR KURPCE, BRI

Hans iXth

1. 51§

0% e 3 BUR T b 75 SR KRS AR AT 23 5k Sk
AMEOME T BRI, A I B U B Al B AT
ORI A B AT = A 5 ARk B AR e
Mr—E AT S — AT ES, 2T
P TAE 4T Jorgenson(1963) ) JC BE#5 m] 10 5y 2 $5 B2 BE
wiwt s, ISR T “ BB S A I PR
HETRANLRRA” X—2BAEFFER. b
Ja gl T K53 X B A o w4l EE R () AR ORI 5T
i, IFCAUONEEREEAT T 2 0, 40 Eisner and

TEE ARSI E (70971037 4 B 2E B L AR SRS
(20100161110022)%5 ;1 EE 24 0F 5 A FBHIFGI BT 350 H (CX2009B064)
B, EEREEIEEZ RS H B 4 H[2009]3012 5% B,

Copyright © 2011 Hanspub

Strotz(1963). Rothschild(1971)F! Nickell(1978)43 5%t
L EU A8 A AR ] AR 1) T A R ARSE 8 R ) S £ A
41, Tobin(1969)#& Hi fI A & ¥ = M Q HLg, )5
Mussa(1977)F1 Abel(1983,1994) %3 5 5t fifi & LA AL K
BEHUR R AT T 3k — B4R, Abel and Eberly(1996)
F1 Guo, Miao and Morellec(2005)8F 72 T AN i€ 75 5K T
(¥ 355 43 W] 3 A0 AR RT3 9 ) P, Abel and
Eberly(1999)1 Le and Jones(2004)% AN & 11737 75 5K
1 B A AL 3 i B E A ) R AT T SR 4 BT
[1,11]

IR AR T R R R R M, A B
28T ALY “ R E T LA IR ILR 3
W, DRI 240 1 1 38 1 XU 745 P8 7 8 7 5 A ok

FIN



2 IR E0E S URIER S5 8728

EAVER . RLZAIN, U MR S T A T 5 HL A
A—EWEGHE . fln, £E&0H T, FH
Arrow-Debreu 173 55 J5 B A] K ) Mk Al K 1) s Ak
7] R4 it Fs S I B R A s R8O e KA ) ), X 3%
W, SEa T N GML A MY IR XU S R e LT 2 4%
525 NV BRI HE BA AR TR0

SRT, TP RA &N (RIAFAEAN AT XS i)
R i, X NRUR T Ak A R A
CBNbARMEZRD Sk, AAT I & AN w0 i BE L A5
KA (LR ERFBOTIA TR, LU AR
T R, TE IR 2BV AER,  FLRUS:
ZOLIDSRUIDE

WAEC A WINIE, EIFETEFTHFMET, K
B XU 25 B T 350 H PRl A B e A B
SO, G 2 W AE XU PR 2 A TR I R 4R BT S A )
TARRARER), BAHAT ISR Xt
ABAAEGFENEENE, M, Gk g
AR PCEREG . B, BT RS 1
OB OE M B SRR E K W
Henderson(2007). Miao and Wang(2007). Ewald and
Yang(2008) 5 Chen, Miao and Wang(2010)>K: F SZ4 3
B3 Mt I3 VER 9T 1 3 13 2 280 B KA H A5 F B 4
b A A R ) R R R 22 B (2006) 75 F
T AN AR A B KA B B AR S5 1, g
B B EFIR(2010)25 H T HUA DS EOE 7 I RBUH
Tz,

ARSCHIBIHARILE : BEXT BIR G HUA F) S Rl AR Y
(R PR R BRI AIE A AR AR TS
i NEE I O P Sl R AU R KAk
TCPR I B RN 28 O i, 5 U
NG R HEAT R EC AT, R XU 2 BE X Aialk BE
A B E 5 3 bR A DA S s e A i) SR 5 B AT
\TE SR

RIHRE 2 IR 5B REANRTER, I
ARSIV BT W B S & BhA AL AE K 1 H bR
PSRBT VR . B = SRR A RAR TV, 4
TR B 25 F S fE CARA(Constant Absolute
Risk Aversion)ii 9 %50 H] BR BORAF ALY BAR R, H.

A R A R E B A A R R T IZ R
. Abel and Eberly(1996), Hartman and Hendrickson(2002), Guo and
Miao and Morellec(2005)°71,

Copyright © 2011 Hanspub

PPN R B3 T3l S 45 1 AU PR S A XURS: Hh 1 1 1
HHARER . BV EA BT S 7R (R
A PEXS A B U E A R L 28 8 SRS OB . 55 T
RIASCHAT B4 MERas I T AT E BRI HE T 4

BN

Ho

2. BIREE

2.1. kR FE
BB AN Z AT Al i) A AL as, Al il
YN 0 BT AT 20 ¢ [ E BT AAE R K, AT
TRX,, B
h

n(K,, X,) =thﬂKtH D

Hrp, 0< A <140 - ERALTAE REL hOoABR

FREEME R BE 1 R BT R R4S ER,
HR AR R U A B2 3 -

d'Xt _ X

X; - :uxdt + O-det (2)

Hry, So &, 7FRRTTHHE RO KE S
A,z NERHERIAT REE) .

BN ANE K ARYE T3 T R IR, 7T DUIE I SRS 5%
KRB EN A BNV B, USRI
RIS, Gl A b 5K 2 RN AT 7 KA
B M, MBI RN, Gk AL SR
232 BEAR TP el A I . B BT B AR B
NN D SN A pye Bl —BAFAE T I BEHE
Chmmahtt, ZHMATE, #iRE p, < ppy XEHR
PR RA AT R, #5 ps - pyr WIEME
Wis EAAERE, XNRERE (B4 i,
i, SUAER, ESPIEIRCER IR, BRI A
(sunk costs)ffR % 958 A AT B .

SE X B AN S, 3N O I ZI B ¢ 15 2] ALK
AR RV LN R AR, B B 5 S, 2N EIFHE
IR B R ARRITIEE NG = 0), &
W FEAAF (KBS

dK, =dB, —dS, - oK, dt 3)

2.2. HBERWMESTS

Ak A B IRE R, EXC, v UG)

FIN



Optimal Consumption and Investment for an Entrepreneur 3

I3 ¢ IS0 o SO B . T, Bk AE SR
AR BN IEI & AR Wl 2 i T Bh s A

AW, = rW,dt - C,dt +m(K,, X,)dt - p,dB, + p,dS, (4)
LA O ER — TG UG 55 7 UL 2, 58 — IR 285
B8 =0 AL A ENMESON T SR DU IO RSN B
FIRAR S, 38 L S AU

2.3. Bkl e B R

BNE AN FAE R — AR BT A F A AR EE B
HENES A EEE T, M H s 2R s 2400
I B A /. FENLTE SR UL 3 B st & K
S, e U AL T P R O L B T B AL AR

CdB, 55 dS,) » BICALIT Jo B Il 3 2030 252
(HEERED 2.
JKX W)= max Et{jtwe"'(“”’U(C,,)du} (5)

3. REKME

3.1 BMMEY

B b, BT IR, T 7 SR AR 1Y
IRk N A — 8 T BRI AR ML KL I SN B 32
H B AR KB s /N (W, Abel and Eberly
(1996)°)) , A 2R dilb 4 1 1 A A7 K 5030
PEWE & 7K WA e ik . Frbh4 p, < p, B, R
HUW T RE T H— L5 X, (K,w) B4l
FARFENGER, JHipHFRLTE -TLR
X (K, W) Qb ARb 2 A 252 BA . BRI R F s
BSR4 X e (X,,X,) I Al 7548 iR %
V i /£ N Hamilton-Jacobi-Bellman(HIB) /7 #2:

rJ = max {U(C)—5KJK
(6)

2X2
(W =CHm)dy + 1 Xy +°’X2 JXX}

ERBEHEFEN AR, FREERERE
W) ST RO CHE—T0 53 Sk

PR TTE, UTFAN SEARMAMEKRELE, W
X, = X (KW), X, = Xp (KW, Jo J =J(K, X, W) %,

* i Miao and Wang(2007) % Wang, Wang and Yang(2010)>%/f] CRRA
RO R EOI TR BN I & AKX A A gm0,

* I, Miao and Wang(2007)!"*),

> Jil Yang and Yang (2010) 2 Miao and Wang(2007)"*",

Copyright © 2011 Hanspub

EAMENCER CHMHEEDD. HRiE R C
—Briite sk, W

Uc(C)=Jy (7
(7) AR B e 5 s 7 A 43 32 s i 2l 280 55 T 00 s 1
AR -

T HEFRA IR A T B R B A A . AR L
G, BT 4R R R — B X > X, (K, W)
Gk A Mk K T/ OE L Z KN B A AK AT 15
X = X,(K+AK,W), SENBEAH] G RAZH 2 E R
HUL L 2% 4 (value-matching condition):

J(K.XW)=J(K+AK,X,W - p,AK)  (8)

PR 9 ) Sl Al 5 ] DA K% B 3 A b AR, B Y
X > X, (KW, HAK - 0. FIHREREFA, A
A 2
Ik (K, Xy, W)= p,Jyy (K, X,,W) )
(] IR S N 5% A 1T S 38 12 05 2 1 L R 80P ~F- T R 12
21 (smooth-pasting condition):
oJ(K,X, W) 8J(K+AK,X,WV - p,AK )

oK oK
TRA
‘]KK(K’Xb’W):prWK(K’Xb’W) (10)
I [RIRE ) 43 A7 v 45 3 T 32 5 1) 00 4B R B0 DS T 2%
5~ W R S A
JK(Kaxs’W):szW(K’Xs’W) (11)
Jix (K, X, W) = poJyx (K, X, W) (12)

3.2. CARA ¥ iR ¥ iR &Y o fi

— Bk, CRRA(Constant Relative Risk Aversion)
R R LB 2 2505000, ABAE AT 2 4 AR =1
ZFF RS, CARA(Constant Absolute Risk Aver-
sion) I X BR ECCE B 47 T AT B SS °0 ARSCH
fai A 1] R AN R R AL R 5, RATKH
CARA ®H, HV4EEEAH i

U(C)=—(e7-1)/y (13)
HA Ky RN RIS RS R . @
W - WA 71 4, T R KOs I TR

ef;/r(WJrV(K,X)) _1
JKxw)y=—S"""~1 (14)
yr

FIN



4 Al AR 5% B R LT B S4BT

H, V(K X) A ANME, Sihbs EEdn] bl
fERE A A F O TE 22N B Bl 2 Ak A e
PS4 (certainty equivalent wealth). FATATPAH
N 2 AN ER S A ARSI L GEFE 1
SR WIS, B 2 S45 T Abel and Eberly(1996)
(EA D

EEL MR BAWREINERE (y>0) 8, Ba
SRR ERNEV (K, X)=0x)K , He
x=X/KATIHEKR-BAXFELL, Ox) AEWEX
MEHNEERETENBHBFIEEMEEND A
#2(ODE):

(r+8)0(x) = x4 (1, +6)30'(x)
2 -2 2 2 (15)
HT0(0) - PO (1
BREBWTARFH:
{Q(xb)_be,(xb):pba 0"(x,)=0, (16)
O(x,)-x0'(x) = p,, O"(x,)=0.
Al A RARR B -
q(x)=0(x)=x0'(x) (17)
Bl lle i\l BB 5 AL TH B2 SR BE 97 5
C=r(W+V(K,X)) (18)

Bl il R RS PR BRI REEH: H
x> x, BB M SRIENEARERS x = x,, Zx < x, B
Bl REEERFEFx=x, 0 MEHx, <x<x, 1
WHIRRIFALE .

EE2 MR BAWREREFME(y=0) 80, N
W BRI FEINE O(x) SIBBRNE ¢(x) 73515

_ H A _ AH A=Ws Vs
Q) =237~y )y, OO
AH (19)
- [1-0(G)]xtvexv
(1-y, )Wb[ (@]
q(x)=Hx" —EH(G)xf""‘x"’S
v, 0

_E[l — 9( G)]xj'_'//bx!//b
Ys
Hep

Copyright © 2011 Hanspub

)

:O'f—Z(,LlX+5)i\/(Gf—2(,ux+5))2+8(r+5)6f

207
= hy v,
(r+8)(A-yw)(A-w,)
b _ (A
Gzﬁ’g(g)zu
xs G'//b _G'//s
21
By, <0<1<y,. G2 THENSENME
%F(G)—GEF(G-I)zo (22)

Hrh
F(G)z%[l—%@(G)—%[l—@(G)]} 23)

BHEMERLZIARA:

“:(hF$5bj’*:(hFﬁ3bj

BLPETRA TR LA L 25 AT I 2000 00T 5(15)
KA RE I —yro2x®Q'(x) /2 EEAABL T E XS
b 5 et il B A PR B R . ZE SR
IR, R R R 5% RGN o
K, A EARMEB N (16)7 AL T Jorgenson
(1963)11) “ Bl 43 8 i 4 AR Th o 1 5 T W A A
SRR 3Kk 20, (18) Ao P
W, %I R Skt e A R T I
P G TE R RN 7, XS B L B P
B W R AME V. (19)3RIIZ B il (8 B,
HTRLIIRE, BT 3 75 R N O Al 50 A
S FE S A I RURT A R B R 1 A
M Gy >0, T R
(1-w, )y,
7 DA 52 418 SN 2 A HORUR S0 B2 1 TR

AH
_(1 ¥ )‘//b

[1-0(G)]x/ " x" >0,

4. WEGRSTH

4.1. BEIERF
FEASHHBUE D Brep, BAIZ% T Al

FIN



Optimal Consumption and Investment for an Entrepreneur 5

gl ¥ A T F A4 E: Qo

2 4 B
TmFmR-FETEE: «

2 4 B
WiaFER-FFTE: «

Figure 1. Effect of risk aversion on the value of firm captial and investment decision
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