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Abstract

Based on the Newton method and the combination of the steepest descent method, Newton me-
thod and spectral gradient method are combined to solve unconstrained optimization problems.
This method is effectively applied to the problem that the Hessian matrix of the objective function
is not positive definite or the initial point is not close to the minimum point, and the
non-monotone line search is used to solve the step size. The global convergence and superlinear
convergence of this method are established under relatively mild conditions, and the numerical
experiments show that the algorithm has good numerical experimental results.
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1. 5I§
AL F BT N St Jo 2 R s LAk i) it
min f (x) (1.1
xeR"
Hr f:R" 5 RABESE RS AT 752l o8 gk
Xio1 = X + oy (1.2)

KFRR(LL), d, ZERERTF, o >025K,

T R MR R R S A R I R IR —, AENREARIRGLL SRR R @ i, 4
L e FL A S T 10— B B R (W SCHRL] [2] [3] [41). T D A i) J 2

BB x, A M RTEAR A, T x, Ak H bR R BB B g, = VI (%, ) #1 Hessian HEF%E G, =V (x) . #5
0, = VI (%) =0, WARYE HFReR B0 AT R, H AR BT x, B2 R ek, BT H AR R AT
R, 1R X BT

£(x +d)~ f(x)+d"Vf (xk)+%dTV2f (x)d (13)
Fibl, %k
miq¢k(d)=dTVf(xk)+%dTv2f(xk)d (L4)
B V2 () R SER, WAZR MR
d, =—[V2F (x)] VF(x,) (1.5)

FER A R T . AR ) d, BRI EN(L.2) R T AN E R BT LR LN E
e BN BRI, R R” — R Hess PRl REANIE %2, RIEERAIE & f 7 R" _Liggkn]
T, B ATREVIR SRR A RS Wb ” AR — S AR BN TERI R AU, HodEd
SEETEREIEYE, REfgEE A RAT A (1.1) A R A R e MELH

BB & i Barzilai A1 Barwein & 1988 H-4i¢ t (1P s DK B FEVL[6], LA AR R F FHIEAR S A A3
PLRCHT— i 4SS R e 5K K. 1993 441 2002 4F Raydan A1 Dai & Liao iFB T 30 n 4E/ ™4™ Ik
T BB J5 k4 RIS AN R-ZR RIS . BEJE, BB i thdy i LA sk — R AR LR M Ak Il R S s
Grippo 2547 () AE i 26 R [7] [8] [9)45 Aok, 1997 4E Marcos Raydan 7ECHER[10] 42 7 —Fiin A
AR RIS GBB Bk, 2018 4F Yu-Hong Dai 7E3CE 11, $EH T —RER Rk, JFIE T b8 BEykeE
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RIEHE, FIRE
ER4EE N N EA RGNS . 2% 71 R
FEATRAEIER AKX X, , = x + 4 d, BHE
Xepr = X — Dkgk (1-6)
S, (%)= VF (%), Dy = Al AT HEHFE D ILE “BIEG HERR, T4, 6
min”Sk—l - D, yk—l"z (1.7)
e
min||Dl:lsk—l - Yk71"2 (1.8)
s =% X1 Yi1=0—0,» HEMKIHIREG
A= SkT—lyk—l/" Yk—1||§ (1.9)
i
P R OB (1.10)

EHE PR RIS B A AR AR ISR, Ay, A, FTRUR A NTCVERRSZ R BN Z T
BN R HOR BRI IRATT A R BB AR T B 1) A 2 JE I X (1.10) B (LAL) A TAE G LA 2T —
A2k AF

0< min(n,ijsﬂk < max(l,lj (1.12)

T nr

ERRR, WA A=7.

BLTE R A1t — A BSR40 07, T T — A (L 0) B 2F BB v . RHE RS 1) x e 24

0, = VI (%) %O, G, = V2f (%) A H AR ¥ Hessian 55K . T HBRBAKC AR ELE T RLEY, 7 bAd
BRI

G.d+g, =0 (1.12)

Afdy, Md, 75 x AT RSN EEIT L FFRRY fAE x B2R0T . B BRSC1214%, 751 {x, } KI1E
AR R A X R f AR E i, BE g(x*) =0,
A VA R L T L0 A WG A A2 AL RO AT 20T 2 RS o ANTTSRAR 1 A0 A0 4R £ 8T 2
BR, FF HAZTEA T LR AR H bR R f 1) Hessian #ERE . RIHA 40 R 3546 5% 7 1)
dg =—40, (1.13)
FEASC Y, FATTEE 5 (1.6)F1(1.12) 51 N AU ) AR 52 7 1] )i 2H 45 SR die R A T I A AR
B MTAEL I x e R"
d, =td, +(1-t)d, (1.14)

Horp R TT A dg A — DR AR IZTT A B NRER . 9 T SRR — 8, ASCEE S Grippo SRR A
FRAHLAL R, TS BRI AN B T B 1) A

f(xk+ﬁ"‘kdk)s max f(kaj)+0'ﬁmkgIdk (1.15)

0<j<M

KK, = g™ .
SCEF TR HAIN B AT I TR TT RO A T B R A B R T A=
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WEB TSRS B DU A T BB S, B OTIEAT T R4S
2. BEF EMMREFIRESEE
S 2.1 (AR 6 )
W0 BBV X, eR", ZIMREOI<e<l. k=
B 15 g =VE(x ). Ao <e, 55, Hitx, 1’Ej~3ﬁﬂu$&d»ﬁo
A 2 FH(L.10)85(1. 1) %5 Hid 2 45 1R (1.12) 1
dg =-19, .
£ 3 WHHEG =V (X)), MRl
Gd+g, =0 (2.1)
HRLUAM, , HWLgld, <0, ¥ 3 /M, £d =d, %P5,
A4 do=tdy +(1-t)dg.

5 HARRIALH REARE P KE T o = o (my AV 2 SR BN AR SRR
f(x, +ﬂmkdk)_0£jmz<kw f(X_;)+op™ged, (2.2)

W6 & X, =X +ad , ki=k+1, 51,
o, WATKHET d, ) — e, HIRAUESE B bR 8 f 72 R™ B2 OGRS,  Haw 2 N8

T 1:

R 1 HARRREL 1R > R UGBS, HERSE x, e R, FAEKFER

()= [xI ()= 1 () 23

EAHF

BB 2 F77E X 9NN (X, 6,) 145 g (x) 76 4B Lipschitz 4%, BEAE(E— M0 <K < %
(L5

”g(x)— g(x*)‘g Kx=x]|, wxe N (x",5,)

BB 3 A5 X I— NN (X, 6) {73 G (x) 16 1%40 0 Lipschitz 4%, BEAEAE—AMHEIL>0,

(ESES

HG (x)-G(x")
N T IEHISE e B, Eoeas A YRR I BUIEZ AR T A R R BT
B 2.1 ik x e R" A RALY)MERRE A, BHRQLITHEASNJ, FFEH oe(0,1) . WAFLE o 15,
d, 72 fAE x AL BT 1) Hi 2 (2.2) 3.
UERT: PO fRIESATRN, T4 E i te[0,1]
d, =tdy +(1—t)d,

g L||x— x*",VX eN (x*,5)

it (1.12)FI(L6)
Vf (x)"d, = Vf (x)" (tdy, +(1-t)d;)
=tvf (x)"-(-G/'g, ) - (1-t)Vf (x)" 2g,
=—19,G, "9, —A(1-1)9/9,
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R LE 5 AR TR T AR I e SR P T, AR

vf (x)'d, <0. (2.4)
MEA0< e <1, H
f(x+ad,)=f(x)+Vf (x)Tdk +o(a) (2.5)
HXHELEH) k A
f(xk+akdk)sog% f(%;)
A

f (% + e dy ) < max. f (%) +VE(x)"d, +0(a)

44(24), MESER oe(01), (22)MIL.

HATNIE, EATCEHE 7R E A x AR R T5 1A d, 24 /P, O CIEBI3RAT SRR 2
PRSI, FRATTHE T SR RE A AU BB 77 1) R

SEHE 2.2 BB X & g(x) =0 M, fF7E(01) — ¥ Hx, WELHM o (01],

0< min(n,lj <A < max(i,lj
T nr
B Fx eR, x,-x>» A
VE (%) dy = -2a, T (%) + aro( (%))

UER: PRS2 SCHR[13]E 2 3.2,
3. WS H

EEXTIRATTR LR W BB RV, d B SRR R (2. 1)EE], WHQ.1) A RIS E M G,
JERRAR), Wdy =-4g,, XEWKRE, =-1g, » Hk, @dEH 2.1, @ x A2@QD)WEEES, HE
2 2.1 B BR 5 HARLFIE S, WA EEE 25 IEE— AN 18, BEAER— AT 5 (X} -

SEBL 3.1 W {x, ) AL 2.0 A RS, H R 1, R SR T

(8) J¥HU{x, } HOAEST AR A7 X" b2 £ ORSE 25, BEWEAL g (X7) =0

(b) {x )} PATATARBR £ x™ #BASRE f IRIAR A 25 s

(©) Wik {x } AAFRANFE L MFF {x A S

E: N TIEWIPER (a), FRATISE & B 2.0 A6 1 ([7], p709) F (RIS S IE W 5 45

BA1E L m(k)=min(k,M), £ m(0)=0, 0<m(k)<min(m(k-1)+LM)XHTHK k=1, 55,
SHEL M kA a, €(0,1], BGAEEES ¢ M c, AR T d, 2

g/d <-cfla [ o] <c [
Seli b, R R d, =ty + (L-t)dy K FRTE K21
vf (x)"d, =V (x) (tdy +(1-t)dg)
=tvf (x)' -(—Gk‘lgk)—(l—t)vf (x)" 29,
=~19,G, "9, — 2(1-1) 9, gy
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KNG IEE, MG IEE, M —102heR" A h'G h>0, Mig(x)=0, ATLAEE—ANIEH p, 45
9/G'g, > plo [ AT gfd, <(tp-A(1-1))g.]" b,
[ =tcy + (21— 1)ds
—" tGl:lgk_(l_t)/lgk"
<|Hela +[(a-1) 29,
1 Gy (MIEEME R f L AT AT AL F77E X 10— MIURU (X)), ERHER x U (X)), #5 G(x)
—HAEE. R, |6 (x)7| LA, B C >0, x)|<c. wi

4] <(tC +(1-t)2)lg.] -
MESHIte[01], 2€(01], Lc =tp-A(1-t), c,=tC+A(1-t)-
Bk, HRAE9], p711) A (14), EAIS 2

lime, la =0

HHNa, =p™ >0, (a)=\FHiF-.

(b)F1(c) IR B B4 H [9]Hh i Sk e B4 H o

SEFL 3.2 VERRAL f (x) SUCESETRG {x ) HEVE 2.0 PERRAUT A, BR Bk 2, 8 {x ) Bax
RAH. G(X)IEE, M {x, | BAERSAT f ARt X

ED: G () HTEFEVE R £ A FTRLAT AL 2 X 19— AU () AEAHER x U (x).
#4 G (x) R BEs . HERIN, 6 (x) 7 T G(x)<c. XHG(x)
(RS, ﬁft@ﬁiﬂzu(x*), 1545

[6(0-8(x ) < g vxeu () <ui(x)
B %X, U ()1,
Pica=x =[x+ o (169 - (1-1)20,) x|
=||Gk’1||-“akt(gk ~97) -G (% — X )+ (1-1) 4G, (g, - g)”
<[] Jout(o - %) -6 (x =)+ e (2-1) 20 - 97)]
(5 ) oG 1~ )

< C_f:”G(x* + y(xk - x*))—Gk - *||dy+ K/1||xk - x*"

+ K}L"xk - x*”

gC(r“G x*Jr,u(xk —x*)—G )
#[o =S ()¢ ke -]
SEHXk - X ||+ K&"xk - X ||
1 «
:(T mj”xk |

S
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T % =X = 0% = x| B8 {x, } BB ST X"
4. JESKE
ARSCISCIRIS]HER 38 A bl I i AT BUE L%, H KR BORA OB 5 T LR 22 SR 20 sRARAL,

ST BE AR LA B A SCAR TR MR S R R B A0CR o T H0 B S 30 #0272 WINDOWS10 484 R 4%,
CPU #i% 4 2.0 GHz, WAEN 2 GB [ ATHHENL E#E T . £ HEH A F: £=10°, 6=04, p=055,
n=10" il 2 4 R (L12), WZH e b RS T

L o] >

=ilod.’s 107 <[gl, <1
10°, loi]|<10°®

(4.1)

T LPAIH T A RER, Hh S ARE T ke EAAKEL flag: RBUERITHE XS £
P RAFH BB « STH IR R X, K HISCHR[5] 7 25 7€ B SRR 6 e BOE B PR ) UV I ae s 220k 2%
PR g, <107,

FLIEMM=1,M=2, M=5, M =10 X A SCHEVEHEAT HLEL tH R ANE1 M E R B0 ARRE K,
PR B IO SIS flag FIRREUE £7, JRIAT T I . MBS ik iue s i t = 0.4, 0.5, 0.55,
0.6, 0.618 X JL/NSHUEHLY), @it LRI Mt =0.6181F, RIBCRE M, Hikist=0618. HKM
RPTLIA I 2 M =10 I, ZEVEE R EUE, BRI OB LA RS AR 5 2 R 0T 2 4
[, PIEIE A M = 10 IR B0 SEACR 5 A T AT Ui 36 2 e R BB ILAERR L, BFGS L4+
VRIS I BEEAT UL
Table 1. Different algorithms with the comparison of this algorithm

F* 1. FRIEZARANEARILLE

- nmsg J77% M1 nmsg J77% M2 nmsg J77% M5 nmsg J57% M10
flag f k flag f k flag f k flag f k
fun 170 9.30E-22 52 64 7.68E-20 52 15 3.64E-18 54 14 1.74E-26 56
fun202 64 4.90E+01 22 29 1.04E-20 21 12 3.98E-21 28 16 2.24E-25 32
fun204 1 1.84E-01 9 0 1.84E-01 8 0 1.84E-01 8 0 1.84E-01 8

fun208 170 9.30E-22 52 64 7.71E-20 52 15 3.64E-18 54 14 1.74E-26 56
fun243 8 7.97E-01 13 4 7.97E-01 12 4 7.97E-01 12 4 7.97E-01 12
fun256 902 1.71E-14 221 302 1.13E-18 83 44 2.57E-19 59 18 2.18E-20 67

fun266 6 1.00E+00 14 1 13 1 13 1.00E+00 13
fun271 0 9.97E-21 10 9.97E-21 10 9.97E-21 10 9.97E-21 10
fun273 0 8.17E-20 15

fun275 7 2.94E-15 10
fun276 13 4.73E-16 13
fun286 170 9.30E-21 52 64 1.02E-19 53 15 3.64E-17 54 14 1.74E-25 56
fun288 582 4.62E-15 139 399 4.06E-18 105 44 1.28E-18 59 18 1.09E-19 67
fun290 5 1.50E-12 21 5 1.50E-12 21 5 1.50E-12 21 5 1.50E-12 21
fun291 12 1.62E-12 25 12 1.62E-12 25 12 1.62E-12 25 12 1.62E-12 25
fun292 17 8.01E-13 28 17 8.01E-13 28 17 8.01E-13 28 17 8.01E-13 28
fun293 20 6.32E-13 30 20 6.32E-13 30 20 6.32E-13 30 20 6.32E-13 30

3.54E-16 11 1.89E-18 11 1.89E-18 11
6.78E-16 12 7.02E-19 12 7.02E-19 12

w o1 O O »

3 3
0 0
8.17E-20 15 0 8.17E-20 15 0 8.17E-20 15
0 0
0 0
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fun294 3 5.64E+00 500 60 1.67E-20 63 47 3.30E-20 59 9 3.85E-20 54
fun295 14 9.59E+00 500 20 9.52E+00 500 78 3.40E-20 91 28 2.73E-20 79
fun296 369 4.75E-18 139 12 1.55E+01 500 113 2.28E-20 137 47 6.19E-21 107
fun298 599 1.10E-17 221 355  1.11E-20 296 178 4.87E-20 211 165 8.19E-22 241

fun300 273 -20 64 18 -20 27 4 -20 24 4 —2.00E+01 24
fun301 265 -50 53 22 -50 30 9 -50 26 9 -50 26
fun302 421 —-100 68 31 —-100 33 18 —-100 30 16 —1.00E+02 27
fun308 9 7.73E-01 15 6 7.73E-01 14 6 7.73E-01 14 6 7.73E-01 14
fun314 8 1.69E-01 8 5 1.69E-01 9 5 1.69E-01 9 5 1.69E-01 9

fun352 28 9.03E+02 27 15 9.03E+02 21 8 9.03E+02 18 8 9.03E+02 18
fun379 192 4.01E-02 125 83 4.01E-02 93 34 4.01E-02 157 29 4.01E-02 51

Table 2. Comparing different M value algorithm
2. B M BUERE AL

- bfg*s cg* M :*10

flag f k flag f k flag f k

fun 28 7.25E-23 33 2139 2.82E-17 224 14 1.74E-26 56
fun202 22 4.90E+01 14 50883 4.90E+01 5000 16 2.24E-25 32

fun204 8 1.84E—01 3 62 1.84E-01 16 0 1.84E-01 8
fun208 28 7.25E-23 33 1791 1.15E-16 191 14 1.74E-26 56
fun243 12 7.97E-01 9 657 7.97E-01 136 4 7.97E-01 12
fun256 32 1.08E—-12 42 33923 4.49E-11 5000 18 2.18E-20 67
fun266 19 1 13 305 1 84 3 1.00E+00 13
fun271 57 3.08E-30 11 160 1.68E—-19 17 0 9.97E-21 10
fun273 95 1.81E-19 39 207 2.30E-20 19 0 8.17E-20 15
fun275 2 5.61E-16 26 26 2.55E-13 2807 0 1.89E-18 11
fun276 2 4.15E-13 23 16 4.36E-13 399 0 7.02E-19 12
fun286 213 3.78E-18 154 828 5.07E-17 84 14 1.74E-25 56
fun288 96 6.13E-13 198 2485 1.83E-12 342 18 1.09E-19 67
fun290 8 1.70E-12 39 12 1.56E-10 5000 5 1.50E-12 21
fun291 102 8.40E—13 76 51 1.76E-11 5000 12 1.62E-12 25
fun292 430 5.70E-13 166 117 3.39E-12 4358 17 8.01E-13 28
fun293 3 NAN 5000 0 NAN 5000 20 6.32E-13 30
fun294 86 3.97E+00 45 5861 5.85E-17 561 9 3.85E-20 54
fun295 141 3.99E+00 74 2808 6.00E—-17 255 28 2.73E-20 79
fun296 222 3.99E+00 103 1489 NAN 5000 47 6.19E-21 107
fun298 597 4.45E-21 249 14285 4.68E-18 1010 165 8.19E-22 241
fun300 20 -20 25 3264 -20 894 4 —2.00E+01 24
fun301 52 -50 57 11513 —5.00E+01 3134 9 -50 26
fun302 100 —100 107 18129 —1.00E+02 5000 16 —1.00E+02 27
fun308 11 7.73E-01 13 54 7.73E-01 17 6 7.73E-01 14

fun314 9 1.69E—-01 6 729 1.69E—-01 128 5 1.69E-01 9
fun352 23 9.03E+02 9 37703 9.03E+02 5000 8 9.03E+02 18
fun379 43 4.01E-02 56 9501 4.01E-02 1902 29 4.01E-02 51
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o e R BE RIS 1 20 A, XHEARKECRILGF 1A 14 4, AR BUE T REORE, L4t
MeRBLR G o R BRA TS B 1 — A A R 5%

5. B&

ARSI A A S VR LA I T AL PR 2R 5 T B Y — PR g JC 20 AR DA )P 2 - B RV
PRSI T i MAUE SIS AR, RMEAE AR BUT AR SR Lo JATAE BB S FE I K I 5 VA
FEEAH I T ARAR & A B0 h ToiR IR BRI R T, (E R A VNS 2 Ak 2 AR I T RE S A B 47
RISEIR 45 R .

&5k

[1] An, H.B., Mo, Z.Y. and Liu, X.P.J. (2007) A Choice of Forcing Terms in Inexact Newton Method. Journal of Compu-
tational and Applied Mathematics, 200, 47-60. https://doi.org/10.1016/j.cam.2005.12.030

[21 A AR TT TR 2 M S I ) S AR WA [D]: [ A AR 3] KYb: W IR, 2017.
[3] Qi, L.and Sun, J.J. (1993) A Nonsmooth Version of Newton’s Method. Mathematical Programming, 58, 353-367.
https://doi.org/10.1007/BF01581275

[4] Li, Y.J.and Li, D.H.J. (2009) Truncated Regularized Newton Method for Convexminimizations. Computational Opti-
mization & Applications, 43, 119-131. https://doi.org/10.1007/s10589-007-9128-7

[5] Mccrae, B. and Stacey, K. (1987) More Test Examples for Nonlinear Programming Codes. Springer, Berlin, 1-271.

[6] Barzilai, J. and Borwein, J.M.J. (1988) Two-Point Step Size Gradient Methods. IMA Journal of Numerical Analysis, 8,
141-148. https://doi.org/10.1093/imanum/8.1.141

[7]1 Grippo, L. and Lucidi, F.L.J. (1986) A Nonmonotone Line Search Technique for Newton’s Method. SIAM Journal on
Numerical Analysis, 23, 707-716. https://doi.org/10.1137/0723046

[8] Grippo, L., Lampariello, F. and Lucidi, S.J. (1991) A Class of Nonmonotone Stabilization Method in Unconstrained
Optimization. Numerische Mathematik, 59, 779-805. https://doi.org/10.1007/BF01385810

[9] Grippo, L, and Sciandrone, M.J. (2002) Nonmonotone Globalization Techniques for the Barzilai-Borwein Gradient
Method. Computational Optimization and Applications, 23, 143-169. https://doi.org/10.1023/A:1020587701058

[10] Raydan, M. (1997) The Barzilai and Borwein Gradient Method for the Large Scale Unconstrained Minimization Prob-
lem. Society for Industrial and Applied Mathematics, 7, 26-33. https://doi.org/10.1137/S1052623494266365

[11] Dai, Y.H., Huang, Y. and Liu, X.W.J. (2019) A Family of Spectral Gradient Methods for Optimization. Computational
Optimization and Applications, 74, 43-65. https://doi.org/10.1007/s10589-019-00107-8

[12] Sun, D., Womersley, R.S. and Qi, H.J. (2002) A Feasible Semismooth Asymptotically Newton Method for Mixed
Complementarity Problems. Mathematical Programming, 94, 167-187. https://doi.org/10.1007/s10107-002-0305-2

[13] Dai, Y.-H.J. (2002) R-Linear Convergence of the Barzilai and Borwein Gradient Method. IMA Journal of Numerical
Analysis, 22, 1-10. https://doi.org/10.1093/imanum/22.1.1

DOI: 10.12677/0rf.2020.101008 73 18 %5 S 2


https://doi.org/10.12677/orf.2020.101008
https://doi.org/10.1016/j.cam.2005.12.030
https://doi.org/10.1007/BF01581275
https://doi.org/10.1007/s10589-007-9128-7
https://doi.org/10.1093/imanum/8.1.141
https://doi.org/10.1137/0723046
https://doi.org/10.1007/BF01385810
https://doi.org/10.1023/A:1020587701058
https://doi.org/10.1137/S1052623494266365
https://doi.org/10.1007/s10589-019-00107-8
https://doi.org/10.1007/s10107-002-0305-2
https://doi.org/10.1093/imanum/22.1.1

	Newton Spectral Gradient Method of Unconstrained Optimization Problems
	Abstract
	Keywords
	无约束优化问题的牛顿谱梯度法
	摘  要
	关键词
	1. 引言
	2. 搜索方向的性质及牛顿谱梯度法
	3. 收敛性分析
	4. 数值实验
	5. 总结
	参考文献

