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Abstract

In this paper, we present a Crank − Nicolson scheme combined with finite element

approximation for a class of nonlinear parabolic optimal control problems, where the

state y and co-state p are discretized by picewise linear continuous function and the

control u is approximations by picewise constant functions. Numerical experiments

verify that the convergence order is O(h+ hU + (∆t)2).
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1. Úó

��5�`��¯K3¢S)¹¥A^�©2�,~^5£ã>fÆ,ó§Æ,7KÆ±9)Ô

Æ¥��'�.,X:�|�`��¯K, Navier − Stokes�§�`��¯K, Burgers�§�`�

�¯K�. du�§¥�9���5�,��3nØ©ÛÚê�O��äk�½�JÝ. Ù¥ê�

O�~^��{k�©{,âf{,Ì�{,k�NÈ{,k��{�. 3©z [1]9Ù�'Ú©¥ï

Ä
�`��¯K�k��%C; 3 [2]¥, Ira Neitzel�<é��5�Ô�§��`��¯Kæ^

3�mþ¦^k��lÑ,3�mþ¦^mä³�7{lÑ,¿��
TlÑ�ª�k�Ø��O;

3 [3]¥,ÏLk���{é�a��5�`��¯K?1
k�Ø��O; 3©z [4]�Ñ
'u

3àõ>/�SÄuk�NÈ�{��Ô�§�`��¯K��lÑ�ª,¿�ÑØ�©Û; 3 [5]

¥,æ^mäk���{é��5�`��¯K?1lÑ¦); 3 [6]¥,é]�²6*Ñ�§,�

mþæ^ Crank − Nicolson�ª,�mþæ^k��,©Û
�Û�ªÚ�Û�w�ª�Âñ5;

3 [7]¥,éG��m¦^·Ük��lÑ,é�mÄu�©�{l
�Ñ��5�Ô�§����

`��¯K��lÑ�ª,¿�ÑØ�©Û. ©z [8]¥æ^��Xê·Ük���{é�m?1l

Ñ,é�mæ^î.{lÑ,�ª����5�Ô.�`��¯K��lÑ�ª,T�ª'u�mÚ�

mÑ´��Âñ. ©z [9]ÏL�E��î.C©lÑ�ª,��
'u��5�Ô.�`��¯K
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3�mþê�)���Âñ5. 3 [10]¥,
ç#�<(Ü Crank −Nicolson�ªÚk��©{é
�5�Ô�`��¯K?1lÑ§¿í�Ñ
'u�m���Âñ5. 3 [11]¥,(Ü·Ük��

� Crank −Nicolson�ª�^u�5�Ô�`��¯K,����
�mÚ�mþ���Âñ5.

,
'u��5�§�`��¯K� Crank−Nicolson�ªÿ����'©z. Ïd,�©Äuk

��k���{,(Ü Crank −Nicolson�ªnØ©ÛG�9��Cþ�k�Ø��O.

�©(�SüXe:31 2!,í�¿�Ñ��5�Ô��¯K� Crank −Nicolsonk��l
Ñ�ª;1 3!,ÏLÚ\9Ï¯K,��
��ÚG�Cq�k�Ø��O;1 4!ÏLê�¢�

�ynØ(J.1 5!é�©?1o(�Ð".

2. �`��¯K� Crank −Nicolsonk��lÑ�ª

2.1. �`��¯K

�Ä©Ùª�`��¯K [3]

min
u∈Uad

∫ T

0

(g(y) + κ(u))dt, (1)

Ù¥ 
∂y
∂t
− div(A∇y) + φ(y) = f +Bu, x ∈ Ω, t ∈ (0, T ),

y(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ Ω,

(2)

ùp g Ú κ��½�à�¼, Uad = {u ∈ L2(0, T ;L2(ΩU )) : ua ≤ u ≤ ub a.e. in Ω}´�4à8,

B : L2(0, T ;L2(ΩU ))→ L2(0, T ;L2(Ω))��5ëY�f.

�½ f, u9 y0,@o¦)�`��¯K (1)-(2)�du¦) y ∈ H1(0, T ;L2(Ω))
⋂
∈ L2(0, T ;H1

0 (Ω))

¦� (QCP )¤á,Xeª
minu∈Uad

=
∫ T

0
(g(y) + κ(u))dt,

(∂y
∂t
, v) + a(y, v) + (φ(y), v) = (f +Bu, v), x ∈ Ω, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ Ω,

(3)

Ù¥ a(w, v) =
∫

Ω
A∇w · ∇v.ùp A(x) = (ai,j(·)n×n) ∈ (W 1,∞(Ω))n×n �é¡�½Ý
.¼ê φ÷

vé?¿ R > 09 y(t) ∈ H1(Ω),¤á φ(·) ∈ l∞(0, T ;W 1,∞(−R,R)), φ′(y(t)) ∈ L2(Ω)� φ′ ≥ 0,

3db�e,�â©z [12]Ú [13]����¯K (3)�3��f)(y, u), ��=��3��G�

p ∈ L2(0, T ;H1
0 (Ω)) ¦� (y, p, u) ÷v±e�`5^� (QCP −OPT ): (∂y

∂t
, v) + a(y, v) + (φ(y), v) = (f +Bu, v), ∀v ∈ H1

0 (Ω), t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ Ω.
(4)
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 −(∂p
∂t
, w) + a(p, w) + (φ′(y)p, w) = (g′(y), w), ∀w ∈ H1

0 (Ω), t ∈ (0, T ),

p(x, T ) = 0, x ∈ Ω.
(5)

∫ T

0

(κ′(u) +B∗p, w − u)U ≥ 0. ∀w ∈ Uad. (6)

Ù¥ B∗� B ����f, g′� g3 H = L2(Ω)¿Âe��ê, (·, ·)U L«�m U e�SÈ.

2.2. k��lÑ

-T h, T hU ©OL« ΩÚ ΩU ��Kn�/¿©, ¿©ü�©OP� K, K̂,¿©ü�����

»� h, hU . ©O½ÂG�k���m Vh := {vh|vh ∈ C(Ω̄) : vh|K ∈ P1(K), ∀K ∈ T h}, ��k�
��m Uh := {uh ∈ L2(0, T ; ΩU ) : uh|K̂ is constant, ∀K̂ ∈ T hU }. ò�m«m(0, T ]lÑz, ¦�

n = 0, ..., NT , tn = n∆t§Ù¥∆t = T
NT

.P

dtζ
n+1 =

ζn+1 − ζn

∆t
, d̃tζ

n+1 =
ζn − ζn+1

∆t
,

é?¿ t ∈ (0, T ],½Â ωI(t) ∈ Vh� ω(t) ∈ V �ý�ÝK,=

a(ω(t)− ωI(t), µh) = 0, ∀µh ∈ Vh. (7)

aq©z [14]�yé 1 ≤ r ≤ 2k

||ω − ωI ||2l2(0,T ;L2(Ω)) + h||ω − ωI ||l2(0,T ;H1(Ω)) ≤ hr||ω||l2(0,T ;Hr(Ω)), (8)

||∂(ω − ωI)
∂t

||2L2(0,T ;L2(Ω)) + h||∂(ω − ωI)
∂t

||L2(0,T ;H1(Ω)) ≤ hr||ω||H1(0,T ;Hr(Ω)). (9)

Ó�, ½Â L2ÝKRh : L2(0, T ; ΩU )→ Uh�

(Rhχ− χ, γ)U = 0, ∀γ ∈ Uh. (10)

du Uh�©¡~ê�m, ¤±k

Rhγ|K̂ =
1

|K̂|

∫
K̂

γ, ∀K̂ ∈ T hU , (11)

Ù¥ |K̂|� K̂ �ÿÝ. � γ ∈ Uad �, w,k ua ≤ Rhγ ≤ ub , Ïd Rhγ ∈ Uh ⊂ Uad.¿��3~

ê C > 0 , ¦�

|v −Rhv|0,p,K̂ ≤ ChU |v|1,p,K̂ . (12)
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e¡�Ä��¯K (3)�k���lÑ�ª, P� (QCP )h,∆t .

Jh(yh, uh) =

NT−1∑
n=0

∆t
(
g(y

n+ 1
2

h ) + κ(u
n+ 1

2

h )
)

(13)

1

∆t
(yn+1
h − ynh , v) + a(y

n+ 1
2

h , v) + (φ(y
n+ 1

2

h ), v) = (fn+ 1
2 +Bu

n+ 1
2

h , v) (14)

y0
h = yh0 , (15)

Ù¥

y
n+ 1

2

h =
1

2
(yn+1
h + ynh), u

n+ 1
2

h =
1

2
(un+1
h + unh), fn+ 1

2 = f(tn+ 1
2 ).

'u�lÑ�ª (13)-(15)k±e(Ø.

Ún2.1. �lÑ�`��¯K (13)-(15) �3��f) (y
n+ 1

2

h , u
n+ 1

2

h ) , ��=��3��lÑG�

p
n+ 1

2

h ,¦� (y
n+ 1

2

h , p
n+ 1

2

h , u
n+ 1

2

h ) ∈ Vh × Vh × Uh
ad,÷v±e�`5^� (QCP −OPT )h,∆t:{

1
∆t

(yn+1
h − ynh , v) + a(y

n+ 1
2

h , v) + (φ(y
n+ 1

2

h ), v) = (fn+ 1
2 +Bu

n+ 1
2

h , v)

y0
h = yh0 .

(16)

{
1

∆t
(pnh − pn+1

h , v) + a(p
n+ 1

2

h , v) + (φ′(y
n+ 1

2

h )p
n+ 1

2

h , v) = (g′(y
n+ 1

2

h ), v),

pNh = 0.
(17)

NT−1∑
n=0

∆t(κ′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , v − un+1
h ) ≥ 0 ∀ v ∈ Vh. (18)

y². Äk, éu�½� uh,�3��� yh,¦�8I¼ê (13)�{z�

Jh(yh, uh) = Jh(yh(uh), uh) = Jh(uh) =

NT−1∑
n=0

∆t
(
g(y

n+ 1
2

h (uh)) + κ(u
n+ 1

2

h )
)
. (19)

8I¼ê (19)é uh3 ρ ��¦�ê�

(J ′h, ρ)U = lim
t→0

Jh(uh + tρ)− Jh(uh)

t

= ∆t

NT−1∑
n=0

g′(y
n+ 1

2

h )Dyn+ 1
2

h (ρ) + ∆t

NT−1∑
n=0

κ′(u
n+ 1

2

h )ρ, (20)

Ù¥

Dyn+ 1
2

h (ρ) = lim
t→0

y
n+ 1

2

h (uh + tρ)− yn+ 1
2

h (uh)

t
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�e5,�§ (16)üàÓ�é uh¦���ê�
1

∆t
(Dyn+1

h (ρ)−Dynh(ρ), v) + a(Dyn+ 1
2

h (ρ), v) + (φ′(y
n+ 1

2

h )Dyn+ 1
2

h (ρ), v) = (Bρ, v),

Dy0
h(ρ) = 0.

(21)

-�§ (21)¥ v = p
n+ 1

2

h ��

1

∆t
(Dyn+1

h (ρ)−Dynh(ρ), p
n+ 1

2

h ) + a(Dyn+ 1
2

h (ρ), p
n+ 1

2

h )

=(Bρ, p
n+ 1

2

h )− (φ′(y
n+ 1

2

h )Dyn+ 1
2

h (ρ), p
n+ 1

2

h ). (22)

3�§ (17)¥,� v = Dyn+ 1
2

h (ρ) ��

1

∆t
(pnh − pn+1

h ,Dyn+ 1
2

h (ρ)) + a(p
n+ 1

2

h ,Dyn+ 1
2

h (ρ))

=(g′(y
n+ 1

2

h ),Dyn+ 1
2

h (ρ))− (φ′(y
n+ 1

2

h )p
n+ 1

2

h ,Dyn+ 1
2

h (ρ)) (23)

du Dy0
h(ρ) = 0, pNh = 0,O���

NT−1∑
n=0

1

∆t
(Dyn+1

h (ρ)−Dynh(ρ), p
n+ 1

2

h )

=

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pn+1
h + pnh)−

NT−1∑
n=0

1

2∆t
(Dynh(ρ), pn+1

h + pnh)

=

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pn+1
h )−

NT−1∑
n=0

1

2∆t
(Dynh(ρ), pnh)

+

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pnh)−
NT−1∑
n=0

1

2∆t
(Dynh(ρ), pn+1

h )

=

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pnh)−
NT−1∑
n=0

1

2∆t
(Dynh(ρ), pn+1

h )

=

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pnh − pn+1
h ) +

NT−1∑
n=0

1

2∆t
(Dynh(ρ), pnh − pn+1

h )

+

NT−1∑
n=0

1

2∆t
(Dyn+1

h (ρ), pn+1
h )−

NT−1∑
n=0

1

2∆t
(Dynh(ρ), pnh)

=

NT−1∑
n=0

1

∆t
(pnh − pn+1

h ,Dyn+ 1
2

h ). (24)
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ò�§ (22)Ú (23)üàÓ�é nl 0� N − 1¦Ú,(Ü (24)��

NT−1∑
n=0

∆t(g′(y
n+ 1

2

h ),Dyn+ 1
2

h (ρ)) =

NT−1∑
n=0

∆t(Bρ, p
n+ 1

2

h ) =

NT−1∑
n=0

∆t(B∗p
n+ 1

2

h , ρ)U , (25)

ò (25)�\ (20)¥,��

(J ′h, ρ)U = ∆t

NT−1∑
n=0

(κ′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , ρ)U .

y.. �

3. Âñ5©Û�Ø��O

e¡ò?Ø�`��¯K (QCP )� Crank −Nicolson�ª�k�Ø��O,¿�ªy²G�

CþÚ��Cþ©O3 l∞(0, T ;H1(Ω)), l2(0, T ;L2(Ωu))�¿Âe��`Âñ�.

Ú\9Ï¯K{
1

∆t
(yn+1
h,u − ynh,u, v) + (∇yn+ 1

2

h,u ,∇v) + (φ(y
n+ 1

2

h,u ), v) = (fn+ 1
2 +Bun+ 1

2 , v),

y0
h,u = yh0 .

(26)

{
1

∆t
(pnh,u − pn+1

h,u , v) + (∇pn+ 1
2

h,u ,∇v) + (φ′(y
n+ 1

2

h,u )p
n+ 1

2

h,u , v) = (g′(y
n+ 1

2

h,u ), v),

pNh = 0.
(27)

�éd9Ï¯Kk±e(Ø.

Ún3.1. - (yh, ph)� (yh,u, ph,u)©O´¯K (16)-(17)� (26)-(27)�),¿b� g′9 φ′3) yN

C LipschitzëY.Kk

||yh − yh(u)||l∞(0,T ;H1(Ω)) ≤ C||uh − u||l2(0,T ;L2(Ω)),

||ph − ph(u)||l∞(0,T ;H1(Ω)) ≤ C||uh − u||l2(0,T ;L2(Ω)).

y². �
y²�B§Ú\±ePÒ

ζn = ynh − ynh(u), n = 0, 1 . . . N,

ξn = pnh − pnh(u), n = N, . . . , 1, 0.

w, ζ0 = 0, ξN = 0.d�§ (16)~��§ (26),��

1

∆t
(ζn+1 − ζn, v) + a(ζn+ 1

2 ,∇v) + (φ(y
n+ 1

2

h )− φ(y
n+ 1

2

h,u ), v) = (B(u
n+ 1

2

h − un+ 1
2 ), v), (28)
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� (28)¥u�¼ê v = dtζ
n+1 = ζn+1−ζn

∆t
,��

||dtζn+1||2 + a(ζn+ 1
2 , dtζ

n+1) = (φ(y
n+ 1

2

h,u )− φ(y
n+ 1

2

h ), dtζ
n+1) + (B(u

n+ 1
2

h − un+ 1
2 ), dtζ

n+1),

Ù¥

a(ζn+ 1
2 , dtζ

n+1) =
1

2∆t
||ζn+1||2a −

1

2∆t
||ζn||2a.

éuþªmà1��, d�f B �ëY5±9 φ� Lipschitz ëY5, |^ Cauchy − Schwarz Ø
�ª��

(φ(y
n+ 1

2

h,u )− φ(y
n+ 1

2

h ), dtζ
n+1) + (B(u

n+ 1
2

h − un+ 1
2 ), dtζ

n+1),

≤C(ε1)||ζn+ 1
2 ||2 + C(ε2)(||un+ 1

2

h − un+ 1
2 ||2) + C(ε1 + ε2)||dtζn+1||2, (29)

ùp ε�?¿���ê, C(ε)� 1
ε
�'. � C(ε1 + ε2) = 1

2
,ò�\ (29), ¿é nl 0� N − 1¦Ú,

k

1

2

N−1∑
n=0

||dtζn+1||2 +
1

2∆t
||ζN ||2a ≤ C

N−1∑
n=0

||ζn+ 1
2 ||2 + C

N−1∑
n=0

(||un+ 1
2

h − un+ 1
2 ||2).

d PoincáreØ�ª±9lÑ� GronwallØ�ª��

||ζN ||2a ≤ C
N−1∑
n=0

∆t(||un+ 1
2

h − un+ 1
2 ||2). (30)

�e5, �O||ph − ph(u)|| �Ø�. d (17)Ú (27)�~��

1

∆t
(ξn − ξn+1, v) + a(ξn+ 1

2 , v) =(φ′(y
n+ 1

2

h,u )p
n+ 1

2

h,u − φ
′(y

n+ 1
2

h )p
n+ 1

2

h,u , v)

+ (g′(y
n+ 1

2

h )− g′(yn+ 1
2

h,u ), v). (31)

� (31)¥u�¼ê v = d̃tξ
n = ξn−ζn+1

∆t
, ��

||d̃tξn||2 +
1

2∆t
||ξn||2a −

1

2∆t
||ξn+1||2a

=(φ′(y
n+ 1

2

h,u )p
n+ 1

2

h,u − φ
′(y

n+ 1
2

h )p
n+ 1

2

h , d̃tξ
n)

+ (g′(y
n+ 1

2

h )− g′(yn+ 1
2

h,u ), d̃tξ
n). (32)

éu (32)ªmà1��, k

φ′(y
n+ 1

2

h,u )p
n+ 1

2

h,u − φ
′(y

n+ 1
2

h )p
n+ 1

2

h = φ′(y
n+ 1

2

h,u )ξn+ 1
2 + p

n+ 1
2

h (φ′(y
n+ 1

2

h,u )− φ′(yn+ 1
2

h )).
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|^ φ′3) yNC� LipschitzëY5, k

(φ′(y
n+ 1

2

h,u )ξn+ 1
2 , d̃tξ

n) ≤ ||φ′(yn+ 1
2

h,u ||0,∞||ξ
n+ 1

2 ||||d̃tξn||

≤ C||ξn+ 1
2 ||2 + Cε||d̃tξn||2, (33)

(p
n+ 1

2

h (φ′(y
n+ 1

2

h,u )− φ′(yn+ 1
2

h )), d̃tξ
n) ≤ ||pn+ 1

2

h ||0,4||(φ′(y
n+ 1

2

h,u )− φ′(yn+ 1
2

h )||0,4||d̃tξn||

≤ C||ζn+ 1
2 ||21 + Cε||d̃tξn||2, (34)

þª¥^�
i\½n ||ω||0,4 ≤ C||ω||1 9 p
n+ 1

2

h ≤ C (�©z [15] ).éu (32)ªmà1��, |^

g� LipschitzëY5, ��

(g′(y
n+ 1

2

h )− g′(yn+ 1
2

h,u ), d̃tξ
n) ≤ C||ζn+ 1

2 ||2 + Cε||d̃tξn||2. (35)

� Cε = 1
4
,ò (32)ªüàÓ�é nl N − 1�M ¦Ú,(Ü (33), (34), (35)��

1

2

N−1∑
M

∆t||d̃tξn||2 +
1

2
||ξM ||2a ≤ C

N−1∑
M

∆t||ζn+ 1
2 ||21 + C

N−1∑
M

∆t||ξn+ 1
2 ||2. (36)

(Ü PoincáreØ�ª,lÑ� GronwallØ�ª±9 (30)�y

||ξM ||2a ≤ C
N−1∑
M

∆t||ζn+ 1
2 ||21 ≤ C

N−1∑
n=0

∆t(||un+ 1
2

h − un+ 1
2 ||2).

y.. �

�e5y² ||u− uh||2l2(0,T ;L2(ΩU )).du�`��¯K (4)-(6) ´�à�,ë�©z [3], ·�b�

�3� hÃ'�~ê c ≥ 0, k

(J ′(u)− J ′h(v), u− v) ≥ c||u− v||2U , ∀u, v ∈ L2(0, T ;L2(ΩU )).

?
é¿©�� h, ��

(J ′h(u)− J ′h(v), u− v) ≥ c||u− v||2U . (37)

Ún3.2. - (y, p, u) � (yh, ph, uh) ©O��`��¯K (4)-(6) � (16)-(18) �). ¿b� u ∈
l2(0, T ;H1(ΩU )), p ∈ l2(0, T ;H1(Ω))

⋂
H1(0, T ;L2(Ω)),k

c||u− uh||2l2(0,T ;L2(ΩU ))

≤C||p− ph,u||2l2(0,T ;L2(ΩU )) + Ch2
U

(
||p||2l2(0,T ;H1(Ω)) + ||u||2l2(0,T ;H1(ΩU ))

)
.
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y². d(37)��

c||u− uh||2l2(0,T ;L2(ΩU ))

≤∆t
N−1∑
n=0

(J ′h(un+ 1
2 )− J ′h(u

n+ 1
2

h ), un+ 1
2 − un+ 1

2

h )

=∆t
N−1∑
n=0

(j′(un+ 1
2 ) +B∗p

n+ 1
2

h,u , un+ 1
2 − un+ 1

2

h )−∆t
N−1∑
n=0

(j′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , un+ 1
2 − un+ 1

2

h )

=∆t
N−1∑
n=0

(j′(un+ 1
2 ) +B∗pn+ 1

2 , un+ 1
2 − un+ 1

2

h ) + ∆t
N−1∑
n=0

(B∗(p
n+ 1

2

h,u − p
n+ 1

2 ), un+ 1
2 − un+ 1

2

h )

−∆t
N−1∑
n=0

(j′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , un+ 1
2 − un+ 1

2

h )

≤∆t

N−1∑
n=0

(B∗(p
n+ 1

2

h,u − p
n+ 1

2 ), un+ 1
2 − un+ 1

2

h ) + ∆t

N−1∑
n=0

(j′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , u
n+ 1

2

h − un+ 1
2 )

≤∆t
N−1∑
n=0

(B∗(p
n+ 1

2

h,u − p
n+ 1

2 ), un+ 1
2 − un+ 1

2

h ) + ∆t
N−1∑
n=0

(j′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h , u
n+ 1

2

h −Rhun+ 1
2 )

+ ∆t

N−1∑
n=0

(j′(u
n+ 1

2

h ) +B∗p
n+ 1

2

h ,Rhun+ 1
2 − un+ 1

2 )

=∆t

N−1∑
n=0

(B∗(p
n+ 1

2

h,u − p
n+ 1

2 ), un+ 1
2 − un+ 1

2

h ) + ∆t

N−1∑
n=0

(j′(u
n+ 1

2

h ),Rhun+ 1
2 − un+ 1

2 )

+ ∆t

N−1∑
n=0

(B∗p
n+ 1

2

h ,Rhun+ 1
2 − un+ 1

2 )

=
3∑
i=1

Λi. (38)

d�f B �5���

Λ1 ≤ C∆t

N−1∑
n=0

||pn+ 1
2

h,u − p
n+ 1

2 ||2 + Cε∆t
N−1∑
n=0

||un+ 1
2 − un+ 1

2

h ||2

= C||ph,u − p||2l2(0,T ;L2(Ω)) + Cε||u− uh||2l2(0,T ;L2(ΩU )).

d�fRh�½Â��

Λ2 = 0,
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�

∆t
N−1∑
n=0

(B∗pn+ 1
2 ,Rhun+ 1

2 − un+ 1
2 )

=∆t
N−1∑
n=0

(B∗pn+ 1
2 −Rh(B∗pn+ 1

2 ),Rhun+ 1
2 − un+ 1

2 ).

l
k

Λ3 =∆t
N−1∑
n=0

(B∗(pn+ 1
2 − pn+ 1

2

h ), un+ 1
2 −Rhun+ 1

2 )

+ ∆t
N−1∑
n=0

(B∗pn+ 1
2 ,Rhun+ 1

2 − un+ 1
2 )

=∆t
N−1∑
n=0

(B∗pn+ 1
2 −Rh(B∗pn+ 1

2 ),Rhun+ 1
2 − un+ 1

2 )

+ ∆t

N−1∑
n=0

(B∗(pn+ 1
2 − pn+ 1

2

h ), un+ 1
2 −Rhun+ 1

2 ).

éu Λ3mà1��,k

∆t

N−1∑
n=0

(B∗pn+ 1
2 −Rh(B∗pn+ 1

2 ),Rhun+ 1
2 − un+ 1

2 )

≤C∆t

N−1∑
n=0

||pn+ 1
2 −Rhpn+ 1

2 ||2 + ∆t
N−1∑
n=0

||un+ 1
2 −Rhun+ 1

2 ||2

≤Ch2
U

(
||p||2l2(0,T ;H1(Ω)) + ||u||2l2(0,T ;H1(ΩU ))

)
. (39)

éu Λ3mà1��,dÚn 3.1��

∆t
N−1∑
n=0

(B∗(pn+ 1
2 − pn+ 1

2

h ), un+ 1
2 −Rhun+ 1

2 )

=∆t
N−1∑
n=0

(B∗(pn+ 1
2 − pn+ 1

2

h,u ), un+ 1
2 −Rhun+ 1

2 )

+ ∆t

N−1∑
n=0

(B∗(p
n+ 1

2

h,u )− pn+ 1
2

h , un+ 1
2 −Rhun+ 1

2 )

≤Ch2
U ||u||2l2(0,T ;H1(ΩU )) + Cε||u− uh||2l2(0,T ;L2(ΩU ))

+ C||p− ph,u||2l2(0,T ;L2(ΩU )). (40)

DOI: 10.12677/orf.2023.134415 4157 $Ê��
Æ

https://doi.org/10.12677/orf.2023.134415


¶{ �

ò (39), (40)�\ Λ3,(Ü Λ1, Λ2��O,�v
�� ε,�n��

||u− uh||2l2(0,T ;L2(ΩU ))

≤C||p− ph,u||2l2(0,T ;L2(ΩU )) + Ch2
U

(
||p||2l2(0,T ;H1(Ω)) + ||u||2l2(0,T ;H1(ΩU ))

)
.

y.. �

Ún3.3. - (y, p)� (yh,u, ph,u)©O´¯K� (4)-(5)� (26)-(27)�).b�Ún 3.2 ¥�^�¤

á.d	,� y, p ∈ H3(0, T ;H2(Ω)), ||y0 − yh0 ||1 ≤ Ch,Kk±e�O¤á

||y − yh(u)||l∞(0,T ;H1(Ω)) ≤ C(h+ (∆t)2), (41)

||p− ph(u)||l∞(0,T ;H1(Ω)) ≤ C(h+ (∆t)2). (42)

y². ò�§ (4)�müà� t = tn+ 1
2
, ���

(yt(tn+ 1
2
), v) + a(y(tn+ 1

2
), v)− φ(y(tn+ 1

2
), v) = 0, (43)

ò�§ (43)~��§ (26)��Ø��§�

(
dte

n+1
y , v

)
+ a

(
en+1
y + eny

2
, v

)

=
1

∆t
(Tny , v) + a(Rny , v) + (φ(y

n+ 1
2

h,u )− φ(y(tn+ 1
2
), v), (44)

Ù¥�äØ��½Â�

Tny = y(tn+1)− y(tn)−∆tyt(tn+ 1
2
),

Rny =
y(tn+1) + y(tn)

2
− y(tn+ 1

2
).

- (44)¥ v = dt(y
n+1
I − yn+1

h,u ) = dt(y
n+1
I − yn+1) + dte

n+1
y ,��

||dten+1
y ||2 +

1

2∆t
||en+1

y ||2a −
1

2∆t
||eny ||2a

=(dte
n+1
y , dt(y

n+1 − yn+1
I )) + a(e

n+ 1
2

y , dt(y
n+1 − yn+1

I ))

+
(
φ(y

n+ 1
2

h,u )− φ(yn+ 1
2 ), dt(y

n+1
I − yn+1

h,u )
)

+
1

∆t
(Tny , dt(y

n+1
I − yn+1

h,u ) + a(Rny , dt(y
n+1
I − yn+1

h,u )). (45)
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é (45)üàÓ�¦±∆t,¿é nl 0� N − 1¦Ú,òmà�L«� Υ1,Υ2, . . . ,Υ5 , =

N−1∑
n=0

∆t||dten+1
y ||2 +

1

2
||eNy ||2a =

1

2
||e0

y||2a +
5∑
i=1

Υi. (46)

Äk,|^ Cauchy − SchwarzØ�ª±9 (9)��

Υ1 ≤
1

4

N−1∑
n=0

∆t||dten+1
y ||2 + Ch4||y||2H1(0,T ;H2(Ω)),

Υ2 ≤ C
N−1∑
n=0

∆t||en+ 1
2

y ||2a + Ch2||y||2H1(0,T ;H2(Ω)),

Υ3 ≤ C
N−1∑
n=0

∆t||en+ 1
2

y ||2 +
1

4

N−1∑
n=0

∆t||dten+1
y ||2 + Ch4||y||2H1(0,T ;H2(Ω)),

d�äØ� Tny , R
n
y �½ÂÚ Y oung′sØ�ª��

Υ4 ≤
1

∆t
||Tny ||2 + ∆t||dt(yn+1

I − yn+1
h,u ||

≤ C(∆t)4||yttt||2L2(0,T ;L2(Ω)) +
1

4

N−1∑
n=0

∆t||dten+1
y ||2 + Ch4||y||2H1(0,T ;H2(Ω)),

Υ5 ≤ ∆t||∆Rny ||||dt(yn+1
I − yn+1

h,u )||

≤ C(∆t)4||ytt||2L2(0,T ;H2(Ω)) +
1

4

N−1∑
n=0

∆t||dten+1
y ||2a + Ch4||y||2H1(0,T ;H2(Ω)),

ò±þ Υ1,Υ2, . . . ,Υ5��O�\ (51), dlÑ� Gronwall′sØ�ª��

||ey||2l∞(0,T ;H1(Ω)) ≤C(∆t)4(||ytt||2L2(0,T ;H2(Ω)) + ||yttt||2L2(0,T ;L2(Ω)))

+ Ch4||y||2H1(0,T ;H2(Ω)) + Ch2||y||2H1(0,T ;H2(Ω)). (47)

�e5�O ||p− ph(u)||l∞(0,T ;H1(Ω)).Ón, ò�§ (5)�müà� t = tn+ 1
2
, k

− (pt(tn+ 1
2
), v) + a(p(tn+ 1

2
), v)− (φ′(y(tn+ 1

2
))p(tn+ 1

2
), v) = g(y(tn+ 1

2
)), (48)

ò�§(48) ��§(27), ��Ø��§�

(
d̃te

n+1
p , v

)
+ a

(
en+1
p + enp

2
, v

)
=

1

∆t
(Tnp , v) + a(Rnp , v) + (φ′(y

n+ 1
2

h,u )p
n+ 1

2

h,u − φ
′(y(tn+ 1

2
))p(tn+ 1

2
), v)

+ g′(y(tn+ 1
2
))− g′(yn+ 1

2

h,u ), (49)
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Tnp = p(tn+1)− p(tn)−∆tpt(tn+ 1
2
),

Rnp =
p(tn+1) + p(tn)

2
− p(tn+ 1

2
).

- (44)¥ v = d̃t(p
n+1
I − pn+1

h,u ) = d̃t(p
n+1
I − pn+1) + d̃te

n+1
p ��

||d̃ten+1
p ||2 +

1

2∆t
||enp ||2a −

1

2∆t
||en+1

p ||2a

=(d̃te
n+1
p , d̃t(p

n+1 − pn+1
I )) + a(e

n+ 1
2

y , d̃t(p
n+1 − pn+1

I ))

+ (g′(y(tn+ 1
2
))− g′(yn+ 1

2

h,u ), d̃t(p
n+1
I − pn+1

h,u ))

+
(
φ′(y

n+ 1
2

h,u )p
n+ 1

2

h,u − φ
′(y(tn+ 1

2
))p(tn+ 1

2
), d̃t(p

n+1
I − pn+1

h,u )
)

+
1

∆t
(Tnp , dt(p

n+1
I − pn+1

h,u ) + a(Rnp , d̃t(p
n+1
I − pn+1

h,u )). (50)

é (50)üàÓ�¦±∆t,¿é nl 0� N − 1¦Ú,òmà�L«� Ξ1,Ξ2, . . . ,Ξ6 , =

N−1∑
n=0

∆t||d̃ten+1
p ||2 +

1

2
||eNp ||2a =

1

2
||e0

p||2a +
6∑
i=1

Ξi. (51)

Äk,|^ Cauchy − SchwarzØ�ª±9 (9)��

Ξ1 ≤
1

4

N−1∑
n=0

∆t||d̃ten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω)),

Ξ2 ≤ C
N−1∑
n=0

∆t||en+ 1
2

p ||2a + Ch2||p||2H1(0,T ;H2(Ω)).

éu Ξ3,d g′ �Lipschitz ëY5��

Ξ3 ≤ C∆t||y(tn+ 1
2
)− yn+ 1

2

h,u ||||d̃t(p
n+1
I − pn+1

h,u )||

≤ C
N−1∑
n=0

∆t(||en+ 1
2

y ||2 + ||Rny ||2) +
1

4

N−1∑
n=0

∆t||d̃ten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω))

≤ C
N−1∑
n=0

∆t(||eny ||2 + ||en+1
y ||2) + ∆t4||ytt||2L2(0,T ;H2(Ω))

+
1

4

N−1∑
n=0

∆t||d̃ten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω)).
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éu Ξ4, 5¿�

φ′(y
n+ 1

2

h,u )p
n+ 1

2

h,u − φ
′(y(tn+ 1

2
))p(tn+ 1

2
)

=φ′(y
n+ 1

2

h,u )(p
n+ 1

2

h,u − p(tn+ 1
2
)) + (φ′(y

n+ 1
2

h,u )− φ′(y(tn+ 1
2
)))p(tn+ 1

2
).

d φ′ �Lipschitz ëY5, �z{�

Ξ4 ≤ C
N−1∑
n=0

∆t(||∇en+ 1
2

y ||2 + ||∇Rny ||2 + ||enp ||2 + ||Rnp ||2)

+
1

4

N−1∑
n=0

∆t||d̃ten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω))

≤ C
N−1∑
n=0

∆t(∇||eny ||2 +∇||en+1
y ||2) + ∆t4(||ytt||2L2(0,T ;H1(Ω)) + ||ptt||2L2(0,T ;L2(Ω)))

+
1

4

N−1∑
n=0

∆t||d̃ten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω)).

d�äØ� Tny , R
n
y �½ÂÚ Y oung′sØ�ª��

Ξ4 ≤
1

∆t
||Tnp ||2 + ∆t||d̃t(pn+1

I − pn+1
h,u ||

≤ C(∆t)4||pttt||2L2(0,T ;L2(Ω)) +
1

4

N−1∑
n=0

∆t||dten+1
p ||2 + Ch4||p||2H1(0,T ;H2(Ω)),

Ξ5 ≤ ∆t||∆Rnp ||||dt(pn+1
I − pn+1

h,u )||

≤ C(∆t)4||ptt||2L2(0,T ;H2(Ω)) +
1

4

N−1∑
n=0

∆t||dten+1
p ||2a + Ch4||p||2H1(0,T ;H2(Ω)).

ò±þ Ξ1,Ξ2, . . . ,Ξ5��O�\ (51), dlÑ� Gronwall′sØ�ª��

||ep||2l∞(0,T ;H1(Ω)) ≤C(∆t)4(||ptt||2L2(0,T ;H2(Ω)) + ||ptt||2L2(0,T ;L2(Ω)))

+ C(∆t)4(||ytt||2L2(0,T ;H1(Ω)) + ||pttt||2L2(0,T ;L2(Ω)))

+ C(h4 + h2)||p||2H1(0,T ;H2(Ω)) + C||ey||2l∞(0,T ;H1(Ω)). (52)

(Ü(47)Ú(52),=��y(42). �
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½n3.1. - (y, p, u)� (yh, ph, uh)©O��`��¯K (4)-(6)� (13)-(15)�).b�Ún 3.2Ú

Ún 3.3¥�^�¤á.K

||y − yh||l∞(0,T ;H1(Ω)) + ||p− ph||l∞(0,T ;H1(Ω)) + ||u− uh||l2(0,T ;L2(Ω)) ≤ C(hU + h+ (∆t)2).

y². dÚn 3.2ÚÚn 3.3��

||u− uh||l2(0,T ;L2(ΩU )) ≤ C(hU + h+ (∆t)2). (53)

dn�Ø�ª��

||y − yh||l2(0,T ;H1(Ω)) + ||p− ph||l2(0,T ;H1(Ω))

≤||y − yh,u||l2(0,T ;H1(Ω)) + ||yh,u − yh||l2(0,T ;H1(Ω))

+ ||p− ph,u||l2(0,T ;H1(Ω)) + ||ph,u − ph||l2(0,T ;H1(Ω))

≤ε||u− uh||l2(0,T ;L2(Ω)) + C(h+ hU + (∆t)2). (54)

��v
�� ε�,(Ü (53)Ú (54)=��y. y.. �

4. ê�¢�

�!·��Ñ±eê�~f�ynØ(J. �Ω = ΩU = [0, 1]× [0, 1], T = 1. éG�Ú��æ

^�Ó��m��¿©, ¿� h = hU = (∆t)2.

�ÄXe/ª�`��¯K

min
1

2

∫ 1

0

(∫
Ω

(y − yd)2 +

∫
Ω

(u− u0)2

)
dt,

s.t. yt −∆ y + y3 = u+ f, (x, t) ∈ Ω× (0, 1]

y(x, t) = 0, (x, t) ∈ ∂Ω× (0, 1]

y(x, 0) = 0, x ∈ Ω, t = 0.

���å�

Uad = {u ∈ L2(0, T ;L2(Ω)) : u ≥ 0}.
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−pt −∆p+ 3y2p = y − yd, (x, t) ∈ Ω× (0, 1]

p(x, t) = 0, (x, t) ∈ ∂Ω× [0, 1)

p(x, 1) = 0, x ∈ Ω, t = 0.

�
�Ñ°()�Cq)�Ø�,�ÑT��¯K��|°()Xe¤«:

y(x, t) = sin(πx1) sin(πx2)t,

p(x, t) = sin(πx1) sin(πx2)(1− t),

u0(x, t) = 0.5− sin(πx1) sin(πx2)(1− t),

yd(x, t) = y + pt + ∆p− 3y2p,

u(x, t) = max(u0 − p, 0),

f(x, t) = yt −∆y + y3 − u.

Table 1. The numerical results and convergence order for h = (∆t)2

L 1. h = (∆t)2 ��A�ê�(JÚÂñ�

∆t ||eny ||l∞(0,T ;H1(Ω)) Rate ||enp ||l∞(0,T ;H1(Ω)) Rate ||enu||l2(0,T ;L2(Ω)) Rate

1/2 6.4281e−01 / 6.4224e−01 / 1.0749e−01 /
1/4 1.6241e−01 1.9988 1.6242e−01 1.9834 1.0761e−02 3.3203
1/8 4.0636e−02 1.9999 4.0636e−02 1.9989 1.2329e−03 3.1257
1/16 1.0160e−02 2.0000 1.0160e−02 1.9999 1.3597e−04 3.1808
1/32 2.5399e−03 2.0000 2.5399e−03 2.0000 1.6909e−05 3.0074

Figure 1. The approximate state solution y at t=0.5 (left). The exact state solution y at t=0.5 (right)

ã 1. t=0.5�G�y�Cq)(�)�°()(m)

L 1¥�Ñ
 h = (∆t)2 ��A�ê�(J9ÙÂñ�.ã 1ã 2©O�Ñ
 t=0.5��G��

��G��°()ÚCq)§ã 3�Ñ
 t=0.53125�����°()ÚCq)§Ù¥zÌã��

ãL«�´Cq),mãK�°().
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Figure 2. The approximate adjoin solution p at t=0.5 (left). The exact adjoin solution p at t=0.5 (right)

ã 2. t=0.5���p�Cq)(�)�°()(m)

Figure 3. The approximate control solution u at t=0.53125 (left). The exact control solution u at t=0.53125
(right)

ã 3. t=0.53125���u�Cq)(�)�°()(m)
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