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Abstract

In this paper, we present a Crank — Nicolson scheme combined with finite element
approximation for a class of nonlinear parabolic optimal control problems, where the
state y and co-state p are discretized by picewise linear continuous function and the
control u is approximations by picewise constant functions. Numerical experiments

verify that the convergence order is O(h + hy + (At)?).
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A 2 1 Ao P A2 ) 1) ROLE S s 2B 3 HR R FH 23T 0z, S SRR H 7, TR %, SRl LR AEY)
SER R SRR Y U AESA A IR ] iR @, Navier — Stokes J7FEs AR IE i @, Burgers 77 FE & t1E
il ) S, T 7 AR R B AR I, 3 B B o A A EUE T SR B — o AR R UE
THEH R 7R 220016, Rk, w070, B IRARRNE, AR 0IESE. 730k [1] RFHARSCH St
FU T B dE ] ) R PR JCIE T 7E [2] W, Ira Neitzel 25 AN 2= 28 M40 47 5 F2 A fe A8 2 il il >R
225 (8] b A5 R A BIR e 25 5, 70 ) ) A5 P D) O 0 <8 v B i, IR A5 31 171259 B SN e 3 iR 22 4k o
£ (3] h, A PR T T R — R ARG At e A A ) el U AT T eI R ZE A AESCHR [4) e TR T
TE 1 22 1 T35k P 25k TG BRARRR TG IR A7 5 R o 42 i) o) R 1 > 9 ks =X, AR R 22 A 78 [5)
SR TR WA BR G 07 o0 JE G M s A 4 ] [l @R AT BS BIOR ;£ (6], XHBR s Ty 807 2, i
[f]_ERH Crank — Nicolson #3, ZF18] FR G BRTT, 704 1 A Faks O B B e s
FE [7) H, XPPRES 23 (RS VR A A PR 70 B9 30, 0T BN () 368 T 22 29 T 6 AN T 45 HE 2 2 PR ) 77 #2421 1) e
P2 ] 1) R ) A B Ok X R4 AR 22 . STk [8) R B R EUR A A IR oo AR S (R AT B
B X0F ST R SR FH Dy 2 0 I, i 264 2810 2 P I P R e e 4 ) v L ) 4 B A 20, 2 X 06 T Ik ) R0
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FE 2 [A]_ERUE R0 Uik, £E [10] M EARSE NG & Crank — Nicolson ¥ 3 ANH FRZ 73155
Lok B AL ) ) REUREAT B, JRHES Y T O T R B ek, AE [11] SRS A IR IT
(¥ Crank — Nicolson 1% s\AS 28 VR 400 i D0 42 ] 190 8, 65 J 45 28] 7 I TR R 22 ) ) — B e S 1k
SR ST AR L M 7 FR B AR 4% 1 1) ) Crank — Nicolson ¥ 2 A WL EIAH SRR, BRIk, ASCEEFA
M RITINE, 44 Crank — Nicolson #& R IR KAz H A2 B A SERRZ A 1T

RS BHER AL 2 15, $ S IR AR M IO ) BB Crank — Nicolson WG HS
B 55 3 1Y, I B VY R, (50 T R ARSI A A0 2 0 T 5 4 B M S
WA AR 4 5 TN ACTHEAT M 5 R

2. RMIFEHIBIRREY Crank — Nicolson BEITTEEEI

2.1. s&iEHl e

% g A AL ) (3]

T
B / (9(y) + )t (1)
Hrp
% — div(AVy) + ¢(y) = f + Bu, x€Q,te(0,T),
y(z,t) =0, e te(0,T), (2)
y(z,0) = yo(z), x €,

ZH g Mk NG EMNZ R, Uy = {u € L0, T; L?(Qu)) : ue < u < up a.e.in Q} s&—HMNEE,
B: L*(0,T; L*(Qu)) — L*(0,T; L*(Q)) NLMESH T

Y08 f,u Byo, IS A SR sALAE R R (1)-(2) &0 Tk y € HY(0,T; L*(Q)) (N € L*(0,T; Hg(2))

13 (QCP) R, i Rk
minyer,, = Jy (9(y) + r(u))dt,
(%, v) +a(y,v) + (¢(y),v) = (f + Bu,v), z€Q,te(0,T), (3)
y(l’,O) = yO(‘T)v S Q7

H a(w,v) = [, AVw - Vo. ZH A(z) = (ai;()nxn) € (WHS(Q))"™ RIFRIEEFERE. &AL ¢
RXHERE R > 0 K y(t) € HY(Q), BOL ¢(-) € 1°°(0, T; Wh= (=R, R)), ¢'(y(t)) € L*(Q) H ¢ > 0,
FESCARBET, AR5 SCHR [12] A [13] AT AN il @ (3) AFAEME — 898 (y, u), 2 HAUCSAEAE fEBIR S
p e L*(0,T; Hy () 143 (y,p, u) W2 LN RILEFA (QCP — OPT):

{ (2, v) +a(y,v) + (¢(y),v) = (f + Bu,v), Yve HH(Q),t € (0,T),

y(z,0) = yo(x), x € Q.

T

&
o
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—(%2,w) + alp,w) + (¢'(y)p,w) = (¢'(y),w), Yw € Hy(),t € (0,T), -
p(fL’,T) =0, z €.
/0 (k' (u) + B*p,w —u)y > 0. Yw € Uyy. (6)

Hrh B* N BHITEBESRE T, ¢/ N g 1E H = L*(Q) B FFE, (o BARTH U FHRAL

2.2. BRTER

ATh T SRR QR Qu IEM = AL, FI B0 0N K, K, #1550 R H
BN, hy. € SCREARICEE Vi, = {vp|v, € C(Q) : vp|x € PI(K), VK € T"}, #HilA R
TR Uy, := {un € L*(0,T;Qu) : up|p is constant, YK € T} KiFa XA (0, T) BBk, 415
n=0,..,Np, t" = nAt, HHAt= L

n+1l _ Cn ~ Cn _ Cn-i—l
d n+1 — C d n+1 —
tC At ) tg At )
YRR t € (0,T], X wr(t) € Vi Nw(t) € V IFIIGIEFERS, 1
a(w(t) —wr(t), un) =0, Yup € Vi. (7)
FASCHR [14) FHEX 1 <r <2°H
lw = willp o722 () + hllw = williz,zsm @) < B wllieo,ra @), (8)
O(w—wr) 5 w—wr) .
I ( 37[ ||L2(0TL2(Q +M|%||L2(O,T;H1(Q)) < B |wl| g1 0,717 (02))- (9)
I, 2 L2 %5 Ry, L2(0,T;Qu) — U N
(Rix —x:7)v =0, Yy € Up. (10)
BT U, o s sesia), Bl
1 2 h
Rh’}/|[(:f Y \V/KETU, (11)
K| &

/ﬁ\:qj ‘K| 7'3 K E/‘J(IJI\IJE i—/l v E Uaa EH‘, E?ﬁﬁ Uy < Rh’y < uy, JH: Rh’)/ e U, C Uyq. ﬁﬂﬁﬁ%ﬁ
¥C >0, E5

|’U - th|0,p,f( S ChU|v|1,p,f(' (12)
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NI R (3) AR TR U, 18 (QoP)hAtL.

Nr—1

T n) = At (gl ™) + wlu, ) (13)
Atwl—y;z,v)+a<yh+%,v>+<¢<y;‘+é> 0) = (/" + Buy ) (14)
yh = yOv (15)

=

1
n+3 n ”JF n n n+1 nt1
Y, * = 2(yh+1 +yp), u, = (u ), 1 = f ).

KT B EUg R (13)-(15) ALA R 458,
5(32.1. /\r%ﬂ*mmm FIAL (13)-(15) A B—3M (yrt 7 ul "), B AR % A 4 & SO A
PR (T R ) € Vi x Vi x ULy, AT RALE &4 (QOP — OPT)MA:

{ B =) + e o) + @) 0) = (7 4 Bup ) (16)
0 _ ,h
Yn = Yo-
{ o = o) +alp ) + (6 e ) = (), ), (17)
N _ 0
Py .
Nr—1 1 1
Z ALK (uy )+ B py o —ul ) >0 Yo € Vi (18)
WERR. B, X T4 M up, AAEME— 1)y, (615 HFRBREL (13) TR0
Np—1 L
o) = Tulan ). ) = Tolun) = 3 (9w @) + (™). 9)
AR (19) 4wy, 16 p F710 R GHCA
(T4, ) = iy T 1) = Tule)
Npr—1 Np—1
=AY Dy R () + A K ), (20)
n=0 n=0
/\l:l:‘
Dy () = i Y (un T t0) = 47 ()
t—0 t
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FERR, J5RE (16) Pas RISy, KI5 10 ECN

£ (DYt () = Dy (o), ) + Dy (), 0) + (0" )Py ), 0) = (Bpyo),

(21)
Dy;(p) = 0.
AFFE (21) v = pl T AT
DU ()~ D)o )+ Dy () )
—(Bp,p %) — (' (yp Dy (), R, (22)
TR (17) o B v = Dyt 2 () 778
]- n n n+1 n+i
5 =P Dy (o) + al " Dy (o)
—(g' ("), Dy () — (8 (P, Dy () (23)
T Dyj(p) = 0, p)f =0, IS
NT 1 1
n n TLJF%
Z At(Dy p ) = Dyi(p).p *)
n=0
NT 1 1 NT 1 1
—_ D n+1 n+1 D n+1
1;) 2At( v (p), T+ op) — Z:;J 2At( Yn(p),pp " +ph)
NT 1 1 NT 1 1
_ D n+1 n+1 D n
; 5 (P ()i = ; o7 (Dui (p). i)
NT 1 1 NT 1 1
+ Z o (P (o) ph) = > 5 (Dwi(e) o)
n=0
NT—l 1 NT—l 1
_ D n+1 ny _—— (D n n+1
;M(y (p). P} ;Mt(yh()ph)
NT—l 1 NT—l 1
— D n+1 n+1 — (Dy™ n n+1
;m( y ™ (p), P — P} )+;2At( yr(p), o — i)
NT 1 1 NT 1 1
+ Z LA O AR By GRS
n=0
NT—1 1
n n n+2
=y L A (24)
n=0
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F7FE (22) A (23) Pt FEIES XS n A0 B NV — 1 SRAN, &54 (24) AT

Nr—1 Nr—1 Nr—1

> A (). Dy 2 (p) = Y At(Bp,p, 2) = > At(B'p, " p)u, (25)
n=0 n=0 n=0

4 (25) FRN (20) 1, A4

3. WSt nthSiREM T

TR iR R A (QC P) 11 Crank — Nicolson k&5 RZAN T, HERZAE RS
A A AR B 3 IAE 100 (0, T3 HY(Q)), 12(0,T; L2(,)) B ST s R S

FINH Bl ]t

n n n+3 3 n+i n+i
{ ﬁ(yh,zl ~Yhu U) + (Vyh7u2 ) V’U) + (¢(y}?:;2 )7 U) = (f T3 + Byt , ’U), (26)
Y = Y0
n nti nt+iy ntl n+1
2 Ph = PR )+ (VD2 V) + (& (W P ) = (9 (W )5 0),s (27)
py = 0.

B 0S4 B ) AT DL 5
S13E3.1. 4 (yn,pn) 5 Wnows Dhw) 2 AR (16)-(17) 5 (26)-(27) 89 #F, FRIKX ¢ & ¢ £y It
U Lipschitz #%:. WA

lyn — yn (w1 0,751 (2)) < Cllun — ulliz0,7;22(02))

lpn = pn (Wl 0,751 (2)) < Cllun — ulliz(0,7;22(02))-

IERR. N TIERITAE, SIARLIRE S

"=yp —yp(u), n=0,1...N,
& =pp —pp(u), n=N,...,1,0.

B0 =0, N =0. BT (16) W ETTHE (26), AT 15

1

(€ =) +alc V) + ) = o)) = (B -t ), (28)

DOI: 10.12677/orf.2023.134415 4153 B 5RO


https://doi.org/10.12677/orf.2023.134415

TR %

HY (28) I BR B v = dy ¢t = <o Treg

[P + a(Cm 3, diCm ) = (yphE) — blyp ), dC™ ) + (Blup ™ — ut3), dy¢ ),

Hrp

1

(Cn+2 d Cn-‘rl) AT

S IC I = Sl

X B A v 2 — T, 5T B RS UL ¢ I Lipschitz E8:1%, FIH Cauchy — Schwarz A

ﬁﬁjfﬁ‘

Gy h2) = Sy 2), diC™ ) + (Bup T2 —urth), ¢,

<C(e)lIC™ 312 + Clea)(u " * — w3 |12) + Cler + ea) |2,

(29)

B e MERUNUIER, Cle) 5 LM%, M Cle +e2) = 1, RN (29), 360 n 0 3 N — 1R,

#
1Nfl
n n n+s n+i
5 S NG P + ™ ||2§cz||< +2||2+cz<||u — ).
n=0

H Poincare AN LA KBS BT Gronwall AN 13

N—-1

ICV]2 < 037 At(lfup ™= — umtE]2),

n=0
BEFR, At |pn — pr(w)|| FRZE. B (17) F1(27) AHJR AT 15

1 1 n n L) n
A€ =€) a0 =@ W e - 0w e )

+ W) =g )0,

L (31) FRIEREL v = dygn = €5 g

&2 + 5 I = Sl 2

—( (B — &y T diem)
() — g ), dig™).

xF (32) A sh — i, A

Syt — & T = ST 4+ (S ) = Sy T)).

(31)

(32)
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T%f/\ faray

FIF ¢ 1Eff y LI Lipschitz E421%, H
(&' (s )ETE ™) < 16 (ytH lo.cel €711 dug™ |
< C||€"F2|]* + Celldi |, (33)
(o2 (& ) = & (20, ™) < I loall(6' () — & (o™ ) ol |de€™|
< O[3} + Celldi™ |, (34)

A T A ETE [|wllos < Cllwlh K pp ™ < C (LSCHR [15]). % T (32) RAii s =351, Fi
g W) Lipschitz FES:VE, W15

() — g (yp ), di€™) < CJIC 3|2 + Celldic™| (35)
B Ce = 1, (32) sNHGHkFIIT 6 n AN N — 1 3] M SRAN, 454 (33), (34), (35) ATAl

N-1 N-1

(N
B > At + |\§M||2 <C Z At[[¢"Fz () + C Z Atllgmrs |, (36)
M
4i& Poincare AN5EI, BHUK Gronwall AN5E LK (30) ATIIE

1€115 < CZ A3} < CZ Aty * — un ] 2).

n=0
== O

BE FRAET |t = wunlB 0 g - T SORES L (4)-(6) 24k, 2% SR [3], TRAVIEE e
FETE S h XMW e > 0,

(J'(u) = Jh(v),u =) = cllu—vl[f;,  Vu,v e L*(0,T; L*(Qu)).
REMIXTTE 73 /NKT R, AT AR
(Jh(u) = Ty (v), u = v) = c|lu— |7 (37)

S1383.2. 4 (y,p,u) B (yn,pn,un) 2 A A KK IEHF A (4)-(6) 5 (16)-(18) 49 . FFH %k u €
?(0,T; HY (Qu)), p € (0, T; H'(Q)) NV H' (0,T; L*(2)), A

cllu = unllip0.ri1200))

<Cllp - ph,u||l22(O,T;L2(QU)) + Ch?f (||P||122(0,T;H1(Q)) + ||u||l22(07T;H1(QU))) .
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JERA. HH(37) W15

cllu — up ’lZQ(O,T;Lz(QU))
N—-1
n+3 n n+i
ALY (T () = T (uy )t — )
n=0
iy . 1 n-+ 1 nt % = . n+x n+% 1 n+i
ZAtZ(j'(Un+§)+B*phu27 n+§_uh 2)—At2(]’(uh 2)+B*ph z’un+§_uh 2)
n=0 n=0
N-1 N-1 )
n * n nt+i n4i n+s
=AE Y () + B =) £ ALY (B () - et -
n=0 n=0
= gy ntd nt1 1 n+3
_Atz(ﬂ (w, ?)+B'p, ?u"2 —uy,?)
n=0
N-1 N-1 )
<At (B*(p "*2 — Yt ) At ' BT Tyt
p ) » %h
n=0 n=0
N—-1 ) . N—-1 ) ) ) )
SACY (B ) ) A )+ B - Ryt
n=0 n=0
N_l‘ nti nt2 1 1
+At2(3’(uh )+ B, 7 Rpu" T2 —ut2)
n=0
N-1 )
=AY (B (pphE - pn Rt )+ A Z(] (Wr2), Ry — unth)
n=0
N—-1 )
+ At Z(B*pz+§,7€hu"+§ —u"t?)
n=0
3
=> A (38)
i=1
H&AT B L5 A1
N-1 N-1 )
n+ n+i n+i n+5
Ay SCAEY ppn? = p 2P+ CeAt Y [Jum 2 —uy 2|
n=0 n=0
= Cllphu — p||l22(0,T;L2(Q)) + Cellu — Uh||122(o,T;L2(QU))-
HAET Ry HIE LRI
A2 =0,
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H
N—-1
At Z(B*pn+%,7€hun+% —ut3)
n=0
N-—1
=At Z(B*p"+% — Ru(B*p"7), Rpu 7 — ut3).
n=0
NS
N-1 .
=t S Gt — gt et
n=0
N-1
N Sl R
n=0
N-1
1 1 N L
=ALY (B = Ry (B ), Ryt — )
n=0
N-1 )
1 nal 1 N
+ At Z(B*(pn+§ _ ph+2 ), u"tE Rhun+2 )
n=0
X A A — L A
N—-1
At Z(B*pn+% _ Rh(B*pn+%)’ Rhun+% - un+%)
n=0
N-1 N-1
<CALY |l th = Ryp ™ A2+ ALY fluth - Ry 2
n=0 n—0
SCh?] (||p||l22(0,T;H1(Q)) + Hu||l22(O,T;H1(QU))) . (39)

XHF Ay A s I, G2 3.1 WA
N-1

AT (B0 R

n=0

N-1
—At Z (B*(anr% _ pzzé), un+% _ Rhun+%)
n=0
N-1 . L
+ At Z(B*( Z:”;é) _pz+§7un+% _ Rhun-ﬁ-%)

n=0
<Chy| |U||122(0,T;H1(QU)) + Cellu — uh||122(0,T;L2(QU))

+Cllp — ph,u||122(0,T;L2(QU))' (40)
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K (39), (40) AN Ag, Z5E Ay, Ao HIAETE, BUZBE/INE €, BEPLATAS

|Ju — Uh||122(o,T;L2(QU))

<Cllp - ph,u||l22(O,T;L2(QU)) + ChQU (||p||122(0,T;H1(Q)) + ||u||122(o,T;H1(QU))) .

JEEE, O
BI383.3. 4 (1,0) 5 (Y i) AR FIALE (4)-(5) 5 (26)-(27) 8RR ARILFIIE 5.2 b 80 Zth %
.3, &y, p € HY(0,T; H2(Q)), llyo — vl < Ch, WA AT 57t & 2
y = yn(u)|li0.7:m1 @) < C(h+ (A1)?), (41)
I = pn (W)l 0,711 () < C(h+ (At)?). (42)

WERR. KETTRE (4) ARSI t = ¢, 0, PIAGE
et ), 0) + @yt 2),0) — S(y(tnss),0) =0, (43)

BTRE (43) JEHFE (26) IR ZEHFEN

en+1 + en
toyea (55.)

= (7 0) + a( B 0) + (G — 0yt ). v), (44)

Ferp MR ZE IE N
Tyn =y(tn+1) —y(tn) — Atyt(thr%)v

y(thrl) + y(tn)

Ry = 5

- y(tn-i-%)‘
£ (44) o= dt(ynH ?JZZI) = dt(y?Jrl - Z/"H) + dt€Z+17 CIEES
|ldiey ™1 +

| n+1||2 n||2

2At‘
—(dyem di (" — ) +aley 2 dy (T — )
(St = 6", iy —yih)

+E(T” de(yr ™ =yt +a(By, de(yrt — i), (45)
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XF (45) PRI IR LL AL, H5F n M0 B N — 1 SRAKEA 3G IER RN T, Yo,y ..., T, BP
N-1 1 1 5
S Al 7+ Slel 1 =5 eIz + ST (46)
n=0 i=1

B, FIH Cauchy — Schwarz ALK (9) 715

N-—-1
T, < i AtHdteZ“HQ + Ch4||y||%11(0,T;H2(Q))’
n=0
N-—1 )
Yo <O Atfley 7|2 + CR*| 1Yl 0,712 )
n=0
N—1 N—1
T <0 Y Atlley P+ 1 3 Atlldeg I + Ol o gy
n=0 n=0

AR ZE T, Ry HI5E XA Y oung's A4 T 43

1 n n n
Ty < TP + Atllde (7 = yi 3]

- At
N—-1
4 2 1 n+1|2 4 2
< C(AY) yeeel 720,722 (02)) T 1 Z Atlldiey ™ |17 + Ch Yl 0,7, 12(02))
n=0
Ts < At|ARy|[[|de(y7 ™ — yp )]
N-—1
4 2 1 n+1|2 4 2
< C(AY) el 7200712 (0)) + 1 Z Atlldiey ™ o + CRH Y5 0, 7:m2(0))
n=0

FLE Ty, T, Ts AT (51), BB Gronwall's RT3

eyl [7 07,112y SC AL (Nyeel 20,1200 + et 720 7,02 (02)))
+ Ch|ly| ‘%{1(0,T;H2(Q)) + Ch?||y] |§{1(0,T;H2(Q))' (47)

B RAb T |[p — (W) |1 0,111 (02)) - [FIEE, WHFE (5) EAPIREL t = byl <)
- (pt(tn-l-%)a U) + a(p<tn+%)a U) - (¢l(y(tn+%))p(tn+%)7 ’U) = g(y(tn-&-%))a (48>
BT (48) 5HFE(27), WRRZE TN

5 en+1 + en
) o725

1 ) n L % n % /
= (T 0) + (B 0) 4+ (& (ot — & Wty D (tay 1), 0)
+ 0 (Y(tars) = ' W) (49)
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iR Z 0E SN

Ty = p(tny1) — ptn) — Atpt(t%%),
p(tni1) +p(t,)

R, = - 9 —p(tn+%)-

44) o = dy(pitt — pithy = dy (pitt — p ) 4 dyentt TR
h,au P

1

7 n+1y12
ey + s

leplla = oAz llep TI1a

2At|

:(JteZJrl,Jt(anrl n+1)) +a( n+i d~( n+1 _p’}l-i-l))
+ (9" (y(tnrs)) — (yhuz) di(pi™ = piih)

+ (6 Gt it = 0 Wty )Pty y) delpp ™ = pit))

1
+ 5 (G oy ™ = P ) + a(ByL d = D). (50)
Xt (50) Pid I 3L At, X n 0 B N — 1 3RA, AL RN 21,5, ..., g, B
N-1 3 1 1 6
ZAtIIdte;’“IIQﬂLgIIeLVIIi =§||62H3+ZE¢- (51)
n=0 i=1
B, FIH Cauchy — Schwarz ALK (9) 715
V-l )
< - Atlldt€Z+1H2 + Ch4||p‘|%11(07T;H2(Q))a
4 n=0
N-1
- n+i
E, <C Z Atllep ||2 + Ch2||p||H1(OTH2(Q))
n=0
XtF Zs, B ¢ W Lipschitz 2204 AT 50
— n+i n n
Es < CAlY(tnsy) = Yn” llde o = PR DI
1 N-1
+2 n n
<O A(ley P+ IRy IP) Z At|[diey ™ |* + Ch*[pl 3 0,712
= n=0
N-1
<C Y Atllep]]” + [ley ™ 1%) + At [yul 20,0200
n=0
=, .
+ 1 Z AtHdte;H_lHQ + Ch'4||p||%11(0,T;H2(Q))'
n=0
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<_l
a
bus
48

Xt By, HES
& W = & Yty s)p(tsy)
= () D = Dty ) + (@ W) = 8 (Ylty ) )ID(ts ).

H ¢’ WLipschitz 824, Al LN
N-1
= n+3 n n n
Ea<C Y AH(|[Vey 2P+ |IVRYIP + (el + | Rp1?)
n=0

N-1
1 7.n
+3 E At||dsey 12+ CRY[pl 31 0,712 (0

n=0

N-1
<C Z AL(Vlep] P + Vleg 1) + At (yeel 172 0.7.m1 ) + Peel| 720, 7:020)))

n=0

N-1
1 7 on
+ 5 2 Atlldeey 1P + OB Ipl s 0,720

n=0

HEWTR 2 Ty, Ry (3 R Y oung's A% A FT 5

—_ 1 7 n n
Ea < T 117+ Atflde (7 — o]

- At
1 N-—1
< CA)Y Pl 720,02 0)) T 1 Z Atlldep™* + ChIplF (0.7 m2(0))
n=0

25 < AARY||de(p7 ™ = pi D]

N—-1
1 n
< C(A)|peel 720,112 () + 1 Z Atlldep ™12 + ChHpl1 3 0,112 ) -
n=0

BULE 2,5, ..., 25 BTN (51), HEEUY Gronwall’s AN A5
llepl [ (0.1 02y SCAD* (IpeellZ2 (0.7 112(02)) + 1Petl |20 702 (02)))
+ CA) (sl 22071 0y + Preel 720,722 (0))

+ O (0 + W) Iplli o.msm200) + Clleyllie o,r5m1 ())- (52)

GEA (A7) AI(52), BIATAFIE (42). O
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TR %

EIE3.1. 4 (y,0,u) 5 (Yn, pn,un) 55 A KKIEH R (4)-(6) 5 (13)-(15) 49 A% 1BIX 5] 3 3.2 F=
5132 3.9 W69 Stk 2. M

1y — ynllie 0,750 ) + |IP = Prlliss 0,011 @)) + |w — wnllizo.10200)) < C(ht + b+ (At)?).
MERR. Hi 51 EE 3.2 A5 HE 3.3 WA
lu = unlliz(0,1:22(00)) < Clhu + b+ (AL)?). (53)
H=MAAENX A1
1Y = ynllizo,r.m ) + | = Pallizo,7:m1 )
<y = ynullizo.1:m1 Q) + [Ynw — Ynlliz om0 )
+1lp = prullizo.1:51 (@) + 1|Phw — Prllizo1:m1 ()
<e||lu — upl|iz0,7:2(0)) + C(h + hy + (At)?). (54)

HUL M €, G54 (53) 1 (54) BITTAHEE, 1 EE.

4. BUESEL

ARFTBRATLE H LR EBAE B FIAEEIS 45 1. %Q = Qu = [0,1] x [0,1], T = 1. KPR HIR
FAAR R 23 TRl A 51 3, R h = hp = (At)2.

25 Rean I AT Fa il i) /8t
1 ! e N2
Y /0 </Q(y va)” + /Q(u to) ) ar

st. y—Ay+y’=u+f, (z,t)€Qx(0,1]
y(z,t) = 0, (z,t) € 89 x (0,1]
y(x,0) =0, reQ, t=0.
2N

Uwa = {u € L*(0,T; L*()) : u > 0}.
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HARLE) HEBE T RE

(x,t) € Q x (0,1]
(x,t) € 902 x [0,1)
xe, t=0.

—pt — Ap+3y°p =y — Ya,
p(x,t) =0,
p(z,1) =0,

N TS HRE AR SRR IR 2, 20 M ) 1) ) — 4R W A 40 T BIToas:

y(x,t) = sin(may) sin(mwas)t,

p(z,t) = sin(mwzy ) sin(rzs) (1 — ¢),
uo(x,t) = 0.5 — sin(mxy) sin(mae)(1 — t),
ya(@,t) =y +pe + Ap — 3y°p,

u(z,t) = max(ug — p,0),

f(x,t) =y — Ay +y° —u.

Table 1. The numerical results and convergence order for h = (At)?

T 1. b= (At)? WHAHR I BUE 25 AT SR

At ||eZ||l00(O’T;H1(Q)) Rate ||e;||l00(0’T;H1(Q)) Rate ||ez||l2(0yT;L2(Q)) Rate
1/2 6.4281e—01 / 6.4224e—01 / 1.0749e—01 /
1/4 1.6241e—01 1.9988 1.6242e—01 1.9834 1.0761e—02 3.3203
1/8 4.0636e—02 1.9999 4.0636e—02 1.9989 1.2329¢—03 3.1257
1/16 1.0160e—02 2.0000 1.0160e—02 1.9999 1.3597e—04 3.1808
1/32 2.5399e—03 2.0000 2.5399e—03 2.0000 1.6909e—05 3.0074

the profile of the approximate state solution y at t=0.5

0.2

0 o0 0 o0

the profile of the exact state solution y at t=0.5

Figure 1. The approximate state solution y at t=0.5 (left). The exact state solution y at t=0.5 (right)

1. t=0.5MF IR A5y T AAEE (1) SAE AR (1)

RVPIIH T h = (At)? WAHBL R BAE 45 5 S A B 18 205045 T t=0.5 IR 5
FEBIRAS FORS HA AT AU, K] 345 HH T t=0.53125 B 4% B RS Br A A (BA A, G wh i 1 vy 7

PR B A ACUR, A 1 DL DA e A
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the profile of the approximate adjoin solution p at t=0.5 the profile of the exact adjoin solution p at t=0.5

0.5 0.5

0.2 ' 0.2
0 0 0 o

Figure 2. The approximate adjoin solution p at t=0.5 (left). The exact adjoin solution p at t=0.5 (right)
[l 2. t=0.50 tHREp KLU (L) SAE T ()

the profile of the approximate control solution u at t=0.53125 the profile of the exact control solution u at t=0.53125

0.5 0.5
0.4 0.4
0.3 03
0.2 0.2
0.1 0.1
0.l 0
1 1
1 1
05 o6 0.8
0.4
0.2
0 o 0 o

Figure 3. The approximate control solution u at t=0.53125 (left). The exact control solution u at t=0.53125
(right)

& 3. t=0.531250 ¥ Hilu TG (72) Sk i ik ()

5. REEERE

AT — AR L M ) fe e 4 ) ) RBRE AT B L, A 7 TR N TR] 4 Ja1) SR FH 2 1 B 1 A B o f
Crank — Nicolson ¥ 3. L5 B HUS AL LR R T B EURMRIE RS, 455G FBUE SR I0IE T
B IS s R BT — DI TR, AT DL el 1% 5 v B T 3R 2 Ve X ith 7 F2 B pe 42 il 1)
AR AR TT DU A A v2o0) 1 S ) el g AT 9. A, AR AT SR B R B A A T B L.
EEIH

B X H AR 41 H (11961008) B Bl
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