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Abstract

Li, Hu and Kim [1] proved the following generalization of the Menon-Sury identity by using the
filtrations of the ring Z, and its unitgroup Z:

> gcd(k—1,b1,b2,---,b,,n);((k)=¢(n)0'r(—j,

1<k,by by b, <1t
ged(k,n)=1

where ¢ is Euler’s Totient function, o, (n) = Zd' ,and yx is a Dirichlet character mod n with
d‘n

conductor d. In this paper, we re-prove the above identity based the orthogonality of Dirichlet
characters and elementary calculations [2].
Keywords

Menon-Sury’s Identity, Dirichlet Character, Euler’s Totient Function

A — N IRF = EFHERA Menon-SurylBER

% %

TR T REROCA GG, R M
Email: 13798043026@163.com

WekE HEA: 201942 H27H; A HEM: 20194F3H13H; &4 HH: 201943 H20H

HE

Li, Hu 1 Kim[1]:2 F BHF KK KL A FHKIEEIEH T Menon-Sury fHZ 1 W0 T

XES|IH: B WA NKR 5 ERFER Menon-Sury THZE R[], HiE$%#, 2019, 9(2): 188-194.
DOI: 10.12677/pm.2019.92024


http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2019.92024
https://doi.org/10.12677/pm.2019.92024
http://www.hanspub.org

> gcd(k—l,bl,bz,--.,b,,nmk)=qo(n)a,(ﬁj.

1<K by by by <n d
ged(k,n)=1

Hh o REK$L @ BB, 0, (n)= Z‘:d’ » By B—MEnK ST R KAN T ERHME. AT, RITEH
AT B ARHAIE 9 IEXZ MRS T S EHE R E RS K [2].

Xiia
Menon-Sury{E<53, KFTTHERFAE, B o WL

Copyright © 2019 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

1. 5[
1965 4, PK. Menon [3]KH T T X ANE & () 1E 25 2K
Y. ged(k—1n)=p(n)z(n) (1)
gctli?/]\f,gr:;:l
ﬁt!ﬂneN:{l,z,---}, @ BB @ WL Hoz(n) 2 n BT 2009 4, Sury [4[HEXAMESHET
BT T X
> ged(k=1,b,,b,,--,b,,n)=g¢(n)o, (n) (2)
1<k, by by ,---,b, <n

ged(k,n)=1

H o, (n)=>d" . Menon-Sury H%F 300 vf g e BIBA A PRI AR 1) Dedekind B3 o iX 77 [0 7E 2014

d‘n
SEE— XKW Miguel FH| Burnside 5| BEFIAZ #A B 18 5E [ 5] [6]. 2017 4F, Zhao # Cao [7]152] /T #HH —1
HKH) 5 B REAETE 3 Menon 1H % 5K
> gcd(k—l,n);((k)=(p(n)r(§j (3)

1<k<n
ged(k,n)=1

SRJG Toth I FEMHFEARRKBAE n)H 5B —F ik LidZE0melitE—SH#Er, fEANA, htss T

4 2% Ramanujan A AR &I, Li, Hu M Kim [1767Q2), GWE#E—H4, 3 HIFEH 7 FEmA

EF,

FH 1.1 (1] Li, Huf Kim): %8 y & — A 0 B FIKR 0 B RAE, WERATE R i1E 2.
> ged(k—1,b,,b,,---,b,,n) y (k)= p(n) .

1<k by by v--.by <n
gcd(k,n):l
EH 1.2 ([1] Li, HuM Kim): W3R n,b,b,,.b, e N, y R&—MEn T TR d IR 7 EHHALE,
AT T T A 1E A8
> gcd(k—I,bl,bz,u-,b,,n);((k)=go(n)o;[ﬁ)o
1sk,bld(b]%,-~j,17],g,1 d
ged(k,n)=

»

k

y

DOI: 10.12677/pm.2019.92024 189 ELIR7RA

%


https://doi.org/10.12677/pm.2019.92024
http://creativecommons.org/licenses/by/4.0/

V=

Hid: fEEH 12 18 y =y, BIPPJURAE, FA1152) Menon-Sury 1H550(2). £ r=0, A5
Zhao 1 Cao HJTHZET(3).
ARSI A BT 45 2308 F AR o B SRR 1) 1 22 P AN A) S U B3 B BT E B T A4

2. EFH 1.1 A9ERA
AT IEHEAIR W, FETNmYA5H#,
B 2.1: R p e NEE amueNWHEm<a H y A p* AERHME, WIRATA
> ;((1+up'”)=0 .
u=1
S WU ={Teup” | <usp " (21 pZ) A TR 52X
r:(z1p'z) > (z1p"z)
aa

WSS kerf =U . FLE, Wb=1+up" U, ?ﬂiﬂ‘]ﬁf(g):E:T(modp'")ﬂlUckerf . BN

o(r') _p(p-1)_ .,
#k = = = =#U,
! o(p") P (p-1)

NHE R, ITE

(z/p°2) Ikerf=(21p"2) ,
fiblkerf=U . TiiH, BA g &AM p*(a>m) AFRAE, x|, € U BR—ADIEFJUFIE. B
O RHIE R IEASPE, FRATIIR F

P

Dx(s)=0=>3" Z(l+up”’) .

seU u=l1

S 2.2 ([1], FIE 24): R pR—AFH, BRE a,m,r,b,b,, b ik a-m-120, WILATH
Ll

1<k,by by b, < p?
ged(by by by J=p”

5B 2.3 ([7], BIFE 2.1)): Ep & NEE n2—NIEBEL H y 24 p" BAREKIKF 7 EH
FRIE, W m 2—ANIERBHI1<m<n, NWEAITHE

I<k<p"™"
ged(k,p)=1

51# 2.4 (7], BIE 24]): Wp—ANFEH, n 2—NIEEL, H y2—ME p" BEIEF LRIKF
WL, HRp (1<I<n) Ry ST, WMBEmE—NEBKA1<m<n, WEAH
¢(p””"), I<m<n;

}((kp'"+l)= —p”’], m=1-1;
Y 0, 1<m<l-1.

m=n—1.

1<k<p™
ged(k,p)=

TH 1.1 KIEH:

DOI: 10.12677/pm.2019.92024 190 S H


https://doi.org/10.12677/pm.2019.92024

V=

Wr)= Y ged(k-Lbubybyn) 7, (k) o Foft g, F— A 0 ORISR AFAE, 724E 5,0 < N
1<k,by by voosby <n
ged(k,n)=1

f#13 ged(s,0) =1, FLAR FE%R,

fst)= 3 ged(k=Lhubybost) 7, (k)

ged(k,st)=1
= > > ged(kit+kys —1,b,,b,,--,b,,st) 7, (kt +k,s) x, (Kt + ky5)
15ky by by by S5 1k by by yronsby <t
ged(kp,5)=1 ged(ky,1)=1 (4)
- ¥ S ged(kt—Lb.byw.b,.5)ged(kys — LBy by b t) . (Kit) 7, (Kys)
12ky by by by <5 1k by by ooy <t
gcd(kl s)=1 ged(ky t):l

INRIATIT LA £ R RG, T ELAE—ANE k IR SRRy AR RE S B — 105 O A
KOTR 7 =220, 2 » Helk=kky -k, god(k.k)=1. i#j, H g "Bk MR e,
By AR, WG g, Bk RARR. Fim REATBEEVXE A p*, A £(p)=0(p") R
S, TRAEEL | ERIRESER T . e, FRATEIAERHSE £ ()

f(p")= Z eed(k=Lbyib ) 1, (F)

1<k, by by by <p
gcd(k Y=l
= > gcd(k Lbybysosb,,p") 7, (k)
1<k by by b, <
- }; ged(k=1b,by,,b,, p* ) . (k) + > %, (k)
1<k by by -+, < p® 1<k, by by P
gcd(k—],bl byeeby ”);tl gcd(k—l,bl by ):1
a a
= 2 P"x . (k)= )y o)+ 2 2 x,.(k)
m=1 1<k by by ++,b. < p® =1 1<k by by ++,b. < p® 1<by by o+, b, < p® 1<k<p?
ged(k=Lby by ooy p J=p" eed(k=Lby by by p J=p"
= z (pm—l);(pa (k)y+ > 0
m=1 1<k by by o o,b <p* 1<by by ,++,b,<p*
gcd(k Lby by, p"):p’"
=>(r"-1) X > oz ()rX(em-) X > x. (k)
m=1 1<by by b < p® 1<k<p? m=1 1<by by o, b, < p° 1<k<p?
ng(b] »bzs'wbr,p“):pj gcd(kfl,ps):p'” ng(blst ) p gcd(k Lp* ) "
S=a s<a
=X(p"-1) X >z X (1) X >z, (k)
m=1 1<by by b < p® 1<k<p® m=1 1<by by o ,b, < p° 1<k<p®
gcd(bl »bz,---,br,p"):p" gcd(kflﬁp“):p"’ gcd(ln,bz,---.br,p” =p* gcd(kfl,p”):p'”
m=a m#a
a-1 a=2
2(m-1) X > oz, X(em-1) X >z, (k)
m=1 1<by by +-,b, <p* I1<k<p® m=1 1<by by b, <p® I<k<p®
gcd(b1 by seiby D ):px gcd(kflvp“' )=P’” ng(bI Wby by ,p”):px gcd(kfl,p‘)wm
s<a s=m s<a m<s
1 (1*1 pﬂ*lﬂ
=p' —p* +Z(p’"—l) Z Z;{pa (l+up'”)+0
m=1 1<by, 172 pa u=1
5Cd(b1 by )=

e — A AERGEH G 23 /58], AJadigl B 2.0, WATH:

DOI: 10.12677/pm.2019.92024 191 S H


https://doi.org/10.12677/pm.2019.92024

FTAFRAIZE R T B 1.1 fRAE R .
3. B 1.2 g93ERA

B, BB F I .
A 300 AR g R pt KR TARE, H p (0</<a)f x ST, WRAME FHE

W

o <p
1
PERH: R I1=0, M y2& AP NARE, LGB Sury FITESE(Q2). WR1=a, W y 2

p AR ERHAE, X B2 B 11, X TR P, AR4E e 1.1 MIER, JAOTE
Y ged(k=Lb.byb,p") 1 (K)

1<k by by by <
gcd(k,p“ =1
-1 -1
Sy Y 20X X Y 7.0
m=1 1<k<p? ’ m=1 1<by by ,+++,b, < p° 1<k<p® r
gcd(k—l,pa):p'" gcd(bl,bz,m,b,,p”):p”’ gcd(k—l,pm ):pm
m#a m<a
a=2
2 (rm-) X >z (k)
m=1 1<by by ,++,b,<p® 1<k<p®

ng(bI by by p” )=pS gcd(k—l,p“' ):pm
m<s<a

N T IHEIR S, K B IR

A4=p’-1,
a—1
B= Zl(p”’ -1 Xz (k)
m= 1<k<p®
gcd(k—l.p}‘:):pm
a-1
c=x(r-1) X > z,.(k)
m=1 1<by by o+, < p* 1
ged(br by by =p™ ged(k=Lp" J=p"
a-2
D= (p"-1) X 2 2. (k)
m=1 1<by by b <p“ 1
gcd(bl,bzw-.br.p“):pj gcd(k Lp )=p'”
WAESHIVHE B, C, D &5, 51 2.4, FATH
a-1
B=Y(p"-1) X x.(1+jp")
m=1 1<j<p™
ged(/,p)=1
1-1 a—1
Sr) T (e S ) 3 g (07)
m=1 <j< m=l <j<pdm
sed(p)-1 el /7)1

DOI: 10.12677/pm.2019.92024 192 S H


https://doi.org/10.12677/pm.2019.92024

=1-p*! +(a—l)(p(p“>

PG 2.2, RAEH:

e, W51 22 M5H# 24 1155 D, 53]
D=§,(p'”—1)az_‘, > > oz, (")

s=m+l1<by by b <p? 1<j<pt T
ged(by by by p J=pt 2o P)

a=2

S e

m=1 1<j<pim
ged(j,p)=1
-1

= ) () B 0ea)

=1 1<j<p*™
ged(j,p)=1

S (o) (1-(07) ) 2 g (147
" b o

_ ( P plrie

a=2 a=2 a=2

a=2
+ parfl‘(0<pa )(zpmr _ Zprfar _ Zp(frfl)m + Zprarpmj
m=l

m=l m=I[ m=l

LK T 4, B, C, D FIERAER, LR 5450 N:

DOI: 10.12677/pm.2019.92024 193 S H


https://doi.org/10.12677/pm.2019.92024

8

i

A+B+C+D:¢)(P“)o;(paJ,

PG 2 7 JATARZE A 4

SEE 1.2 R Wn=]]_p" Md=[]_p" (0<bh<a). HEME L1 FIEH, WR y H3MH

X=X Xy Xy + 0 g(;(pl) oy, e T, WEAA g(;{):g(;(pl)g(;(pz)---g(;(p’_) H
g(;(p[):pib‘ (1<i<r). ERER, WTAERIIE 0 BRE y BB S (n) RBERL@). T2 H

3.1, #ATH
> ged(k=L1b,b,,-,b,,n) x (k)
1<kby by iy <n
ged(k,n)=
:H z ng(k_lablabe brsn)lk,» (k)
i=1| 1<k,by,by,--,b.<n
gcd(k,n):l
- ‘ p;
= . O —_—
] {@(p, ) r(p,-' D
n
o)
EEE .
S E WK

(1]

Li, Y., Hu, X. and Kim, D. (2018) A Generalization of Menon’s Identity with Dirichlet Characters. International
Journal of Number Theory, 14, 2631-2639. https://doi.org/10.1142/S1793042118501579

Apostol, T.M. (1976) Introduction to Analytic Number Theory. Undergraduate Texts in Mathematics. Springer-Verlag,
New York/Heidelberg

Menon, P.K. (1965) On the Sum (a-1, n)[(a, n) = 1]. Journal of the Indian Mathematical Society, 29, 155-163.

Sury, B. (2009) Some Number-Theoretic Identities from Group Actions. Rendiconti del Circolo Matematico di
Palermo, 58, 99-108. https://doi.org/10.1007/s12215-009-0010-6

Miguel, C. (2014) Menon’s Identity in Residually Finite Dedekind Domains. Journal of Number Theory, 137, 179-185.
https://doi.org/10.1016/j.jnt.2013.11.003

Miguel, C. (2016) A Menon-Type Identity in Residually Finite Dedekind Domains. Journal of Number Theory, 164,
43-51. https://doi.org/10.1016/j.jnt.2015.12.018

Zhao, X.-P. and Cao, Z.-F. (2017) Another Generalization of Menon’s Identity. International Journal of Number
Theory, 13, 2373-2379. https://doi.org/10.1142/S1793042117501299

Hans X

RIS R BB R A 2K
1. FTHF51M BUE http:/kns.cnki.net/kns/brief/result.aspx?dbPrefix=WWJID

THIFIRHEESE: [ISSN], HAHITI ISSN: 2160-7583, RIF[ A

2. FTHFHIM B 7T http:/cnki.net/

FEM  EBRSCERE P BN, RIASCE bR, R

hEE S http://www.hanspub.org/Submission.aspx

HATIHEAS : pm@hanspub.org

DOI: 10.12677/pm.2019.92024 194 S H


https://doi.org/10.12677/pm.2019.92024
https://doi.org/10.1142/S1793042118501579
https://doi.org/10.1007/s12215-009-0010-6
https://doi.org/10.1016/j.jnt.2013.11.003
https://doi.org/10.1016/j.jnt.2015.12.018
https://doi.org/10.1142/S1793042117501299
http://kns.cnki.net/kns/brief/result.aspx?dbPrefix=WWJD
http://cnki.net/
http://www.hanspub.org/Submission.aspx
mailto:pm@hanspub.org

	Menon-Sury’s Identity with a Dirichlet Character
	Abstract
	Keywords
	带有一个狄利克雷特征的Menon-Sury恒等式
	摘  要
	关键词
	1. 引言
	2. 定理1.1的证明
	3. 定理1.2的证明
	参考文献

