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Abstract

Let c be a nonzero finite complex number, let f be a transcendental meromorphic

function of finite order, and let R be a nonconstant rational function. It is studied

that the relationship between the exponent of convergence of zeros of f(z) − R(z),

f(z+ c)−R(z), and ∆cf(z)−R(z) and the order of f . This improves the results of Chen,

Zhang-Chen and Chen-Zheng.
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1. Úó9Ì�(J

�©¥, æX¼ê��´3��E²¡þ�æX¼ê. ±eò¦^�©ÙØ¥�IOP

ÒT (r, f), m(r, f), N(r, f), S(r, f), · · · (ë� [1] [2] [3] [4]),Ù¥S(r, f)L«?�¼êf÷vS(r, f) =

o{T (r, f)} , r →∞, r 6∈ E, E´��éêÿÝk¡�r�8.

�a´E²¡þ�æX¼ê(�±ð�∞), XJa÷vT (r, a) = S(r, f), ¡a´f��¼ê. �©

^ρ(f), λ(f) Úλ( 1
f

)©OL«f�?, f�":Ú4:Âñ�ê,

ρ(f) = lim
r→∞

log+ T (r, f)

log r
,

λ(f) = lim
r→∞

log+N(r, 1
f

)

log r
,

λ(
1

f
) = lim

r→∞

log+N(r, f)

log r
.

d´��Eê, eλ(f − d) < ρ(f), ¡d �f�Borel~	�. �f´��E²¡þ�~êæX¼ê,

c´���"k¡Eê, f��©�∆cf(z) = f(z + c)− f(z).

�CA�c5, k'æX¼ê�9�©�²£�ØÄ:, æX¼ê�Ù²£Ú�©�ØÄ:�

?�'X�Ñk
Nõ#�ïÄ¤J, X [5–14]. 2000 c, Fang [12]ïÄ
æX¼ê��ê�ØÄ
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:��©Ù, y²


½nA �f´����æX¼ê, ef�¤k":Ú4:­?þ≥ 2, Kf ′kÃ¡õ�ØÄ:.

2008c, Chen-Shon [10]ïÄ
���¼êÚæX¼ê�":ÚØÄ:. 2013c, Chen [8]ïÄ


æX¼ê�Ù²£Ú�©�ØÄ:�?�m�'X, y²


½nB �f´E²¡þ���÷vλ( 1
f

) < ρ(f)�k¡?æX¼ê, c´���"k¡Eê, ÷

vf(z + c) 6≡ f(z) + c, Kk

max{τ(f(z)), τ(∆cf(z))} = ρ(f),

max{τ(f(z)), τ(f(z + c))} = ρ(f),

max{τ(∆cf(z)), τ(f(z + c))} = ρ(f).

Ù¥τ(f)L«fØÄ:�Âñ�ê(eÓ).

2016c, Zhang-Chen [14]�Ñ½nB¥�^�λ( 1
f

) < ρ(f)ØU�K,¿ò^�U�λ (f(z)− d) <

ρ(f), d´��k¡Eê, ½nB�,¤á, y²


½nC �d´��k¡Eê, f´E²¡þ���÷vλ (f(z)− d) < ρ(f) �k¡?æX¼ê,

c´���"k¡Eê, Kk

max{τ(f(z)), τ(∆cf(z))} = ρ(f),

max{τ(f(z)), τ(f(z + c))} = ρ(f),

max{τ(∆cf(z)), τ(f(z + c))} = ρ(f).

2003c, Bergweiler-Pang [6]í2¿U?
½nA, y²


½nD �f´��k¡?��æX¼ê, P 6≡ 0´��õ�ª, ef�¤k":­?≥ 2, �Kk

��~	, Kf ′ − PkÃ¡õ�":.

½nE �f´����æX¼ê, R 6≡ 0´��kn¼ê, ef�¤k":Ú4:­?þ≥ 2, �

Kk��~	, Kf ′ −RkÃ¡õ�":.

2019c, Chen-Zheng [7]í2
½nC, y²


½nF �c´���"k¡Eê, f´��k¡?��æX¼ê, m ∈ N+, P (z) = pmz
m +

pm−1z
m−1 + · · · + p0´���~êõ�ª, pi ∈ C, i = 0, 1, · · · ,m, �pm 6= 0, efk��Borel~	

�d ∈ C,Kk

max{λ(f(z)− P (z)), λ(∆cf(z)− P (z))} = ρ(f),

max{λ(f(z)− P (z)), λ(f(z + c)− P (z))} = ρ(f),

max{λ(∆cf(z)− P (z)), λ(f(z + c)− P (z))} = ρ(f).

g,¬¯, éuk¡?��æX¼ê�kn¼ê�":Âñ�ê´Ä�kaqu½nF�(Ø.
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½n1 �c´���"k¡Eê, f´��k¡?��æX¼ê,

R(z) =
apz

p + ap−1z
p−1 + · · ·+ a0

bqzq + bq−1zq−1 + · · ·+ b0

´���~êkn¼ê, Ù¥ap 6= 0, ap−1, · · · , a0, bq 6= 0, bq−1, · · · , b0´k¡Eê, p, q´�K�ê,

�p+ q ≥ 1. efk��Borel~	�d ∈ C, Kk

max{λ(f(z)−R(z)), λ(∆cf(z)−R(z))} = ρ(f),

max{λ(f(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f),

max{λ(∆cf(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f).

½n2 �c´���"k¡Eê, f´��k¡?��æX¼ê,

R(z) =
apz

p + ap−1z
p−1 + · · ·+ a0

bqzq + bq−1zq−1 + · · ·+ b0

´���~êkn¼ê, Ù¥ap 6= 0, ap−1, · · · , a0, bq 6= 0, bq−1, · · · , b0´k¡Eê, p, q´�K�ê,

�p+ q ≥ 1. efk��Borel~	�d =∞, ∆cf(z)´��æX¼ê, Kk

max{λ(f(z)−R(z)), λ(∆cf(z)−R(z))} = ρ(f),

max{λ(f(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f),

max{λ(∆cf(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f).

~1 �f(z) = ez + R(z), R(z)´kn¼ê, c´÷vec = 1��"~ê. K∆cf(z) = R(z +

c) − R(z), ρ(f) = 1, �λ(f(z) − R(z)) = 0, λ(∆cf(z) − R(z)) = 0, λ(f(z + c) − R(z)) = 0. Ï

dmax{λ(f(z)−R(z)), λ(f(z + c)−R(z)), λ(∆cf(z)−R(z))} < ρ(f).

~1`²½n2¥�^�∆cf(z)´��æX¼ê´7I�.

2. �
Ún

�
y²�©�(J, I�XeA�Ún.

Ún2.1 [11] [14]�f´E²¡þ���k¡?æX¼ê, c´���½��"k¡Eê, d ´�

�k¡Eê, Kéu?¿�ε > 0, k

T (r, f(z + c)) = T (r, f) +O(rρ(f)−1+ε) +O(log r),

N(r, f(z + c)) = N(r, f) +O(rρ(f)−1+ε) +O(log r),

N

(
r,

1

f(z + c)− d

)
= N

(
r,

1

f(z)− d

)
+O(rρ(f)−1+ε) +O(log r).
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Ún2.2 [2]�f´E²¡þ���æX¼ê, Kéuf�¤kØ��kn¼ê

R(z, f(z)) =

p∑
i=0

ai(z)f
i(z)

q∑
j=0

bj(z)f j(z)

,

Ù¥ai(z), i = 0, 1, · · · , p, bj(z), j = 0, 1, · · · , q´f��æX¼ê, Kk

T (r,R(z, f(z))) = max{p, q}T (r, f) + S(r, f).

Ún2.3 [14]�f´E²¡þ���æX¼ê, ÷vN(r, f) +N(r, 1
f

) = S(r, f).-

F (z) =
a0(z)f

p(z) + a1(z)f
p−1(z) + · · ·+ ap(z)

b0(z)f q(z) + b1(z)f q−1(z) + · · ·+ bq(z)
,

Ù¥ai(z), i = 0, 1, · · · , p, bj(z), j = 0, 1, · · · , q´f��æX¼ê, �a0b0ap 6≡ 0, eq ≤ p, T (r, F ) ≥
T (r, f) + S(r, f), Kk

λ(F ) = ρ(f).

Ún2.4 [3]�f1(z), f2(z), · · · , fn(z)´E²¡þ�æX¼ê, g1(z), g2(z), · · · , gn(z)´�¼ê,

÷v±e^�

(1)
n∑
j=1

fj(z)e
gj(z) ≡ 0;

(2)éu1 ≤ j < k ≤ n, gj(z)− gk(z) Ø�~ê;

(3)éu1 ≤ j ≤ n, 1 ≤ h < k ≤ n,

T (r, fj) = o{T (r, egh−gk)}, r →∞.

Kéuj = 1, 2, · · · , n, kfj(z) ≡ 0.

Ún2.5 [7] [14]�H´E²¡þ���æX¼ê, h´÷vdeg h ≥ 1�õ�ª, c´���"k¡

Eê, eρ(H) < ρ(eh), Kk

T (r,H) = S(r, eh), T (r,H(z + c)) = S(r, eh), T (r, eh(z+c)−h(z)) = S(r, eh).

éuj = 1, 2, · · · , n, T (r,H(z + jc)) = S(r, eh). éuk ∈ N+, s ∈ N, k > s, T (r, eh(z+kc)−h(z+sc)) =

S(r, eh).

3. ½n�y²

½n1�y²
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b�λ(f(z)−R(z)) < ρ(f), eyλ(∆cf(z)−R(z)) = λ(f(z + c)−R(z)) = ρ(f). -

F1(z) =
f(z)−R(z)

f(z)− d
. (3.1)

dÚn2.2�T (r, F1) = T (r, f) + S(r, f),Kρ(F1) = ρ(f) <∞, Ïdk

λ(
1

F1

) = λ(f(z)− d) < ρ(f) = ρ(F1),

λ(F1) = λ(f(z)−R(z)) < ρ(f) = ρ(F1),

ù¿�X0Ú∞´F1�Borel~	�. dHadamardÏf©)½n, �

F1(z) = A1(z)e
B1(z). (3.2)

Ù¥A1(z) 6≡ 0´÷vρ(A1) < ρ(F1) = ρ(f)�æX¼ê. B1(z)´÷vρ(f) = ρ(F1) = degB1(z) ≥
1�õ�ª.

d(3.1)(3.2)�

f(z) =
R(z)− d
1− F1(z)

+ d =
R(z)− d

1−A1(z)eB1(z)
+ d. (3.3)

d(3.3)�

∆cf(z) =f(z + c)− f(z)

=
R(z + c)− d

1−A1(z + c)eB1(z+c)
− R(z)− d

1−A1(z)eB1(z)

=

[
(d−R(z + c))A1(z) + (R(z)− d)A1(z + c)eB1(z+c)−B1(z)

]
eB1(z) +R(z + c)−R(z)

[A1(z)A1(z + c)eB1(z+c)−B1(z)] e2B1(z) + [−A1(z + c)eB1(z+c)−B1(z) −A1(z)] eB1(z) + 1

=
D1(z)e

B1(z) +R(z + c)−R(z)

D3(z)e2B1(z) +D2(z)eB1(z) + 1
, (3.4)

Ù¥

D1(z) = (d−R(z + c))A1(z) + (R(z)− d)A1(z + c)eB1(z+c)−B1(z),

D2(z) = −A1(z + c)eB1(z+c)−B1(z) −A1(z),

D3(z) = A1(z)A1(z + c)eB1(z+c)−B1(z) 6≡ 0.

R(z + c)−R(z) =
ap(z + c)p + ap−1(z + c)p−1 + · · ·+ a0
bq(z + c)q + bq−1(z + c)q−1 + · · ·+ b0

− apz
p + ap−1z

p−1 + · · ·+ a0
bqzq + bq−1zq−1 + · · ·+ b0

=
apbq(C

1
p − C1

q )c · zp+q−1 + · · ·+ (apc
p + · · ·+ a1c)b0 − (bqc

q + · · ·+ b1c)a0

[bq(z + c)q + bq−1(z + c)q−1 + · · ·+ b0] [bqzq + bq−1zq−1 + · · ·+ b0]
6≡ 0.
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d(3.4)�

∆cf(z)−R(z) =
D1(z)e

B1(z) +R(z + c)−R(z)

D3(z)e2B1(z) +D2(z)eB1(z) + 1
−R(z)

=
−R(z)D3(z)e

2B1(z) + (D1(z)−R(z)D2(z))e
B1(z) +R(z + c)− 2R(z)

D3(z)e2B1(z) +D2(z)eB1(z) + 1

=
−R(z)D3(z)e

2B1(z) +D4(z)e
B1(z) +R(z + c)− 2R(z)

D3(z)e2B1(z) +D2(z)eB1(z) + 1
, (3.5)

Ù¥

D4(z) = D1(z)−R(z)D2(z) = (d−R(z + c) +R(z))A1(z) + (2R(z)− d)eB1(z+c)−B1(z).

R(z + c)− 2R(z) =
ap(z + c)p + ap−1(z + c)p−1 + · · ·+ a0
bq(z + c)q + bq−1(z + c)q−1 + · · ·+ b0

− 2
apz

p + ap−1z
p−1 + · · ·+ a0

bqzq + bq−1zq−1 + · · ·+ b0

=
−apbqzp+q + · · ·+ (apc

p + · · ·+ a1c)b0 − 2(bqc
q + · · ·+ b1c)a0 − a0b0

[bq(z + c)q + bq−1(z + c)q−1 + · · ·+ b0] [bqzq + bq−1zq−1 + · · ·+ b0]
6≡ 0.

d(3.4), R(z + c) − R(z) 6≡ 0�(3.5), R(z)D3(z) 6≡ 0�±wÑ∆cf(z) �∆cf(z) − R(z)´eB1(z)

�kn¼ê. Ï�ρ(A1) < ρ(eB1), dÚn2.5�, XêDi(z)(i = 1, 2, 3, 4)´eB1(z)��¼ê. w

,Di(z) 6≡ 0(i = 1, 2, 3, 4), dÚn2.4 �

D1(z)e
B1(z) +R(z + c)−R(z) 6≡ 0.

Kd(3.4)(3.5)�

T (r,∆cf(z)) ≥ T (r, eB1(z)) + S(r, eB1(z)),

T (r,∆cf(z)−R(z)) ≥ T (r, eB1(z)) + S(r, eB1(z)). (3.6)

d(3.5)(3.6)�Ún2.3�

λ(∆cf(z)−R(z)) = ρ(eB1(z)) = ρ(f), (3.7)

=

max{λ(f(z)−R(z)), λ(∆cf(z)−R(z))} = ρ(f).

d(3.3)�

f(z + c)−R(z) =
R(z + c)− d

1−A1(z + c)eB1(z+c)
+ d−R(z)

=
(R(z)− d)A1(z + c)eB1(z+c) +R(z + c)−R(z)

1−A1(z + c)eB1(z+c)
. (3.8)
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Ï�(R(z)−d)A1(z+c)+(R(z+c)−R(z))A1(z+c) = (R(z+c)−d)A1(z+c) 6≡ 0,¤±f(z+c)−R(z)�

±w�eB1(z+c)�Ø��kn¼ê. Ï�ρ(A1(z + c)) = ρ(A1) < ρ(eB1) = ρ(eB1(z+c)), dÚn2.5�

T (r,A1(z + c)) = S(r, eB1(z+c)). (3.9)

d(3.8)(3.9)�Ún2.2�

T (r, f(z + c)−R(z)) = T (r, eB1(z+c)) + S(r, eB1(z+c)).

dÚn2.3�

λ(f(z + c)−R(z)) = ρ(eB1(z+c)) = ρ(eB1) = ρ(f), (3.10)

=

max{λ(f(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f).

b�λ(f(z + c)−R(z)) < ρ(f), eyλ(∆cf(z)−R(z)) = ρ(f). -

F2(z) =
f(z + c)−R(z)

f(z + c)− d
. (3.11)

d(3.11)�

f(z) =
R(z − c)− d
1− F2(z − c)

+ d. (3.12)

d(3.11)(3.12)�Ún2.1�

ρ(F2) = ρ(F2(z − c)) = ρ(f).

dÚn2.1�λ(f(z)− d) < ρ(f), �

λ(
1

F2

) = λ(f(z + c)− d) = λ(f(z)− d) < ρ(f) = ρ(F2),

λ(F2) = λ(f(z + c)−R(z)) < ρ(f) = ρ(F2),

ù¿�X0Ú∞´F2�borel~	�. aqu(3.2)-(3.7)�L§��

λ(∆cf(z)−R(z)) = ρ(f). (3.13)

=

max{λ(∆cf(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f).

y..
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½n2�y²

b�λ(f(z) − R(z)) < ρ(f), eyλ(∆cf(z) − R(z)) = λ(f(z + c) − R(z)) = ρ(f). Ï�λ( 1
f

) <

ρ(f), R´���~êkn¼ê, dHadamardÏf©)½n, k

f(z)−R(z) = α(z)ep(z), (3.14)

Ù¥α(z)´÷vρ(α) < ρ(f)�æX¼ê, p(z)´÷vdeg p = ρ(f)��~êõ�ª. Ïd

T (r, α) = S(r, ep), T (r, f) = T (r, ep) + S(r, f). (3.15)

d(3.14)�

∆cf(z) = f(z + c)− f(z)

= R(z + c) + α(z + c)ep(z+c) −R(z)− α(z)ep(z)

=
[
α(z + c)ep(z+c)−p(z) − α(z)

]
ep(z) +R(z + c)−R(z)

= D5(z)e
p(z) +R(z + c)−R(z), (3.16)

Ù¥D5(z) = α(z + c)ep(z+c)−p(z) − α(z). d(3.15)�T (r,D5) = S(r, f). Ï�∆cf(z)´��æX¼

ê, KD5(z) 6≡ 0. d½n1�y², R(z + c)−R(z) 6≡ 0. d(3.15)(3.16)�Nevanlinna 1�Ä�½n,

�

T (r,∆cf) = T (r, ep) + S(r, f),

N

(
r,

1

∆cf −R

)
= T (r, ep) + S(r, f).

Ïd

λ(∆cf(z)−R(z)) = ρ(f). (3.17)

=

max{λ(∆cf(z)−R(z)), λ(f(z)−R(z))} = ρ(f).

d(3.14)�

f(z + c)−R(z) = R(z + c) + α(z + c)ep(z+c) −R(z)

=
[
α(z + c)ep(z+c)−p(z)

]
ep(z) +R(z + c)−R(z)

= D6(z)e
p(z) +R(z + c)−R(z), (3.18)

Ù¥D6(z) = α(z + c)ep(z+c)−p(z). aqu(3.16)(3.17)�L§��

λ(f(z + c)−R(z)) = ρ(f).
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=

max{λ(f(z + c)−R(z)), λ(f(z)−R(z))} = ρ(f).

b�λ(f(z + c)−R(z)) < ρ(f), eyλ(∆cf(z)−R(z)) = ρ(f). aqu(3.14)-(3.17)�L§��

λ(∆cf(z)−R(z)) = ρ(f).

=

max{λ(∆cf(z)−R(z)), λ(f(z + c)−R(z))} = ρ(f).
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