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short MDS) codes, which have the strongest error correction ability and are widely

applied in error-correcting code. In this paper, we study the Hermitian hulls of MDS

codes. We use the generalized Reed-Solomon code to construct MDS codes with

`-dimensional (` ≥ 1) Hermitian hull.
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1. Úó

�5è C ����´� C �Ùéóè C ���m. �����êK�XO� C �gÓ�+�
E,Ý [1] [2]Úd C �E�Å�þfÅ�è��'ëê [3], ©z [4] [5] [6] [7] ?Ø
 Euclidean�

��Ú Hermitian�����êÚ²þ�ê. ����ê���è´�5pÖéóè ({¡� LCD

è) , =����ê� 0 , 3�èÆ¥�O-|ý&�©ÛÚ�Ø5\ôÂ±9�E�`½4�Å�

�Å�9ÏþfÅ�è¥k�'A^. 4�ål�©è({¡� MDSè)´�� Singleton.�è.

MDSèÏÙÅ�Uå�r, 3ó§þk2��A^, ÏïÄMDSè�����Úå
ïÄ<


�'5 [8–13].

73©z [8]¥�Ñ¤kóA�k��þ� Euclidean LCD MDS èÚÜ©ÛA�k��þ

� Euclidean LCD MDSè. ��¨Ú Beelen3©z¥|^�ê¼ê�q�E
ÛA�k��þ

�
#� Euclidean LCD MDSè. Û�3©z [10]¥ïÄ
2Â Reed-SolomonèÚ*Ð�2Â

Reed-Solomon è����, ¿ò(JA^u�EÅ�9ÏþfÅ�è. ��<3©z [11]¥|^2

Â Reed-Solomonè��E
AaÛA�k��þ� Euclidean LCD MDSè. �Euclidean SÈ½

Âéóèaq, Ó��±|^HermitianSÈ!GaloisSÈ�5½Âéóè, ���A����. ©

z [14]¥�E
Aa Hermitian LCD Ì�è, ¿�Ñù
è�Ä�ëê; ©z [12](½
¤k�U

� Euclidean LCD MDSèÚ Hermitian LCD MDSè�ëê��, �´ù
è�²(�E¿vk

���Ñ. éu����ê�u 0��/, ©z [13]|^2Â Reed-Solomnè�E
�
MDSè,

ù
 MDS� Euclidean���Ú Hermitian�����êA��±�¤k�U��. �©Ó�ï

Ä�´����ê�u 0�MDSè��E. éu2Â Reed-Solomonè, ÏLïáÙ����êÚ

õ�ªgê�m�'é, �E
äk` (` ≥ 1)� Hermitian����MDSè. ·��EÑ�MDSè

�ëêÚ [13]¥ØÓ.

©ÙSN?üXe, 1�!·�0�
�
'u���Ú2ÂReed-Solomonè��'�£. 1

n!�E
äk 1� Hermitian���� MDSè, ¿�Ñ~f, ��31o!¥�E
äk`- �

Hermitian����MDSè.
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2. ý��£

3�©¥, ·�� q��ê�, r���ê, s´÷v 0 ≤ s ≤ r − 1��ê. - Q = qr, FQ L«

¹k Q����k��, F∗QL« FQ�¤k�"��/¤�¦{+, ´�N�

Fs : FQ → FQ ,

x 7→ x[s] = xq
s

´ FQ þ� Fq �gÓ�. Fn
Q L« FQ þ� n��þ�m. �þ�m Fn

Q �z� FQ þ��5f�m

CÑ����Q- �[n, k]�5è. eè C���ål÷v d = n− k+ 1 , K¡ C�4�ål�©è.

2.1. s-Galois���

� C ´ëê� [n, k]� Q��5è. ½Â�5è C � EuclideanéóèC⊥�

C⊥ =

{
b ∈ Fn

Q : 〈b, c〉 =

n∑
i=1

bici = 0,∀c ∈ C

}
.

Ù¥, 〈b, c〉��þ bÚ c� Euclidean�È.

½Â 2.1. �5è C ⊆ Fn
Q � Euclidean��� Hull(C)½Â�

Hull(C) = C ∩ C⊥.

5 1. � Hull(C) = 0�, ¡ C ��5pÖéóè§{¡� LCDè. � Hull(C) = C �, ¡ C �g
��è.

½Â 2.2 ( s-�Ý). (1) � α ∈ FQ , α� s-�Ý α[s] ½Â� α[s] = αqs .

(2) � a = (a1, a2, · · · , an) ∈ Fn
Q , �þ a� s-�Ý a[s] ½Â�

a[s] = (a
[s]
1 , a

[s]
2 , · · · , a[s]n ),

dd·���½Âè C ⊆ Fn
Q� s-�Ý

C[s] = {c[s] ∈ Fn
Q : c ∈ C}.

½Â 2.3. Fn
Q ¥ü��þ b = (b1, b2, · · · , bn)Ú c = (c1, c2, · · · , cn)� s-GaloisSÈ½Â�

〈b, c〉s = 〈b, c[s]〉.

5 2. � s = 0�, s-Galois�ÈÒ´ EuclideanSÈ. � r �óê, s = r
2
�, s-Galois�ÈÒ´

HermitianSÈ.

3 s-GaloisSÈe·��½Â�5è� s-Galoiséóè.

½Â 2.4. �5è C ⊆ Fn
Q � s-Galoiséóè½Â�

C⊥s =
{
b ∈ Fn

Q : 〈b, c〉s = 0,∀c ∈ C
}
.
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5 3. d©z [15]��, �5è C � s-GaloiséóèÒ´ C[s] �Euclideanéóè, =

C⊥s = (C[s])⊥.

aq�, ·��½Â�A� s-Galois���.

½Â 2.5. �5è C ⊆ Fn
Q � s-Galois��� Hulls(C)½Â�

Hulls(C) = C ∩ C⊥s .

w,, Q��5è C � s-Galois��� Hulls(C)�´ Q��5è.� C ⊆ Fn
Q´�5è. e

dimFQ
Hulls(C) = `,

K¡ C ´äk `� s-Galois�����5è.

½Â 2.6. �Xê3 FQ þ� tgõ�ª

f(x) = ftx
t + ft−1x

t−1 + · · ·+ f1x+ f0 ,

Ù¥ f0ft 6= 0. õ�ª f(x)� s-�Ýõ�ª f [s](x)½Â�

f [s](x) = f
[s]
t xt + f

[s]
t−1x

t−1 + · · ·+ f
[s]
1 x+ f

[s]
0 .

2.2. 2Â Reed-Solomonè

� α1, α2, · · · , αn ´k�� FQ ¥ n�ØÓ��� (l n ≤ Q ), k´÷v 1 ≤ k ≤ n��ê.

P

a = (α1, α2, · · · , αn)

Ú

v = (v1, v2, · · · , vn) ∈ (F∗Q)n.

·�¡Xe½Â��5è

GRSk(a,v) = {(v1f(α1), v2f(α2), · · · , vnf(αn)) : f(x) ∈ FQ[x]; deg f(x) < k} (2.1)

�2Â Reed-Solomon è({¡� GRS è). w,, GRSk(a,v) ´ëê� [n, k, n − k + 1]Q ��5

è [16], = GRSk(a,v)´MDSè. ´�, GRSè�éóèE�GRSè, ¿�kµ

Ún 2.7. [16] GRSk(a,v)� Euclideanéóè´

GRSn−k(a,w),

Ù¥ w = (w1, w2, · · · , wn), wi = 1
vi

∏
1≤j≤n,j 6=i(αi − αj)

−1 (i = 1, 2, · · · , n).

aq/, ·���Ñ2Â Reed-Solomonè� s-Galoiséóè��x.

Ún 2.8. ��ê k÷v 1 ≤ k ≤ n. GRSk(a,v)� s-Galoiséóè´

GRSn−k(a′,w),
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Ù¥ a′ = (α
[s]
1 , α

[s]
2 , · · · , α

[s]
n ), w = (w1, w2, · · · , wn),ùp

wi =
1

v
[s]
i

∏
1≤j≤n,j 6=i

(α
[s]
i − α

[s]
j )−1(i = 1, 2, · · · , n).

y² Ï��5è C � s-Galoiséóè´ C[s]� Euclideanéóè, ±9N� Fs´ FQþ� Fq �g

Ó�, ¤±

[GRSk(a,v)]⊥s =
{

[GRSk(a,v)][s]
}⊥

=
{

(v
[s]
1 f

[s](α
[s]
1 ), · · · , v[s]n f

[s](α[s]
n )) : f(x) ∈ FQ[x]; deg f(x) < k

}⊥
=
{

(v
[s]
1 f(α

[s]
1 ), · · · , v[s]n f(α[s]

n )) : f(x) ∈ FQ[x]; deg f(x) < k
}⊥

= [GRSk(a′,v′)]⊥,

Ù¥ a′ = (α
[s]
1 , α

[s]
2 , · · · , α

[s]
n ), v′ = (v

[s]
1 , v

[s]
2 , · · · , v

[s]
n ). dÚn 2.7=�y²T(Ø.

3. äk 1� Hermitian���� MDSè��E

�
�B, e¡�Ü©·�o´b� q��ê�, Q = q2, FQ L«¹k Q����k��, F∗Q
L« FQ�¤k�"��/¤�¦{+, d��5è C ⊆ Fn

Q� Hermitianéóè��P�

C⊥H =

{
(b1, b2, · · · , bn) ∈ Fn

Q :

n∑
i=1

bic
q
i = 0,∀(c1, c2, · · · , cn) ∈ C

}
.

� t´÷v 1 ≤ t ≤ Q− q��ê, n = q+ t (l q+ 1 ≤ n ≤ Q), �ê k÷v 1 ≤ k ≤ n, Fq =

{α1, α2, · · · , αq}Ú FQ = {α1, α2, · · · , αq, β1, β2, · · · , βQ−q}, Ù¥ βi ∈ FQ\Fq ( i = 1, 2, · · · , Q− q).
-

a = (α1, α2, · · · , αq, β1, β2, · · · , βt)

Ú

v = (v1, v2, · · · , vn) ∈ (F∗Q)n.

dÚn 2.8=��� GRSk(a,v)� Hermitianéóè.

íØ 3.1. GRSk(a,v)� Hermitianéóè´

GRSn−k(a′,w),

Ù¥ a′ = (α1, α2, · · · , αq, β
q
1 , β

q
2 , · · · , β

q
t ), w = (w1, w2, · · · , wn),ùp

wi =
1

vqi

∏
1≤j≤q,j 6=i

(αi − αj)
−1

∏
1≤m≤t

(αi − βq
m)−1, i = 1, 2, · · · , q,

wi =
1

vqi

∏
1≤j≤q

(βq
i−q − αj)

−1
∏

1≤m≤t,m6=i−q

(βq
i−q − βq

m)−1, i = q + 1, q + 2, · · · , n.
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½n 3.2. � k ≤ qÚ (n− k − 1)q < n. eéu?¿÷v 1 ≤ i ≤ q��ê iÑk∏
1≤j≤q,j 6=i

(αi − αj)
−1

∏
1≤m≤t

(αi − βq
m)−1 = vq+1

i , (3.1)

éu?¿÷v q + 1 ≤ i ≤ n��ê iÑk∏
1≤j≤q

(βq
i−q − αj)

−1
∏

1≤m≤t,m6=i−q

(βq
i−q − βq

m)−1 = vq+1
i , (3.2)

K GRSk(a,v)´äk 1� Hermitian����MDSè, �Ùëê� [n, k, n− k + 1]Q.

y² díØ 3.1��:

[GRSk(a,v)]⊥H = GRSn−k(a′,w),

Ù¥ a′ = (α1, α2, · · · , αq, β
q
1 , β

q
2 , · · · , β

q
t ), w = (w1, w2, · · · , wn), ùp

wi =
1

vqi

∏
1≤j≤q,j 6=i

(αi − αj)
−1

∏
1≤m≤t

(αi − βq
m)−1, i = 1, 2, · · · , q;

wi =
1

vqi

∏
1≤j≤q

(βq
i−q − αj)

−1
∏

1≤m≤t,m6=i−q

(βq
i−q − βq

m)−1, i = q + 1, q + 2, · · · , n.

e¡û½ GRSk(a,v)� Hermitian���, Ø��

(v1f(α1), · · · , vqf(αq), vq+1f(β1), · · · , vnf(βt)) ∈ GRSk(a,v) ∩ [GRSk(a,v)]⊥H ,

Ù¥ deg f(x) ≤ k − 1. Ïd, �3��gêØ�L n− k − 1�õ�ª g(x),¦�

(v1f(α1), · · · , vqf(αq), vq+1f(β1), · · · , vnf(βt)) = (w1g(α1), · · · , wqg(αq), wq+1g(βq
1), · · · , wng(βq

t )),

� {
vif(αi) = wig(αi), i = 1, 2, · · · , q;

vif(βi−q) = wig(βq
i−q), i = q + 1, q + 2, · · · , n.

d�ª (3.1)Ú (3.2)�� wi = vi 6= 0, é 1 ≤ i ≤ n, ÏdkXe�ª:{
f(αi) = g(αi), i = 1, 2, · · · , q;

f(βi−q) = g(βq
i−q), i = q + 1, q + 2, · · · , n.

þªL²µg(xq) − f(x) = 0 ��k n �ØÓ��, g(x) − f(x) = 0 ��k q �ØÓ��. Ï�

(n − k − 1)q < n, ¤± deg[g(xq) − f(x)] < n, Ïd g(xq) = f(x). d� deg f(x) = q · deg g(x), �

Ò´` deg f(x) ≥ deg g(x). qÏ� k ≤ q, ¤± deg[g(x) − f(x)] ≤ deg f(x) ≤ k − 1 ≤ q − 1. d

u g(x)− f(x) = 0��k q�ØÓ��, Ïd g(x) = f(x), ?k deg f(x) = deg g(x) = 0. Ïd,

GRSk(a,v)� Hermitian���´d�þ v)¤� 1��5�m. ½n�y.

e¡·��ÑA�äN�~f.

~ 3.1. � q = 4, Q = q2 = 16, γ ´k�� FQ ����, K

F16 = {0, 1, γ, γ2, · · · , γ14}
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Ú

F4 = {0, 1, γ5, γ10}.

- n = 6Ú k = 4, d� n ≥ q + 1, k ≤ q� (n− k − 1)q < n. À�

a = (α1, α2, α3, α4, β1, β2)

Ú

v = (v1, v2, v3, v4, v5, v6) ∈ (F∗16)6,

Ù¥ α1 = 0, α2 = 1, α3 = γ5, α4 = γ10, β1 = γ, β2 = γ4; v1 = γ14, v2 = 1, v3 = γ14, v4 = 1,

v5 = γ13, v6 = γ13.

�±�y, éu?¿÷v 1 ≤ i ≤ 4��ê i, (3.1)ª¤á. éu?¿÷v 5 ≤ i ≤ 6��ê i,

(3.2)ª¤á. d½n 3.2��µGRS4(a,v)´äk 1� Hermitian����MDSè, �Ùëê�

[6, 4, 3]16 .

~ 3.2. � q = 3, Q = q2 = 9, γ ´k�� FQ ����, K

F9 = {0, 1, γ1, γ2, γ3, γ4, γ5, γ6, γ7}

Ú

F3 = {0, 1, γ4}.

Ù¥, γ4 = 2.

- n = 5Ú k = 3, d� n ≥ q + 1, k ≤ qÚ (n− k − 1)q < n. À�

a = (α1, α2, α3, α4, α5)

Ú

v = (v1, v2, v3, v4, v5) ∈ (F∗9)5,

Ù¥ α1 = 0, α2 = 1, α3 = 2, α4 = γ2, α5 = γ6; v1 = γ, v2 = 1, v3 = 1, v4 = 1, v5 = 1.

�±�y, éu?¿÷v 1 ≤ i ≤ 3��ê i, (3.1)ª¤á. éu?¿÷v 4 ≤ i ≤ 5��ê i,

(3.2)ª¤á. d½n 3.2��µGRS3(a,v)´äk 1� Hermitian����MDSè, �Ùëê�

[5, 3, 3]9 .

4. äk `(` ≥ 1)� Hermitian���� MDSè��E

�!¥, � FQ = {α1, α2, · · · , αQ}, n´÷v 1 ≤ n ≤ Q��ê, �ê k÷v 1 ≤ k ≤ n. -

a = (α1, α2, · · · , αn)

Ú

v = (v1, v2, · · · , vn) ∈ (F∗Q)n.

dÚn 2.8=��� GRSk(a,v)� Hermitianéóè.
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íØ 4.1. GRSk(a,v)� Hermitianéóè´

GRSn−k(a′,w),

Ù¥ a′ = (αq
1, α

q
2, · · · , αq

n), w = (w1, w2, · · · , wn) ,ùp

wi =
1

vqi

∏
1≤j≤n,j 6=i

(αq
i − α

q
j)
−1, i = 1, 2, · · · , n.

½n 4.2. � (n− k − 1)q < n. eéu?¿÷v 1 ≤ i ≤ n��ê iÑk∏
1≤j≤n,j 6=i

(αq
i − α

q
j)
−1 = vq+1

i , (4.1)

K GRSk(a,v)´äk dk
q
e� Hermitian����MDSè, �Ùëê� [n, k, n− k + 1]Q .

y² díØ 4.1��:

[GRSk(a,v)]⊥H = GRSn−k(a′,w)

Ù¥ a′ = (αq
1, α

q
2, · · · , αq

n), w = (w1, w2, · · · , wn) ,ùp

wi =
1

vqi

∏
1≤j≤n,j 6=i

(αq
i − α

q
j)
−1, i = 1, 2, · · · , n.

e¡û½ GRSk(a,v)� Hermitian���, Ø��

(v1f(α1), v2f(α2), · · · , vnf(αn)) ∈ GRSk(a,v) ∩ [GRSk(a,v)]⊥H ,

Ù¥ deg f(x) ≤ k − 1. Ïd, �3��gêØ�L n− k − 1�õ�ª g(x),¦�

(v1f(α1), v2f(α2), · · · , vnf(αn)) = (w1g(αq
1), w2g(αq

2), · · · , wng(αq
n)),

� vif(αi) = wig(αq
i ), i = 1, 2, · · · , n.

d�ª (4.1)�� wi = vi 6= 0, é 1 ≤ i ≤ n, ÏdkXe�ª:

f(αi) = g(αq
i ), i = 1, 2, · · · , n.

þªL² g(xq)− f(x) = 0��k n�ØÓ��. Ï� (n−k− 1)q < n, ¤± deg[g(xq)− f(x)] < n,

Ïd g(xq) = f(x). d� deg f(x) = q · deg g(x), q deg f(x) ≤ k − 1, ¤± deg g(x) ≤ k−1
q
. =

deg g(x) ≤ bk−1
q
c.¤± Hermitian�����ê� bk−1

q
c+ 1 = dk

q
e. ½n�y.

e¡�ÑA�äN~f

~ 4.1. � q = 4, Q = q2 = 16, γ ´k�� FQ ����, K
F16 = {0, 1, γ, γ2, · · · , γ14}.

- n = 8Ú k = 6, d� (n− k − 1)q < n, dk
q
e = 2 . À�

a = (α1, α2, α3, α4, α5, α6, α7, α8)
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Ú

v = (v1, v2, v3, v4, v5, v6, v7, v8) ∈ (F∗16)8,

Ù¥ α1 = 0, α2 = 1, α3 = γ5, α4 = γ10, α5 = γ, α6 = γ4, α7 = γ3, α8 = γ12; v1 = γ14, v2 = γ14,

v3 = γ14, v4 = γ14, v5 = γ14, v6 = γ8, v7 = γ14, v8 = γ5.

�±�y, éu?¿÷v 1 ≤ i ≤ 8��ê i, (4.1)ª¤á. d½n 4.2��µGRS6(a,v)´ä

k 2� Hermitian����MDSè, �Ùëê� [8, 6, 3]16 .

~ 4.2. � q = 4, Q = q2 = 16, γ ´k�� FQ ����, K

F16 = {0, 1, γ, γ2, · · · , γ14}.

- n = 12Ú k = 9, d� (n− k − 1)q < n, dk
q
e = 3 . À�

a = (α1, α2, α3, α4, α5, α6, α7, α8, α9, α10, α11, α12)

Ú

v = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12) ∈ (F∗16)12,

Ù¥ α1 = 0, α2 = 1, α3 = γ5, α4 = γ10, α5 = γ, α6 = γ4, α7 = γ2, α8 = γ8, α9 = γ3, α10 = γ12,

α11 = γ11, α12 = γ14; v1 = v2 = v3 = v4 = γ, v5 = v6 = v7 = v8 = γ2, v9 = v10 = v11 = v12 = 1.

�±�y, éu?¿÷v 1 ≤ i ≤ 12��ê i, (4.1)ª¤á. d½n 4.2��µGRS9(a,v)´

äk 3� Hermitian����MDSè, �Ùëê� [12, 9, 4]16 .

~ 4.3. � q = 5, Q = q2 = 25, γ ´k�� FQ ����, K

F25 = {0, 1, γ, γ2, · · · , γ23}.

Ù¥§γ6 = 2, γ12 = 4, γ18 = 3.

- n = 9Ú k = 7, d� (n− k − 1)q < n, dk
q
e = 2 . À�

a = (α1, α2, α3, α4, α5, α6, α7, α8, α9)

Ú

v = (v1, v2, v3, v4, v5, v6, v7, v8, v9) ∈ (F∗25)9,

Ù¥ α1 = 0, α2 = 1, α3 = 2, α4 = 3, α5 = 4, α6 = γ2, α7 = γ10, α8 = γ7, α9 = γ11; v1 = γ5,

v2 = γ6, v3 = γ5, v4 = γ5, v5 = γ5, v6 = γ5, v7 = γ5, v8 = γ5, v8 = γ5.

�±�y, éu?¿÷v 1 ≤ i ≤ 9��ê i, (4.1)ª¤á. d½n 4.2��µGRS7(a,v)´ä

k 2� Hermitian����MDSè, �Ùëê� [9, 7, 3]25 .
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