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Abstract

By using the fixed-point theorem in cones, we obtain the existence of positive solutions

for the semi-positive second-order three-point boundary value problems
ω′′(t) + a(t)ω′(t) + b(t)ω(t) + λf(t, ω(t)) = 0, t ∈ (0, 1),

ω(0) = 0, αω(η) = ω(1)

where λ > 0, 0 < η < 1 satisfies 0 < αη < 1 and f ∈ C([0, 1] × [0,∞), (−∞,∞)), with

f(t, ω) ≥ −M for some positive constants M .
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1. Úó

~�©�§>�¯K3ÔnÆÚó§Eâ¥kX2��A^, 3£ãNõ­��åÆÚ>Æy

��L§¥, �����§ ω′′(t) = f(t, ω(t), ω′(t)) N\�½�>.^�, �Ò´`�§�½)^

�Ø=�6u)3«mà:þ���, 
��6u«mSÜ��
:þ��. 
'u>.^�, ~

��k Dirichlet >.^�, Robin >.^�Ú Neumann >.^�� [1]. Ù¥, õ:>�¯K�@

d Il’in Ú Moiseev m©ïÄ, 3dÄ:þ, éu��5� f ≥ 0 ��¹®��¹õ`D¤J [2–7].
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2003 c,êX� [8] �A^ØÄ:½nÚ�'�5¯K�È©/ª�), ?Ø
n:>�¯Ku′′(t) + a(t)u′(t) + b(t)u(t) + h(t)f(u) = 0, t ∈ (0, 1),

u(0) = 0, αu(η) = u(1)
(1.1)

�)��35, Ù¥ 0 < η < 1, h, f , a Ú b ÷vXe^�:

(H1) f ∈ C([0,∞), [0,∞));

(H2) h ∈ C([0, 1], [0,+∞)) ¿��3 x0 ∈ [0, 1] ¦� h(x0) > 0;

(H3) a ∈ C[0, 1], b ∈ C([0, 1], (−∞, 0));

(H4) 0 < αφ1(η) < 1,

Ù¥, φ1(t) ´>�¯K φ′′1(t) + a(t)φ′1(t) + b(t)φ1(t) = 0, t ∈ (0, 1),

φ1(0) = 0, φ1(1) = 1
(1.2)

�). 2002 c, ��8 [9] $^Iþ�ØÄ:½n, ��
��5����5��n:>�¯Ku′′(t) + λf(t, u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = αu(η)
(1.3)

��). Ó�, ?Ø
� f(t, u) ≥ −M �÷v��5^��, é¿©�� λ > 0, >�¯K (1.3) �

��3���), Ù¥ λ > 0 ´ëê, 0 < η < 1, 0 < α < 1. Äuþãó�, 2007 c, ��83©

z [10] ¥qïÄ
��¯K (1.3) ¥� λ ≡ 1 ��)��35�õ)5. 3dÄ:þ, 2019 c, �

A� [11] �E$^ØÄ:½nïÄ
 Dirichlet >.^�e����5��~�©�§>�¯K y′′(t) + b(t)y(t) + λf(t, y(t)) = 0, t ∈ (0, 1),

y(0) = y(1) = 0

�)��35, Ù¥ λ > 0 �ëê, b ∈ C[0, 1] �÷v −∞ < b(t) < π2.

Éþã©zéu, �©�Ä����5��n:>�¯Kω′′(t) + a(t)ω′(t) + b(t)ω(t) + λf(t, ω(t)) = 0, t ∈ (0, 1),

ω(0) = 0, αω(η) = ω(1)
(1.4)

�)��35. ·�5¿�, ©z [8] ¥ f ´�K�, 
·�ïÄ f > −M ��/,¿�òí2©

z [9–12]�ó�. Ïd, Ø^� (H3)-(H4) �	, �©ob½±e^�¤á:

(H5) −∞ < inf{f(t, µ) : (t, µ) ∈ [0, 1]× [0,+∞)} = −M < 0;
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(H6) lim
µ→∞

min
δ≤t≤1−δ

f(t, µ)

µ
= +∞.

51 �â©z [8] Ã{����¯K (1.1) � Green ¼êäNL�ª, �´�±?ØéA��

5¯K)�5�Ú Green ¼ê�5�, |^~êC´{, ��T¯KÈ©/ª�). Ïd, �©�

ïÄÄu��¯K (1.4) éA��5¯K)�/ªÚ Green ¼ê�5�, A^ØÄ:½ny²¯K

(1.4) �)��35.

2. �5>�¯K� Green ¼ê

�Äàg>�¯K {
ω′′(t) + a(t)ω′(t) + b(t)ω(t) = 0, t ∈ (0, 1),

ω(0) = 0, ω(1) = αω(η)
(2.1)

� Green ¼ê. �â©z [1] 1ÊÙ�SN, �±��>�¯K (2.1) � Green ¼ê�

G(t, s) =
1

ρ

{
φ1(t)φ2(s), 0 ≤ t ≤ s ≤ 1,

φ1(s)φ2(t), 0 ≤ s ≤ t ≤ 1,
(2.2)

Ù¥, φ1(t) ´>�¯K (1.2) �), φ2(t) ´>�¯K{
φ′′2(t) + a(t)φ′2(t) + b(t)φ2(t) = 0, t ∈ (0, 1),

φ2(0) = 1, φ2(1) = 0
(2.3)

�); ρ := φ′1(0) 6= 0 �~ê. �â©z [8], φ1 Ú φ2 �¯K (1.2) Ú (2.3) ����)�kXe5

�:

5�2.1 [8]b� (H3) ¤á. φ1 Ú φ2 ÷v:

(i) φ1 3 t ∈ [0, 1] î�4O;

(ii) φ2 3 t ∈ [0, 1] î�4~.

�e5ò|^¯K (2.1) � Green ¼ê5�E¯K (2.1) éA��àg>�¯K�), ·��

ÑXeÚn.

Ún2.2 [8]b� (H3) Ú (H4) ¤á. � y ∈ C[0, 1], @o>�¯Kω′′(t) + a(t)ω′(t) + b(t)ω(t) + y(t) = 0, t ∈ (0, 1),

ω(0) = 0, αω(η) = ω(1)
(2.4)

�duÈ©�§

ω(t) =

∫ 1

0

G(t, s)p(s)y(s)ds+Aφ1(t),

Ù¥

A =
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)y(s)ds, p(t) = exp
( ∫ t

0

a(s)ds
)
,
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G(t, s) �àg>�¯K (2.1) � Green ¼ê.

52 AO/, � y = 1 �,

ω1(t) =

∫ 1

0

G(t, s)p(s)ds+A1φ1(t), (2.5)

A1 =
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)ds.

e¡|^ù�Ún5¼�>�¯K (2.1) � Green ¼ê�ü�­�5�.

5�2.3 [8] G(t, s) ´¯K (2.1) � Green ¼ê. é?¿� t0 ∈ (0, 1], K�3 q(t) ∈ C[0, 1], ¦�

G(t, s) ≥ G(t0, s)q(t), t ∈ (0, 1), s ∈ (0, 1),

Ù¥ q(t) = min
{
φ1(t)
|φ1|0 ,

φ2(t)
|φ2|0

}
, t ∈ [0, 1], | · |0´þ(.�ê.

5�2.4 [8] G(t, s) ´¯K (2.1) � Green ¼ê, é?¿ s, t ∈ [0, 1], G(t, s) ÷v G(t, s) ≤ G(s, s).

3. Ì�(J

�y²�©Ì�(J§I�XeÚn:

Ún3.1 [13] E ´ Banach �m, K ⊂ E ´I. b� Ω1 9 Ω2 ´ E ¥�k.m8, θ ∈ Ω1, �

Ω1 ⊂ Ω2, - T : K ∩ (Ω2 \ Ω1)→ K ´�ëY�f. ee�^���¤á:

(i) ‖Tu‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1, ‖Tu‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2;

(ii) ‖Tu‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1, ‖Tu‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2,

@o T 3 K ∩ (Ω2 \ Ω1) ¥��k��ØÄ:.

Ún3.2 [1] b� (H3) Ú (H4) ¤á. � y ∈ C[0, 1] � y ≥ 0, é?¿� t0 ∈ (0, 1), - |ω|0 = ω(t0),

@o>�¯K (2.4) ���) ω(t) ÷v

ω(t) ≥ |ω|0q(t), t ∈ [0, 1].

53 é?¿� δ ∈ (0, 1
2
), �3 γδ > 0, KÚn 3.2 �í2�

ω(t) ≥ γδ|ω|0, t ∈ [δ, 1− δ].

¯¢þ, �I-

γδ = min
{
q(t)|t ∈ [δ, 1− δ], δ ∈ (0, 1

2
)
}
.
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d5 3 ´� 0 < γδ < 1. -

K =
{
ω ∈ C[0, 1] : ω(t) ≥ 0, min

δ≤t≤1−δ
ω(t) ≥ γδ|ω|0

}
.

K K ´ C[0, 1] ¥��KI, � T (K) ⊂ K. -

Λ = max{f(t, µ) +M : (t, µ) ∈ [0, 1]× [0, 1]}.

½n3.3 b�^� (H5) Ú (H6) ¤á. K�

0 < λ < min

{
1− αφ1(η)

1− αφ1(η) + α

(∫ 1

0

G(s, s)p(s)Λds

)−1
,
γδ
( ∫ 1

0
G(t, s)p(s)ds+A1φ1(t)

)−1
M

}
�, ¯K (1.4) ���3���) ω∗ ∈ C[0, 1].

y² �E9Ï¼ê

g(t, µ) =f(t, µ) +M, (t, µ) ∈ [0, 1]× [0,+∞),

g(t, µ) =

 g(t, µ), (t, µ) ∈ [0, 1]× [0,+∞),

g(t, 0), (t, µ) ∈ [0, 1]× (−∞, 0],

=g(t,max{µ, 0}), (t, µ) ∈ [0, 1]× (−∞,+∞).

w,, g : [0, 1]× (−∞,+∞)→ [0,+∞) ´ëY�.

�Än:>�¯Kω′′(t) + a(t)ω′(t) + b(t)ω(t) + λg(t, ω(t)−m(t)) = 0, t ∈ (0, 1),

ω(0) = 0, αω(η) = ω(1)
(3.1)

�), Ù¥ m(t) = λMω1(t), ω1(t) X5 2 ¥ (2.5) ª¤«. ØJy², ω∗ ´>�¯K (1.4) ��)

��=� ω := ω∗ +m ´>�¯K (3.1) �), � ω(t) > m(t), 0 < t < 1.

½Â�f T : C[0, 1]→ C[0, 1] Xe:

(Tω)(t) :=

∫ 1

0

G(t, s)p(s)λg(s, ω(s)−m(s))ds+Aφ1(t)

=

∫ 1

0

G(t, s)p(s)λg(s, ω(s)−m(s))ds

+

(
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)λg(s, ω(s)−m(s)ds

)
φ1(t).

N´�y T : C[0, 1] → C[0, 1] ��ëY�f, � ω ∈ C[0, 1] ´>�¯K (3.1) �)��=�

ω ∈ C[0, 1]´ T �ØÄ:.Ïd,�Iy² T 3 C[0, 1]¥�3ØÄ: ω,� ω(t) > m(t), 0 < t < 1.
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� Ω1 = {ω ∈ K : |ω|0 ≤ 1}, eyé?¿� ω ∈ ∂Ω1, ω ≥ Tω. eØ,, K�3 ω0 ∈ ∂Ω1, ¦�

ω0 ≤ Tω0. Ï� ω0(t)−m(t) ≤ 1, 0 ≤ t ≤ 1, �d5� 2.4 ��

ω0(t) ≤ (Tω0)(t)

=

∫ 1

0

G(t, s)p(s)λg(s, ω0(s)−m(s))ds

+

(
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)λg(s, ω0(s)−m(s))ds

)
φ1(t)

≤
∫ 1

0

G(t, s)p(s)λ max
0≤s≤1

g(s, ω0(s)−m(s))ds

+
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)λ max
0≤s≤1

g(s, ω0(s)−m(s))ds

≤
∫ 1

0

G(t, s)p(s)λ

(
max
0≤s≤1

f(s,max{ω0(s)−m(s), 0}) +M

)
ds

+
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)λ

(
max
0≤s≤1

f(s,max{ω0(s)− w(s), 0}) +M

)
ds

≤
∫ 1

0

G(s, s)p(s)λΛds+
α

1− αφ1(η)

∫ 1

0

G(s, s)p(s)λΛds

≤ λ
∫ 1

0

G(s, s)p(s)Λds

(
1 +

α

1− αφ1(η)

)
< 1,

ù� |ω0|0 = 1 gñ.

,��¡, - Sλ = {ω ∈ K : Tω ≤ ω}, mλ = sup{|ω|0 : ω ∈ Sλ}.

ey mλ < +∞. eØ,, K�3S� {ωn}∞n=1 ⊂ K, ¦� Tωn ≤ ωn � |ωn|0 → ∞(n → ∞).

Ï� ωn ∈ K, � min
δ≤t≤1−δ

ωn(t) ≥ γδ|ωn|0, Ïd

min
δ≤t≤1−δ

(ωn(t)−m(t)) ≥ γδ|ωn|0 − |m|0 → +∞(n→∞).

�â^� (H6), Kk

lim
n→∞

min
δ≤t≤1−δ

g(t, ωn(t)−m(t))

ωn(t)−m(t)
= lim

n→∞
min

δ≤t≤1−δ

g(t, ωn(t)−m(t))

ωn(t)−m(t)

= lim
n→∞

min
δ≤t≤1−δ

f(t, ωn(t)−m(t)) +M

ωn(t)−m(t)
= +∞.

Ïd, �3 N > 0, ¦� n > N �,

min
δ≤t≤1−δ

(ωn(t)−m(t)) ≥ γδ
2
|ωn|0,
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min
δ≤t≤1−δ

g(t, ωn(t)−m(t))

ωn(t)−m(t)
≥

4(
∫ 1

0
G(η, s)p(s)ds)−1

λγδ
,

¤±

|ωn|0 = max
0≤t≤1

|ωn(t)| ≥ max
0≤t≤1

(Tωn)(t) ≥ (Tωn)(η)

=

∫ 1

0

G(η, s)p(s)λg(s, ωn(s)−m(s))ds

+

(
α

1− αφ1(η)

∫ 1

0

G(η, s)p(s)λg(s, ωn(s)−m(s))ds

)
φ1(t)

≥
∫ 1

0

G(η, s)p(s)λg(s, ωn(s)−m(s))ds

≥
(
ωn(s)−m(s)

) ∫ 1

0

G(η, s)p(s)λ
g(s, ωn(s)−m(s))

ωn(s)−m(s)
ds

≥ min
δ≤s≤1−δ

(ωn(s)−m(s))

∫ 1

0

G(η, s)p(s)λ min
δ≤s≤1−δ

g(s, ωn(s)−m(s))

ωn(s)−m(s)
ds

≥ γδ
2
|ωn|0

∫ 1

0

G(η, s)p(s)dsλ
4(
∫ 1

0
G(η, s)p(s)ds)−1

λγδ

= 2|ωn|0,

ù´��gñ. � mλ < +∞.

- δ = 2 + mλ, @o δ > 1, ¿�é?¿� ω ∈ ∂Ωδ, k Tω ≥ ω, �âÚn 3.1, T kØÄ:

ω ∈ Ωδ \ Ω1. ØJuy, |ω|0 ≥ 1, Kk

ω(t) ≥ γδ|ω|0 ≥ γδ =
γδ(
∫ 1

0
G(t, s)p(s)ds+A1φ1(t))∫ 1

0
G(t, s)p(s)ds+A1φ1(t)

> λM(

∫ 1

0

G(t, s)p(s)ds+A1φ1(t))

∫ 1

0
G(t, s)p(s)ds+A1φ1(t)∫ 1

0
G(t, s)p(s)ds+A1φ1(t)

= λMω1(t) = m(t), t ∈ (0, 1),

�>�¯K (1.4) k�) ω∗ = ω −m. �

Ä7�8

I[g,�ÆÄ7]Ï�8(11961060), [��g,�ÆÄ7]Ï�8(No. 18JR3RA084).
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