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u′(t) + a(t)u(t) = λf(t, u(t)), 0 ≤ t ≤ 1 ,
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Abstract

In this paper, we consider the existence of positive solutions for the nonlinear first-

order ordinary boundary value problems
u′(t) + a(t)u(t) = λf(t, u(t)), 0 < t < 1,

u(0) = lu(1)

where f : [0, 1]× [0,∞)→ [0,∞), a : [0, 1]→ [0,∞) are continuous functions and
∫ 1

0
a(θ)dθ >

0, λ is a positive parameter, l is a constant, and 0 < l ≤ e
∫ 1
0
a(θ)dθ. Under the assump-

tion that the nonlinear term f satisfies superlinear, sublinear and asymptotic growth

conditon, the existence of positive solutions of the problem is obtained by using the

fixed-point index theory.
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1. Úó

Cc5,��±Ï>�¯K3²L7K+�,)Ô«+�êþ(�©Û,;¾�����£�Ã

õ�¡ÑkX�~2��A^.Ïd,Ù�)��35ÚåNõIS	Æö�'5,8c®²���


¤J [1–12].~X, 2004c, Peng [2] ïÄ
��±Ï>�¯K x′(t) = f(t, x(t)), 0 < t < ω,

x(0) = x(ω)

(1.1)

�)��35,Ù¥ f : [0, ω]× R → R´ëY¼ê.T©$^I.��Ø ØÄ:½n¼�
Xe

(J:
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½n A e

(A1)�3���êM > 0 ,¦�Mx− f(t, x) ≥ 0, x ≥ 0, t ∈ [0, ω],

(A2) f∞ > 0, f0 < 0

¤á,K¯K (1.1)���3���).

2016c, Wang [3]�<$^ÿÀÝnØïÄ
��±Ï>�¯K x′(t) + a(t)x(t) = f(t, x), 0 < t < T,

x(0) = x(T )

(1.2)

��)��35,Ù¥ a : [0, T ]→ R´ëY¼ê, f : [0, T ]×R→ R´ëY¼ê,T©äN(JXe

½n B e�3ü��ê 0 < a < b¦�

(B1) f(t, b < 0), t ∈ [0, T ],

(B2) f(t, x) > 0, (t, x) ∈ [0, T ]× [0, a],

(B3) f(t, x) ≥ −κx, (t, x) ∈ [0, T ]× [0, b].

¤á,K¯K (1.2)���3���) x∗, a ≤ ‖x∗‖ ≤ b.

��5¿�´,3¯K (1.2)¥,� a(t) ≡ 0, t ∈ [0, 1]�,T¯Kòz�(1.1).d	,±þü�¯

KÑ´>.^�Xê� 1��/.¤±,��g,�¯K´:é���/ª���>�¯K u′(t) + a(t)u(t) = λf(t, u(t)), 0 ≤ t ≤ 1,

u(0) = lu(1)

(1.3)

´Ä�3�).e�3�),ëê λI�÷v�o^�?eÃ�),ëê λqI�÷v�o^�?Ä

u±þó�,�©ò$^ØÄ:�ênØïÄ����5~�©�§>�¯K (1.3)�)��35.

�©ob½:

(H1) f : [0, 1]× [0,∞)→ [0,∞)�ëY¼ê;

(H2) a : [0, 1]→ [0,∞)�ëY¼ê,�
∫ 1

0
a(θ)dθ > 0;

(H3) 0 < l < e
∫ 1
0
a(θ)dθ �~ê. λ > 0�ëê;

P

f0 = lim
s→0

f(t, s)

s
, f∞ = lim

s→∞

f(t, s)

s
.

�©Ì�(JXe:

½n 1.1 b� (H1)-(H3)¤á,
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(a)e f0 = 0½ f∞ = 0,K�3�� λ0 > 0,� λ > λ0�,¯K (1.1)���3���).

(b)e f0 =∞½ f∞ =∞,K�3�� λ0 > 0,� 0 < λ < λ0�,¯K (1.1)���3���).

(c)e f0 = 0� f∞ = 0,K�3�� λ0 > 0,� λ > λ0�,¯K (1.1)���3ü��).

(d)e f0 =∞� f∞ =∞,K�3�� λ0 > 0,� 0 < λ < λ0�,¯K (1.1)���3ü��).

(e)e f0 <∞� f∞ <∞,K�3�� λ0 > 0,� 0 < λ < λ0�,¯K (1.1)Ã�).

(f)e f0 > 0� f∞ > 0,K�3�� λ0 > 0,� λ > λ0�,¯K (1.1)Ã�).

5 1 ~ê l�����´�
�y�f��5.

�©{eSNSüXe:31 2Ü©,·��Ñ�'Ún9Ùy²;31 3Ü©,�ÑÌ�(J

�y²9~f.

2. ý��£

Ún2.1 [4]�X ´ Banach�m,K ⊂ X ´��I.éup > 0 ,½ÂKp = {u ∈ K : ‖u‖ = p},
b� T : Kp → K ´��;�f,� u ∈ ∂Kp = {u ∈ K : ‖x‖ = p}�, Tx 6= x.

(i) ‖Tu‖ ≥ ‖u‖ , u ∈ ∂Kp,K

i(T,Kp,K) = 0,

(ii) ‖Tu‖ ≤ ‖u‖, u ∈ ∂Kp ,K

i(T,Kp,K) = 1.

Ún 2.2b� (H1)-(H3)¤á,>�¯K u′(t) + a(t)u(t) = λh(t), 0 ≤ t ≤ 1,

u(0) = lu(1)

(1.4)

�duÈ©�§

u(t) = λ

∫ t

0

h(s)e
∫ s
t
a(θ)dθds+ λ

l

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
t
a(θ)dθds.

y²d (1.4)ª�

e
∫ t
0
a(θ)dθ(u′(t) + a(t)u(t)) = λe

∫ t
0
a(θ)dθh(t),

(e
∫ t
0
a(θ)dθu(t))|t0 = λ

∫ t

0

e
∫ s
0
a(θ)dθh(s)ds,

Kk

e
∫ t
0
a(θ)dθu(t)− u(0) = λ

∫ t

0

e
∫ s
0
a(θ)dθh(s)ds,
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�\>.^���

u(1) =
λ
∫ 1

0
e
∫ s
0
a(θ)dθh(s)ds

e
∫ 1
0
a(θ)dθ − l

, u(0) =
λl

∫ 1

0
e
∫ s
0
a(θ)dθh(s)ds

e
∫ 1
0
a(θ)dθ − l

,

¤±

u(t) = λ

∫ t

0

h(s)e
∫ s
t
a(θ)dθds+ λ

l

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
t
a(θ)dθds.

� X = C[0, 1] ,Ù3�ê ‖u‖ = max
t∈[0,1]

|u(t)|e�¤ Banach�m.�

K = {u ∈ C[0, 1] : u(t) ≥ 0, min
06t61

u(t) > σ‖u‖}

´ X ¥�I,Ù¥ σ = le−
∫ 1
0
a(θ)dθ. ½Â�f Tλ : K → X

Tλu(t) = λ

∫ t

0

h(s)e
∫ s
t
a(θ)dθds+ λ

l

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
t
a(θ)dθds. (1.5)

´�
λl

e
∫ 1
0
a(θ)dθ−l

∫ 1

0

e
∫ s
0
a(θ)dθh(s)ds ≤ Tλu(t) ≤ λe

∫ 1
0
a(θ)dθ

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds.

Ún 2.3b½ (H1)-(H3)¤á,K Tλ(K) ⊂ K,� Tλ : K → K ´��;�f.

y²b� u ∈ K,K Tλu(t) > 0, t ∈ [0, 1],�

min
06t61

Tλu(t) >
λl

e
∫ 1
0
a(θ)dθ−l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≥ σ‖Tu(t)‖,

=Tλ(K) ⊂ K.w,Tλ : K → K´��;�f,K¯K(1.1)�)�du�f�§Tλu = u�ØÄ:.

3. Ì�(J�y²

½n 1.1�y²

(a).b� H(1)-H(3)¤á,� p1 > 0,�u ∈ ∂Kp1�,Òk

‖Tλu‖ ≥
m̂p1λl

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

e
∫ s
0
a(θ)dθds.

Ù¥ m̂p1 = min
σp1≤u≤p1

{f(t, u)},�

λ0 ≥
p1(e

∫ 1
0
a(θ)dθ − l)

m̂p1 l
∫ 1

0
e
∫ s
0
a(θ)dθds

,

� λ > λ0�,

‖Tλu‖ ≥ ‖u‖.
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dÚn 2.1��

i(Tλ,Kp1 ,K) = 0.

e f0 = 0,K�3�� 0 < r1 < σp1 ,� 0 ≤ u ≤ r1�, f(t, u) ≤ ε1u,Ù¥

ε1λe
∫ 1
0
a(θ)dθ

∫ 1

0
e
∫ s
0
a(θ)dθds

e
∫ 1
0
a(θ)dθ − l

≤ 1,

� u ∈ ∂Kr1�,Kk

‖Tλu‖ ≤
λe

∫ 1
0
a(θ)dθ

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≤ ‖u‖.

dÚn 2.1��

i(Tλ,Kr1 ,K) = 1,

¤±

i(Tλ,Kp1/K̊r1 ,K) = −1.

e f∞ = 0,K�3�� R1 > p1,� u ≥ R1�, f(t, u) ≤ ε1u, u ∈ ∂KR1
,Kk

‖Tλu‖ ≤
λe

∫ 1
0
a(θ)dθ

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≤ ‖u‖.

Ù¥
R1λe

∫ 1
0
a(θ)dθ

∫ 1

0
e
∫ s
0
a(θ)dθds

e
∫ 1
0
a(θ)dθ − l

≤ 1,

dÚn 2.1��

i(Tλ,KR1
,K) = 0,

¤±

i(Tλ,KR1
/K̊p1 ,K) = −1,

K Tλ3KR1
/K̊p1 ½Kp1/K̊r1 pk��ØÄ:,= Tλu = u.¯K (1.1)���3���).

(b).b� (H1)-(H3)¤á, � p2 > 0,�u ∈ ∂Kp2�,Òk

‖Tλu‖ ≤
λe

∫ 1
0
a(θ)dθM̂p2

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

e
∫ s
0
a(θ)dθds,

Ù¥ M̂p2 = 1 + max
σp2≤u≤p2

{f(t, u)}.-

0 < λ0 ≤
p2(e

∫ 1
0
a(θ)dθ − l)

e
∫ 1
0
a(θ)dθM̂p2

∫ 1

0
e
∫ s
0
a(θ)dθds

,

� λ < λ0�,

‖Tλu‖ ≤ ‖u‖,
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dÚn 2.1��

i(Tλ,Kp2 ,K) = 1.

e f0 =∞,K�3 0 < r2 < σp2,¦� f(t, u) ≥M1u, 0 ≤ u ≤ r2,Ù¥

M1λl
∫ 1

0
e
∫ s
0
a(θ)dθds

e
∫ 1
0
a(θ)dθ − l

≥ 1,

� u ∈ ∂Kr2 �,Kk

‖Tλu‖ ≥
λl

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≥ ‖u‖.

dÚn 2.1��

i(Tλ,Kr2 ,K) = 0,

¤±

i(Tλ,Kp2/K̊r2 ,K) = −1.

e f∞ =∞,K�3 R̂2 > p2 ¦� f(t, u) ≥M1u, u ≥ R̂2, � R2 = max{2p2, R̂2/σ} , u ∈ ∂KR2

�

min
0≤t≤1

u(t) ≥ σ‖u‖ ≥ R̂2,

¤±

‖Tλu‖ ≥ ‖u‖, u ∈ ∂KR2
.

dÚn 2.1��

i(Tλ,KR2
,K) = 0,

¤±

i(Tλ,KR2
/K̊p2 ,K) = −1,

K Tλ3KR2
/K̊p2½Kp2/K̊r2 pk��ØÄ:,= Tλu = u.¯K (1.1)���3���).

(c).b� (H1)-(H3)¤á, � p3 > 0,�u ∈ ∂Kp3�,Òk

‖Tλu‖ ≥
m̂p3λl

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

e
∫ s
0
a(θ)dθds,

Ù¥ m̂p3 = min
σp3≤u≤p3

{f(u)},�

λ0 ≥
p3(e

∫ 1
0
a(θ)dθ − l)

m̂p3 l
∫ 1

0
e
∫ s
0
a(θ)dθds

.

� λ > λ0�,

‖Tλu‖ ≥ ‖u‖,
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dÚn 2.1��

i(Tλ,Kp3 ,K) = 0.

e f0 = 0,K�3 0 < r3 < σp3,¦� f(t, u) ≤ ε2u, 0 ≤ u ≤ r3,Ù¥

ε2λe
∫ 1
0
a(θ)dθ

∫ 1

0
e
∫ s
0
a(θ)dθds

e
∫ 1
0
a(θ)dθ − l

≤ 1,

� u ∈ ∂Kr3�,Kk

‖Tλu‖ ≤
λe

∫ 1
0
a(θ)dθ

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≤ ‖u‖.

dÚn 2.1��

i(Tλ,Kr3 ,K) = 1,

¤±

i(Tλ,Kp3/K̊r3 ,K) = −1.

e f∞ = 0,K�3 R3¦� f(t, u) ≤ ε2u, u ≥ R3, u ∈ ∂KR3
,Kk

‖Tλu‖ ≤ ‖u‖.

dÚn 2.1��

i(Tλ,KR3
,K) = 1,

¤±

i(Tλ,KR3
/K̊p3 ,K) = 1,

K Tλ3Kp3/K̊r3 , KR3
/K̊p3 p�k��ØÄ:,= Tλu = u.¯K (1.1)���3ü��).

(d).b� (H1)-(H3)¤á, � p4 > 0,�u ∈ ∂Kp4�,Òk

‖Tλu‖ ≤
λe

∫ 1
0
a(θ)dθM̂p4

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

e
∫ s
0
a(θ)dθds,

Ù¥ M̂p4 = 1 + max
σp4≤u≤p4

{f(u)},-

0 < λ0 ≤
p4(e

∫ 1
0
a(θ)dθ − l)

e
∫ 1
0
a(θ)dθM̂p4

∫ 1

0
e
∫ s
0
a(θ)dθds

.

� λ < λ0�,

‖Tλu‖ ≤ ‖u‖,

dÚn 2.1��

i(Tλ,Kp4 ,K) = 1.
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e f0 =∞,K�3 0 < r4 < σp4,¦� f(t, u) ≥M2u, 0 ≤ u ≤ r4,Ù¥

M2λl
∫ 1

0
e
∫ s
0
a(θ)dθds

e
∫ 1
0
a(θ)dθ − l

≥ 1,

� u ∈ ∂Kr4�,Kk

‖Tλu‖ ≥
λl

e
∫ 1
0
a(θ)dθ − l

∫ 1

0

h(s)e
∫ s
0
a(θ)dθds ≥ ‖u‖,

dÚn 2.1��

i(Tλ,Kr4 ,K) = 0.

e f∞ =∞,K�3 R̂4 > p4,¦� f(t, u) ≥M2u, u ≥ R4. �R4 = max{2p2, R̂4/σ} , u ∈ ∂KR4

�

min
0≤t≤1

u(t) ≥ σ‖u‖ ≥ R̂4,

¤±

‖Tλu‖ ≥ ‖u‖, u ∈ ∂KR4
,

dÚn 2.1��

i(Tλ,KR4
,K) = 0,

¤±

i(Tλ,Kp4/K̊r4 ,K) = 1, i(Tλ,KR4
/K̊p4 ,K) = −1,

K Tλ3Kp4/K̊r4 , KR4
/K̊p4 p�k��ØÄ:,= Tλu = u.¯K (1.1)���3ü��).

(e)e f0 <∞� f∞ <∞,@o�3ü��ê ε∗1, ε
∗
2,±9 r∗1 < R∗1,¦�

f(t, u) ≤ ε∗1u, u ∈ [0, r∗1 ],

f(t, u) ≤ ε∗2u, u ∈ [R∗1,∞).

-

ε∗3 = {max ε∗1, ε
∗
2, max

r∗1≤u≤R∗
1

f(t, u)

u
},

¤±

f(t, u) ≤ ε∗3u u ∈ [0,∞).

b� v(t)´¯K (1.1)����).¤±� t ∈ [0, 1]�,Òk v(t) = Tλv(t),-

λ0 =
e
∫ 1
0
a(θ)dθ − l

ε∗3e
∫ 1
0
a(θ)dθ

∫ 1

0
e
∫ s
0
a(θ)dθds

,

� λ < λ0�,

‖v‖ = ‖Tλv‖ ≤
λe

∫
0
1a(θ)dθε∗3

e
∫
0
1a(θ)dθ − l

∫ 1

0

e
∫
0
sa(θ)dθds‖v‖ < ‖v‖.
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ù´��gñ,Ïd�3�� λ0 > 0,¦�� 0 < λ < λ0�,¯K (1.1)Ã�).

(f)e f0 > 0� f∞ > 0,@o�3ü��ê η∗1 , η
∗
2 ,±9 r∗2 < R∗2,¦�

f(t, u) ≥ η∗1u u ∈ [0, r∗2 ],

f(t, u) ≥ η∗2u u ∈ [R∗2,∞),

-

η∗3 = max{η∗1 , η∗2 , max
r∗2≤u≤R∗

2

f(t, u)

u
},

¤±

f(t, u) ≥ η∗3u u ∈ [0,∞).

b� v(t)´¯K(1.1)����),¤±� t ∈ [0, 1]�,Òk v(t) = Tλv(t),-

λ0 =
e
∫ 1
0
a(θ)dθ − l

η∗3 l
∫ 1

0
e
∫ s
0
a(θ)dθds

,

� λ > λ0�,

‖v‖ = ‖Tλv‖ ≥
λlη∗3

e
∫
0
1a(θ)dθ − l

∫ 1

0

e
∫
0
sa(θ)dθds‖v‖ > ‖v‖.

ù´��gñ,Ïd�3�� λ0 > 0,¦�� λ > λ0�,¯K (1.1)Ã�),y..

~ 1 -¯K (1.3) ¥~ê l = 1
2

, �5� a(t) ≡ 1, �5� a(t) ≡ 1, ��5� f(t, u(t)) =

t(u2 + u
1
2 ),Ù¥ λ´���ëê,=

u′(t) + u(t) = λt(u2 + u
1
2 ), 0 ≤ t ≤ 1,

u(0) = 1
2
eu(1)

y² éu f(t, u(t)) = t(u2 + u
1
2 ), f ∈ C([0, 1] × R+,R+),�^� (H1)¤á. w,, a(t) ≡ 1

� l = 1
2
e÷v^� (H2)� (H3),´� f0 =∞, f∞ =∞.�

λ0 =
p2

2M̂p2(e− 1)
,

d½n 1.1�,� 0 < λ ≤ λ0�,¯K (1.3)���3ü��).

�

4. Ä7�8

I[g,�ÆÄ7]Ï�8(12061064).
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