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Abstract

Two graphs G and H are chromatically equivalent if and only if G and H are adjointly

equivalent. G is chromatically unique if and only if G adjointly unique. In this paper,

the number of the adjoint equivalence graphs of rK1 ∪ Cm(r ≥ 1,m ≥ 3) is calculated,

and the adjoint equivalence classes of rK1 ∪Cm can also be characterized. As a result,

the number of the chromatic equivalence graphs of rK1 ∪ Cm is calculated, and the

chromatic equivalence classes of rK1 ∪ Cm can also be characterized.
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1. 0�

�©=�Äk�Ã��{üã. éuãG, G,V (G), E(G), v(G), χ(G) ©OL«ãG �Öã, :

8, >8, �êÚÚê. Kn, Pn ÚCn(n ≥ 3) ©OL«n �:���ã, ´Ú�, K1 L«���á

:, Dn L«C3 þ��:�´Pn−2 ���à:Å(����ã, Ti,j,k L«�k��3 Ý:, n�1

Ý:, �ù�3 Ý:�n�1 Ý:�ål©O�i, j, k �ä, NG(v) L«G ¥¤k�:v ���:�

¤�8Ü, G ∪H L«ãG �ãH �Ø�¿, mG L«m �G �Ø�¿.

éu��êk, XJV (G) ���y©{A1, A2, · · · , Ak} ¥z�Ai ´��Õá8, Kù�y©¡

�ãG ���k−Õáy©. -α(G, k) L«ãG �¤kk− Õáy©�ê8, 3© [1]¥½ÂãG�

Úõ�ª�

P (G,λ) =
v(G)∑
k=1

α(G, k)(λ)k,

ùp(λ)k = λ(λ− 1) · · · (λ− k + 1), (k ≥ 1).

XJü�ãG ÚH ÷vP (G,λ) = P (H,λ), K¡ùü�ã´Ú�d�, {P�G ∼P H. ²w

/, 'X∼P ´¤kã�¤�8Ü¥����d'X. �ãG Ú�d�¤kã�¤�8ÜP�[G]P ,
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¡�ãG �Ú�dãa. XJ[G]P = {G}, K¡ãG ´Ú���. éu�½�ãG, (½[G]P ´�

��~k�(J�¯K. ®²kNõãa�Ú�dãa�(½(� [2]). �
ïÄã�Ú5ÚÚõ

�ª, 1987c4V=3 [3]¥Ú\
��õ�ª�Vg,

-P (G,λ) =
v(G)∑
i=1

α(G, i)(λ)i �ãG �Úõ�ª, K

h(G, x) =
v(G)∑
i=1

α(G, i)xi

��ãG ���õ�ª.

ãG ÚH ���d��=�G ÚH Ú�d. -[G] = {H|H ∼ G} �G ����dã
a. ®²uyéõã�Ú�dãa9éõÚ���ã [1, 4–7], �´U
���xã�Ú�

da�©Ù�´é��. 3 [5]¥�x
8Ü[Pn]P . 3 [8]¥�x
8Ü[aK1 ∪ bC3

⋃
1≤i≤s

Pli ]P

Ú[aC3

⋃
1≤i≤s

Pui

⋃
1≤j≤t

Cvj ]P , ùpa, b ´?¿��K�ê, li ´óê, ui ≥ 3 ¿�ui 6= 4(mod5).

±β(G) L«��õ�ªh(G, x) ���¢�. 3 [9]¥�x
β(G) > −4 �¤kã. 3ù�©Ù¥·

��x
8Ü[rK1 ∪ Cm], ?�x
8Ü[rK1 ∪ Cm]P .

2. eZÚn

Ún 1 [8] (i)G ∼P H ��=�G ∼ H;

(ii)[G]P = {H|H ∈ [G]};

(iii)ãG Ú����=�G ����.

Ún 2 [1, 3] �ãG kk�ëÏ©|µG1, G2, · · ·Gk, K

h(G, x) =

k∏
i=1

h(Gi, x).

éuãG �?¿�^>e = uv, ½ÂãG ∗ e Xe:

V (G ∗ e) = {V (G) \ {u, v}} ∪ {x},

E(G ∗ e) = {e ∈ E(G)|>eØ'é:u½v} ∪ {xy|y ∈ NG(u) ∩NG(v)},
Ù¥x /∈ V (G).

Ún 3 [1,10] ?¿�e ∈ E(G), h(G) = h(G− e) +h(G ∗ e), Ù¥G− e L«lãG ¥íØ>e.

Ún 4 [6]�G ´��ëÏã, Kβ(G) > −4 ��=�

G ∈ Γ = {K1, Pn(n ≥ 2), T1,1,k(k ≥ 1), T1,2,i(2 ≤ i ≤ 4), Cm(m ≥ 3), Dl(4 ≤ l ≤ 7)}.

Ún 5 [9]

(1)P2m+1 ∼ Pm ∪ Cm+1(m ≥ 3).

(2)T1,1,n ∼ K1 ∪ Cn+2(n ≥ 2).
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(3)T1,2,n ∼ K1 ∪Dn+3.

(4)P4 ∼ K1 ∪ C3.

(5)K1 ∪ P5 ∼ P2 ∪ T1,1,1.

(6)C4 ∼ D4.

(7)P2 ∪ C6 ∼ P3 ∪D5.

(8)P2 ∪ C9 ∼ P5 ∪D6.

(9)K1 ∪ C9 ∼ T1,1,1 ∪D6.

(10)P2 ∪ C15 ∼ P5 ∪ C5 ∪D7.

(11)K1 ∪ C15 ∼ T1,1,1 ∪ C5 ∪D7.

(12)C15 ∪D6 ∼ C5 ∪ C9 ∪D7.

Ún 6 [9](1)XJm > n, Kβ(Pm) < β(Pn).

(2)β(Cm) = β(P2m−1), Ù¥m ≥ 4.

(3)β(T1,1,n) = β(Cn+2) = β(P2n+3), Ù¥n ≥ 2.

(4)β(T1,2,n) = β(Dn+3).

(5)β(C3) = β(P4).

(6)β(T1,1,1) = β(P5).

(7)β(C4) = β(T1,1,2) = β(D4) = β(P7).

(8)β(C6) = β(T1,1,4) = β(D5) = β(T1,2,2) = β(P11).

(9)β(C9) = β(T1,1,7) = β(D6) = β(T1,2,3) = β(P17).

(10)β(C15) = β(T1,1,13) = β(D7) = β(T1,2,4) = β(P29).

Ún 7 [6] �G ´äkβ(G) > −4 ���ã, KG ������=�

G = kK1 ∪m2P2 ∪m3P3 ∪m5P5 ∪ [∪i≥3m2iP2i] ∪ n3C3 ∪ [∪j≥5njCj ] ∪ [∪5≤l≤7dlDl] ∪ tT1,1,1¦

�knj = kdl = km5 = mini+1 = m2n6 = m2n9 = m2n15 = m2t = m3d5 = m5d6 = td6 = m5n5d7 =

tn5d7 = n15d6 = n5n9d7 = 0, ùpk,mi, nj , dl, t ´�K�ê.

�
�B, ·�^δ(G) L«ãG �¤kØÓ�����dã��ê. δ(G) = 1 ��=�G ´

�����.

3. Ì�(J

½n 1 �êr ≥ 1. (i)m 6= 3, 4, 9, 15, Kδ(rK1 ∪ Cm) = 2, [rK1 ∪ Cm] = {rK1 ∪ Cm, (r −
1)K1 ∪ T1,1,m−2}.

(ii) δ(rK1 ∪ C3) = 2, [rK1 ∪ C3] = {rK1 ∪ C3, (r − 1)K1 ∪ P4}.
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(iii) δ(rK1 ∪ C4) = 3, [rK1 ∪ C4] = {rK1 ∪ C4, (r − 1)K1 ∪ T1,1,2, rK1 ∪D4}.

(iv)

δ(K1 ∪ C9) =

3, r = 1,

4, r ≥ 2.

[K1 ∪ C9] =


{K1 ∪ C9, T1,1,7, T1,1,1 ∪D6}, r = 1,

{rK1 ∪ C9, (r − 1)K1 ∪ T1,1,7, (r − 1)K1 ∪ T1,1,1 ∪D6,

(r − 2)K1 ∪ T1,1,1 ∪ T1,2,3}, r ≥ 2.

(v)

δ(K1 ∪ C15) =


3, r = 1,

5, r = 2,

6, r ≥ 3.

[K1 ∪ C15] =



{K1 ∪ C15, T1,1,13, T1,1,1 ∪ C5 ∪D7}, r = 1,

{2K1 ∪ C15,K1 ∪ T1,1,13,K1 ∪ T1,1,1 ∪ C5 ∪D7,

T1,1,1 ∪ T1,1,3 ∪D7, T1,1,1 ∪ T1,2,4 ∪ C5}, r = 2,

{rK1 ∪ C15, (r − 1)K1 ∪ T1,1,13, (r − 1)K1 ∪ T1,1,1 ∪ C5 ∪D7,

(r − 2)K1 ∪ T1,1,1 ∪ T1,1,3 ∪D7, (r − 2)K1 ∪ T1,1,1 ∪ T1,2,4 ∪ C5,

(r − 3)K1 ∪ T1,1,1 ∪ T1,1,3 ∪ T1,2,4}, r ≥ 3.

y²: �H ∼ rK1 ∪ Cm, H1 ´H ���ëÏ©|, β(H1) = β(rK1 ∪ Cm) = β(Cm), H =

H1 ∪H2.

(i)�/1.�m 6= 3, 4, 6, 9, 15 �, dÚn6 �, H1 = Cm, T1,1,m−2, P2m−1.

��H1 = Cm �,drK1∪Cm ∼ Cm∪H2 �H2 ∼ rK1,dÚn7�rK1 ����,KH2 = rK1.

��H1 = T1,1,m−2 �, dT1,1,m−2 ∪H2 ∼ rK1 ∪Cm ∼ (r− 1)K1 ∪ T1,1,m−2 �H2 ∼ (r− 1)K1,

?�Ú��H2 = (r − 1)K1.

��H1 = P2m−1 �, drK1 ∪ Cm ∼ P2m−1 ∪H2 ∼ Pm−1 ∪ Cm ∪H2�rK1 ∼ Pm−1 ∪H2, dÚ

n7 �rK1 ����, Kù��H2 ´Ø�3�.

��m 6= 3, 4, 6, 9, 15 �, Hkü�: rK1 ∪ Cm, (r − 1)K1 ∪ T1,1,m−2.

�/2.�m = 6 �, dÚn6 �, H1 = C6, T1,1,4, D5, T1,2,2, P11.

��H1 = C6 �, drK1 ∪ C6 ∼ C6 ∪H2 �H2 = rK1.

��H1 = T1,1,4 �, drK1 ∪ C6 ∼ T1,1,4 ∪H2 ∼ K1 ∪ C6 ∪H2 �H2 = (r − 1)K1.
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��H1 = D5 �, drK1 ∪C6 ∼ D5 ∪H2, dÚn5(7)?�Ú�P3 ∪ rK1 ∪C6 ∼ P3 ∪D5 ∪H2 ∼
P2 ∪ C6 ∪H2 �P3 ∪ rK1 ∼ P2 ∪H2, dÚn7 �P3 ∪ rK1 ����, ¤±ù��H2 ´Ø�3�.

��H1 = T1,2,2 �, drK1 ∪C6 ∼ T1,2,2 ∪H2 ∼ K1 ∪D5 ∪H2, dÚn5(7) ?�Ú�P3 ∪ rK1 ∪
C6 ∼ P3 ∪D5 ∪K1 ∪H2 ∼ P2 ∪C6 ∪K1 ∪H2 �P3 ∪ (r− 1)K1 ∼ P2 ∪H2, dÚn7�P3 ∪ (r− 1)K1

����, ¤±ù��H2 ´Ø�3�.

��H1 = P11 �, drK1 ∪ C6 ∼ P11 ∪H2 ∼ P5 ∪ C6 ∪H2 �rK1 ∼ P5 ∪H2, dÚn7 �rK1

����, ¤±ù��H2 ´Ø�3�.

��m = 6 �, Hkü�: rK1 ∪ C6, (r − 1)K1 ∪ T1,1,4.

nþ¤ã, �m 6= 3, 4, 9, 15 �, Hkü�: rK1 ∪ Cm, (r − 1)K1 ∪ T1,1,m−2.

(ii)�m = 3 �, dÚn6 �, H1 = C3, P4.

��H1 = C3 �, drK1 ∪ C3 ∼ C3 ∪H2 �H2 = rK1.

��H1 = P4 �, drK1 ∪ C3 ∼ P4 ∪H2 ∼ K1 ∪ C3 ∪H2 �H2 = (r − 1)K1.

��m = 3 �, Hkü�: rK1 ∪ C3, (r − 1)K1 ∪ P4.

(iii)�m = 4 �, dÚn6 �, H1 = C4, T1,1,2, D4, P7.

��H1 = C4 �, drK1 ∪ C4 ∼ C4 ∪H2 �H2 = rK1.

��H1 = T1,1,2 �, drK1 ∪ C4 ∼ T1,1,2 ∪H2 ∼ K1 ∪ C4 ∪H2 �H2 = (r − 1)K1.

��H1 = D4 �, drK1 ∪ C4 ∼ D4 ∪H2 ∼ C4 ∪H2 �H2 = rK1.

��H1 = P7 �, drK1 ∪ C4 ∼ P7 ∪H2 ∼ P3 ∪ C4 ∪H2 �rK1 ∼ P3 ∪H2, dÚn7 �rK1 �

���, Kù��H2 ´Ø�3�.

��m = 4 �, Hkn�: rK1 ∪ C4, (r − 1)K1 ∪ T1,1,2, rK1 ∪D4.

(iv) �m = 9 �, dÚn6 �, H1 = C9, T1,1,7, D6, T1,2,3, P17.

�/1.�r = 1 �:

��H1 = C9 �, dK1 ∪ C9 ∼ C9 ∪H2 �H2 = K1.

��H1 = T1,1,7 �, dK1 ∪ C9 ∼ T1,1,7 ∪H2 ∼ K1 ∪ C9 ∪H2 �H2 ��ã.

��H1 = D6 �, dD6 ∪H2 ∼ K1 ∪ C9 ∼ T1,1,1 ∪D6 �H2 ∼ T1,1,1, dÚn7 �T1,1,1 ���

�, KH2 = T1,1,1.

��H1 = T1,2,3 �, dK1 ∪ C9 ∼ T1,2,3 ∪H2 ∼ K1 ∪D6 ∪H2�C9 ∼ D6 ∪H2, dÚn7 �C9

����, Kù��H2 ´Ø�3�.

��H1 = P17 �, dK1 ∪C9 ∼ P17 ∪H2 ∼ P8 ∪C9 ∪H2 �K1 ∼ P8 ∪H2, dÚn7 �K1 ��

��, Kù��H2 ´Ø�3�.

��m = 9(r = 1) �, Hkn�: K1 ∪ C9, T1,1,7, T1,1,1 ∪D6.

�/2.�r = 2 �, ��/1aq, Ñ.
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�/3.�r ≥ 3 �:

��H1 = C9 �, drK1 ∪ C9 ∼ C9 ∪H2 �H2 = rK1.

��H1 = T1,1,7 �, drK1 ∪ C9 ∼ T1,1,7 ∪H2 ∼ K1 ∪ C9 ∪H2 �H2 = (r − 1)K1.

��H1 = D6 �, dD6 ∪H2 ∼ rK1 ∪ C9 ∼ (r − 1)K1 ∪ T1,1,1 ∪D6 �H2 ∼ (r − 1)K1 ∪ T1,1,1,

dÚn7 �(r − 1)K1 ∪ T1,1,1 ����, KH2 = (r − 1)K1 ∪ T1,1,1.

��H1 = T1,2,3 �, dT1,2,3 ∪H2 ∼ rK1 ∪ C9 ∼ (r − 1)K1 ∪ T1,1,1 ∪D6 ∼ (r − 2)K1 ∪ T1,1,1 ∪
T1,2,3�H2 ∼ (r− 2)K1 ∪ T1,1,1, dÚn7 �((r− 2)K1 ∪ T1,1,1 ����, KH2 = (r− 2)K1 ∪ T1,1,1.

��H1 = P17 �, drK1 ∪ C9 ∼ P17 ∪H2 ∼ P8 ∪ C9 ∪H2 �rK1 ∼ P8 ∪H2, dÚn7 �rK1

����, Kù��H2 ´Ø�3�.

��m = 9�, Hko�: rK1∪C9, (r−1)K1∪T1,1,7, (r−1)K1∪T1,1,1∪D6, (r−2)K1∪T1,1,1∪
T1,2,3.

(v)�m = 15 �, dÚn6 �, H1 = C15, T1,1,13, D7, T1,2,4, P29.

�/1.�r = 1 �:

��H1 = C15 �, dK1 ∪ C15 ∼ C15 ∪H2 �H2 = K1.

��H1 = T1,1,13 �, dK1 ∪ C15 ∼ T1,1,13 ∪H2 ∼ K1 ∪ C15 ∪H2 �H2 ��ã.

��H1 = D7 �, dD7 ∪ H2 ∼ K1 ∪ C15 ∼ T1,1,1 ∪ C5 ∪ D7 �H2 ∼ T1,1,1 ∪ C5, dÚn7

�T1,1,1 ∪ C5 ����, KH2 = T1,1,1 ∪ C5. .

��H1 = T1,2,4 �, dK1 ∪C15 ∼ T1,2,4 ∪H2 ∼ K1 ∪D7 ∪H2�C15 ∼ D7 ∪H2, dÚn7 �C15

����, Kù��H2 ´Ø�3�.

��H1 = P29 �, dK1 ∪ C15 ∼ P29 ∪H2 ∼ P14 ∪ C15 ∪H2 �K1 ∼ P14 ∪H2, dÚn7 �K1

����, Kù��H2 ´Ø�3�.

��m = 15(r = 1) �, Hkn�: K1 ∪ C15, T1,1,13, T1,1,1 ∪ C5 ∪D7.

�/2.�r = 2 �:

��H1 = C15 �, d2K1 ∪ C15 ∼ C15 ∪H2 �H2 = 2K1.

��H1 = T1,1,13 �, d2K1 ∪ C15 ∼ T1,1,13 ∪H2 ∼ K1 ∪ C15 ∪H2 �H2 = K1.

��H1 = D7 �, dD7 ∪H2 ∼ 2K1 ∪C15 ∼ K1 ∪ T1,1,1 ∪C5 ∪D7 �H2 ∼ K1 ∪ T1,1,1 ∪C5, d

Ún5 �K1 ∪ T1,1,1 ∪ C5 ∼ T1,1,1 ∪ T1,1,3, ?�ÚdÚn7 �H2 = K1 ∪ T1,1,1 ∪ C5, T1,1,1 ∪ T1,1,3.

��H1 = T1,2,4 �, dT1,2,4 ∪ H2 ∼ 2K1 ∪ C15 ∼ K1 ∪ T1,1,1 ∪ C5 ∪ D7 ∼ T1,1,1 ∪ C5 ∪ T1,2,4

�H2 ∼ T1,1,1 ∪ C5, dÚn7 �T1,1,1 ∪ C5 ����, KH2 = T1,1,1 ∪ C5.

��H1 = P29 �, d2K1∪C15 ∼ P29∪H2 ∼ P14∪C15∪H2 �2K1 ∼ P14∪H2, dÚn7�2K1

����, Kù��H2 ´Ø�3�.

��m = 15(r = 2) �, HkÊ�: 2K1 ∪C15,K1 ∪ T1,1,13,K1 ∪ T1,1,1 ∪C5 ∪D7, T1,1,1 ∪ T1,1,3 ∪
D7, T1,1,1 ∪ C5 ∪ T1,2,4.
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�/3.�r = 3 �, ��/2aq, Ñ.

�/4.�r ≥ 4 �:

��H1 = C15 �, drK1 ∪ C15 ∼ C15 ∪H2 �H2 = rK1.

��H1 = T1,1,13 �, drK1 ∪ C15 ∼ T1,1,13 ∪H2 ∼ K1 ∪ C15 ∪H2 �H2 = (r − 1)K1.

��H1 = D7 �, dD7 ∪ H2 ∼ rK1 ∪ C15 ∼ (r − 1)K1 ∪ T1,1,1 ∪ C5 ∪ D7 �H2 ∼ (r −
1)K1 ∪ T1,1,1 ∪ C5, dÚn5 �(r − 1)K1 ∪ T1,1,1 ∪ C5 ∼ (r − 2)K1 ∪ T1,1,1 ∪ T1,1,3, ?�ÚdÚn7

�H2 = (r − 1)K1 ∪ T1,1,1 ∪ C5, (r − 2)K1 ∪ T1,1,1 ∪ T1,1,3.

��H1 = T1,2,4 �,dT1,2,4∪H2 ∼ rK1∪C15 ∼ (r−1)K1∪T1,1,1∪C5∪D7 ∼ (r−2)K1∪T1,1,1∪
C5∪T1,2,4 �H2 ∼ (r−2)K1∪T1,1,1∪C5,dÚn5�(r−2)K1∪T1,1,1∪C5 ∼ (r−3)K1∪T1,1,1∪T1,1,3,

?�ÚdÚn7 �H2 = (r − 2)K1 ∪ T1,1,1 ∪ C5, (r − 3)K1 ∪ T1,1,1 ∪ T1,1,3.

��H1 = P29 �, drK1 ∪C15 ∼ P29 ∪H2 ∼ P14 ∪C15 ∪H2 �rK1 ∼ P14 ∪H2, dÚn7�rK1

����, Kù��H2 ´Ø�3�.

��m = 15 �, Hk8�µrK1 ∪ C15, (r − 1)K1 ∪ T1,1,13, (r − 1)K1 ∪ T1,1,1 ∪ C5 ∪ D7, (r −
2)K1 ∪ T1,1,1 ∪ T1,1,3 ∪D7, (r − 2)K1 ∪ T1,1,1 ∪ C5 ∪ T1,2,4, (r − 3)K1 ∪ T1,1,1 ∪ T1,1,3 ∪ T1,2,4.

íØ 1 éu½n1 ¥m �ØÓa., [rK1 ∪ Cm]P Ò´½n1 ¤ã�z�8Ü¥ã�Öã�¤

�8Ü.
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