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Abstract

In this paper, our research will be based on the Alber-Zhu model which order param-

eter is conserved. The evolution equation in this model is a fourth order, nonlinear

degenerate partial differential equation of parabolic type. This model is a phase-

field model which describes the interface motion by interface diffusion in elastically

deformed solids. For example, the basic phenomena occurring during this process,

called sintering, are densification and grain growth. Since no atom exchange occurs

at the interface, the volumes of the different regions separated by the interface are

conserved. We ignore the elastic effect and reduce the original initial boundary value

problem to a single non-degenerate equation of1dimensional situation, and prove the

existence of the weak solution of the reduced initial boundary value problem of this

model, where the boundary conditions of the order parameters are a combination of

the Neumann boundary conditions and the no-flow conditions. The Galerkin method

is used to prove the existence of weak solutions for the reduced initial boundary value

problem of this model. Although the problem considered is a single equation of order

parameters, it is inherently difficult due to the presence which is the gradient of un-

known function S. Hence, we need to mollify the gradient term, which causes a lot of

difficulties on the theoretical analysis and numerical simulation.
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1. 0�

CahnÚHilliard31958cïá
SëþÅð��|�. [1], ù«�.®�á��Æ[2�A

^ [2]. NõÆöéCahn-Hilliard�.��35 [3], )���5 [4], )��K5 [5]ÚìC5 [6]?

1
ïÄ. Ø
3á��Æ+�, Cahn-Hilliard�.3Ù¦+��kA^, X: «+Ä� [7], ¬5)

� [8], [ÿ� [9], �� [10], zÆ [11]Úã�?n [12, 13]. Allen-Cahn�. [14, 15]´á��Æ¥S

ëþØÅð�,�«�.. @31979c, �
£ã¬N¥�� >.$Ä, AllenÚCahnïá
ù

��., ¿��2��A^u?n�«¯K, ~Xã�©Û [16, 17], ²þÇ-6þ [18], Ú¬N)

� [19].

32007c, AlberÚÁ�¤�åJÑ
#��|�., ¡�Alber-Zhu�. [20, 21], Alber-Zhu�

.^���1wFÝ�«OuAllen-Cahn�.ÚCahn-Hilliard�.. éuAlber-Zhu �., kÆö

®²l���¡?1
nØÚê��ïÄ. éu�Åð�Alber-Zhu �.: 3�m��S�Ûf)

��35 [21], )��K5 [22], 1Å) [23], Ê5) [24,25], ê��[ [26]. éuÅð�.: AlberÚ

Á�¤3 [27]¥Äg¦)
d.¡*ÑÚå�.¡$ÄÍÜ�.�f)��35. Ù¥'u�35

�y², 3 [28]��
���5�(Ø. ùü«y²Ñ´ÄuS�{½ÛÜ)òÿ{.

2. �.ïá

SëêÅð�/e�Alber-Zhu�. [27]´�«�^u£ã��5C/�N¥�f÷.¡*Ñ

$Ä�.¡�|�.. Äk, �
ïáù��., Ú\�
ÎÒ. �Ω L«¢N��:, ¿�Ω ⊂ R3

´��m8. SëêS(t, x) ∈ R L«ØÓ��. XJSëê���C0 ½1, @o3t ��§�

:x ∈ Ω, ?u�1 ½�2. �S3 L«é¡�3×3 Ý
�8Ü, Ù¥����þT (t, x) ∈ S3 �L�Ü

AåÜþ, u(t, x) ∈ R3 L« £.

��¼ê(u, T, S) L÷v±eO·��§:

−divx T (t, x) = b(t, x), (2.1)

T (t, x) = D(ε(∇xu)− ε̄S)(t, x), (2.2)

St(t, x) = cdivx(∇x(ψS(ε(∇xu), S)− ν∆xS)|∇xS|)(t, x), (2.3)

Ù¥(t, x) ∈ (0,∞)× Ω. �§�Ð>�^�´:

u(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω, (2.4)

∂

∂n
S(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω, (2.5)

∂

∂n
(ψS(ε, S)− ν∆xS)|∇xS|(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω, (2.6)

S(0, x) = S0(x), x ∈ Ω̄. (2.7)

Ù¥, b : [0,∞)× Ω→ R3 ��NÈå, ∇xu L«u ����ê´3×3 Ý
, (∇xu)T L« £FÝ

�=�Ý
, �
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ε(∇xu) =
1

2

(
∇xu+ (∇xu)T

)

´ACÜþ. ε̄ ∈ S3 ´���½�Ý
, D : S3 → S3 ´���5�, é¡�, �½�N�, �L�

5Üþ. 3gdU¥

ψ(ε, S) =
1

2

(
D(ε− ε̄S)

)
· (ε− ε̄S) + ψ̂(S), (2.8)

-ψ̂ ∈ C2(R, [0,∞)) L«V³²¼ê, Ù3S = 0 ÚS = 1 ?�����. �©���AÏ�V³²

¼ê:

ψ̂(S) =
(
S(1− S)

)2
. (2.9)

ü�Ý
�IþÈ�A · B =
∑
aijbij . ψS ´'uS � �ê, c > 0 ´��~ê, ν ����v


���~ê. Ð�êâS0 : Ω→ R ´�½�.

ù�Ò�¤
Ð>�¯K�ïá. þã�.´���¹�5�A�ÍÜXÚ. 3�©¥, �Ñ
�N

��5�A, =T = 0, ·�k

ψS = −1

2

(
D(ε̄) · (ε− ε̄S) +D(ε− ε̄S) · (ε̄)

)
+ ψ̂S

= −D(ε− ε̄S) · (ε̄) + ψ̂S

= ψ̂S .

òù�Ð>�¯K{z����¯K(äNí�� [27]). T�.'uSëê���§´òz�, Ù

ÌÜ¹k��¼ê S �FÝ, �©·�òFÝ�?1�1?n, ïÄ�1���òz�§. ·�

^�òz�§�Oòz�Ô�§(2.3) 5LãCq¯K

St = c((ψS − νSxx)x|Sx|κ)x + cr|Sx|κ, (2.10)

Ù¥

|y|κ :=
√
|y|2 + κ2, (2.11)

~êκ ∈ (0, 1], ·�N´��

|y| ≤ |y|κ ≤ |y|+ κ ≤ |y|+ 1. (2.12)

T{z�Alber-Zhu�.�±U��±e/ª:

St = c((ψS − νSxx)x|Sx|κ)x + cr|Sx|κ, (2.13)
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Sx = 0, (t, x) ∈ [0, Te]× ∂Ω, (2.14)

(ψ̂S − νSxx)x|Sx|κ = 0, (t, x) ∈ [0, Te]× ∂Ω, (2.15)

S(0, x) = S0(x), x ∈ Ω. (2.16)

�Ω = (a, d) ´k.m«m�~êa < d. PQT := (0, Te)× Ω, �Te ´���~ê, ½Â

(υ, ϕ)Z =

∫
Z

υ(y)ϕ(y)dy,

�Z = Ω ½öZ = QTe .

½Â 2.1 �r ∈ L∞(0, Te) �S0 ∈ L2(Ω). ¡¼êS(x, t) �Ð>�¯K(2.13)–(2.16) ���f),

÷v

S ∈ L∞(0, Te;H
1(Ω)) ∩ L2(0, Te;H

3(Ω)), (2.17)

�éu?¿�ÿÁ¼êϕ ∈ C∞0 ((−∞, Te)× R), ÷v

(S, ϕt)QTe + c(νSxxx|Sx|κ, ϕx)QTe = c((ψ̂S)x|Sx|κ, ϕx)QTe − c(r|Sx|κ, ϕ)QTe − (S0, ϕ(0))Ω. (2.18)

½n 2.1 b�S0 ∈ H1(Ω), ¯K(2.13) – (2.16) �3f)S ÷vµ

S ∈ L∞(0, Te;H
1(Ω)) ∩ L2(0, Te;H

3(Ω)), (2.19)

St ∈ L
4
3 (0, Te;W

−1, 43 (Ω)). (2.20)

3. �ECq)

�y²¯K(2.13) – (2.16) f)��35, 3��!¥, |^Galerkin�{�E
TÐ>�¯K

���Cq), ¿y²ù�Cq)�ÛÜf)�3.

Äk, �ù���S�ω1, · · · , ωm, · · · , §÷v: ωi ∈ C∞(∀ i), ¿�ω1, · · · , ωm, ´�5Ã'�.

é?¿�m, S�áu�mH1(Ω). 3ùp, ωi ´e��§�):−
d2ωi
dx2 = λiωi,

dωi
dx

∣∣
∂Ω

= 0,

Ù¥ω1 = 1. �Ä¯K�Cq): Sm = Sm(t), §k±e/ª:

Sm(t) =
m∑
i=0

gim(t)ωi. (3.1)
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3ùp, gim ´de�~�©�§|¤û½�:

(Smt , ωj) = ((c(ψ̂Sm(Sm)− νSmxx)x|Smx |κ)x + cr|Smx |κ, ωj), 1 ≤ j ≤ m, (3.2)

=

((Sm)′, ωj) = c(((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ)x, ωj) + c(r|Smx |κ, ωj), 1 ≤ j ≤ m, (3.3)

�â©ÜÈ©úª, ��

(((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ)x, ωj) = −((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ, ωjx), 1 ≤ j ≤ m. (3.4)

r(3.4) �\�(3.3) ¥, �±��

((Sm)′, ωj) + c((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ, ωjx)− c(r|Smx |κ, ωj) = 0, 1 ≤ j ≤ m. (3.5)

y3, I�`²�§(3.5) ´��~�©�§|.

d(Sm)′ =
m∑
i=1

g′im(t)ωi ¿�{ωi} 3�mL2(Ω) ¥´IO���, ¤±

(
(Sm)′, ωj

)
= (

m∑
i=1

g′im(t)ωi, ωj)

=

∫
Ω

m∑
i=1

g′im(t)ωi(x)ωj(x)dx

=

m∑
i=1

g′im(t)

∫
Ω

ωi(x)ωj(x)dx = g′jm(t), 1 ≤ j ≤ m,

(3.6)

��Cþ�mt k'. Ón, �©�§|(3.5) ��Cþt k'.

|^V³²¼ê(2.9) �±��:

((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ, ωj,x)

=(((12(Sm)2 − 12Sm + 2)Smx − νSmxxx)|Smx |κ, ωj,x)

=12((Sm)2Smx |Smx |κ, ωj,x)− 12(SmSmx |Smx |κ, ωj,x)

+ 2(Smx |Smx |κ, ωj,x)− ν(Smxxx|Smx |κ, ωj,x), 1 ≤ j ≤ m.

(3.7)
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du3Ω ¥, −d2ωi
dx2 = λiωi

ν(Smxxx|Smx |κ, ωj,x)

=ν

∫
Ω

m∑
i=1

gimωi,xxx

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωj,xdx

=− ν
∫

Ω

m∑
i=1

gimλiωi,x

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωj,xdx

=− ν
m∑
i=1

gimλi

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωi,xωj,xdx, 1 ≤ j ≤ m,

(3.8)

ò(3.8) �\�(3.7) ¥, �±��

((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ, ωj,x)

=12

m∑
i=1

gim

m∑
k=1

gkm

m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωiωkωl,xωj,xdx

− 12

m∑
k=1

gkm

m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωkωl,xωj,xdx

+ 2

m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωl,xωj,xdx

+ ν

m∑
i=1

gimλi

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωi,xωj,xdx, 1 ≤ j ≤ m,

(3.9)

�

c(r|Smx |κ, ωj) = cr

∫
Ω

∣∣∣∣∣
m∑
=1

ghmωh,x

∣∣∣∣∣
κ

ωjdx, 1 ≤ j ≤ m. (3.10)

�©�§|(3.5) ÷vÐ©^�:

Sm(0) = Sm0 =

m∑
i=1

αimωj → S0 ∈ H1
per(Ω),m→∞, (3.11)

ùp, αim = gim(0).

��ò(3.6)–(3.10) �\(3.5), K�~�©�§|�U��'u{gjm}mj=1 �~�©�§|, Xe

¤«: 
d
dt
gjm = Fj(g1m, . . . , gmm, t),

gjm(0) = (S0, ωj),
(3.12)
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Ù¥

Fj(g1m, . . . , gmm, t)

=− 12
m∑
i=1

gim

m∑
k=1

gkm

m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωiωkωl,xωj,xdx

+ 12
m∑
k=1

gkm

m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωkωl,xωj,xdx

− 2
m∑
l=1

glm

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωl,xωj,xdx

− ν
m∑
i=1

gimλi

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωi,xωj,xdx

+ cr

∫
Ω

∣∣∣∣∣
m∑
h=1

ghmωh,x

∣∣∣∣∣
κ

ωjdx,

(3.13)

Ù¥j = 1, . . . ,m. w,, (3.12) – (3.13) ´����5�F 'u��¼ê÷vÛÜLipschitz ëY�

��5~�©�§|, �â~�©�§|ÛÜ)�35½n, ��T)�3u[0, tm]. �â±þ(Ø,

�±��éu?¿�½�m, Sm �Cq¯K(3.5) ���ÛÜ). 3e�!¥, òí�'uSm k'

�k��O, y²tm �±í2�?¿�½��~êTe.

4. ��k��O

3ù�!¥, ·��åuí�'u)Sm ��
k��O.

Ún 4.1 é?Ût ∈ [0, Te]

Sm ∈ L∞(0, Te;L
2(Ω)), (4.1)

Smx ∈ L3(0, Te;L
3(Ω)), (4.2)∫

QTe
(Sm)2|Smx |3dxdτ ≤ C, (4.3)∫

QTe
(Smxx)2|Smx |dxdτ ≤ C, (4.4)

κ
∫
QTe
|Smxx|2dxdτ ≤ C. (4.5)

y². é(3.5) �1j ��§¦±gjm(t), ,�éj ¦Ú, ù��±��µ

((Sm)′, Sm) + c((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ), Smx )− c(r|Smx |κ, Sm) = 0. (4.6)

Ù¥ (
(Sm)′, Sm

)
=

1

2

d

dt
‖Sm‖2L2(Ω) . (4.7)
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ÏLéx ?1©ÜÈ©, �±��

(Smxxx|Smx |κ, Smx ) = −(Smxx, S
m
xx|Smx |κ)− (Smxx, S

m
xx(Smx )2(|Smx |κ)−1). (4.8)

ò(4.7) Ú(4.8) �\�(4.6) ¥, ��

1

2

d

dt
‖Sm‖2L2(Ω) + c(ψ̂′′(Sm)Smx |Smx |κ, Smx ) + cν(Smxx, S

m
xx|Smx |κ)

+ cν(Smxx, S
m
xx(Smx )2(|Smx |κ)−1)− c(r|Smx |κ, Sm) = 0,

(4.9)

ùp

ψ̂′′(Sm) = 12(Sm)2 − 12Sm + 2. (4.10)

ò(4.10) �\�(4.9), ��

1

2

d

dt
‖Sm‖2L2(Ω) + c

∫
Ω

(12(Sm)2 − 12Sm + 2)|Smx |3κdx

+ cν

∫
Ω

(Smxx)2|Smx |κdx+ cν

∫
Ω

(Smxx)2(Smx )2(|Smx |κ)−1dx− cr
∫

Ω

|Smx |κSmdx = 0,

(4.11)

�ò(4.11) U��

1

2

d

dt
‖Sm‖2L2(Ω) + 12c

∫
Ω

(Sm)2|Smx |2|Smx |κdx+ 2c

∫
Ω

|Smx |2|Smx |κdx

+ cν

∫
Ω

(Smxx)2|Smx |κdx+ cν

∫
Ω

(Smxx)2(Smx )2(|Smx |κ)−1dx

=12c

∫
Ω

Sm|Smx |2|Smx |κdx+ cr

∫
Ω

|Smx |κSmdx

= : I1 + I2.

(4.12)

(Ü(2.11), A^Y oung Ø�ª, 5?nI1 Ü©,

I1 = 12c

∫
Ω

Sm|Smx |2|Smx |κdx ≤ 12c

∫
Ω

Sm|Smx |3κdx ≤ 12c

∫
Ω

(ε(Sm)2 + Cε)|Smx |3κdx

≤ ε
∫

Ω

(Sm)2|Smx |3κdx+ C

∫
Ω

|Smx |3κdx ≤ ε
∫

Ω

(Sm)2(|Smx |3 + C)dx+ C

∫
Ω

(|Smx |3 + C)dx

≤ ε
∫

Ω

(Sm)2|Smx |3dx+ ε

∫
Ω

(Sm)2dx+ C

∫
Ω

|Smx |3dx+ C,

(4.13)

2d©ÜÈ©, �� ∫
Ω

|Smx |3dx =

∫
Ω

(Smx |Smx |)Smx dx = −2

∫
Ω

Sm|Smx |Smxxdx. (4.14)
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|^Y oung Ø�ª��∫
Ω

|Smx |3dx =

∫
Ω

(Smx |Smx |)Smx dx = −2

∫
Ω

Sm|Smx |Smxxdx

≤ 2

∫
Ω

|Sm||Smx ||Smxx|dx = 2

∫
Ω

|Sm||Smx |
1
2 · |Smx |

1
2 |Smxx|dx

≤ Cξ
∫

Ω

|Sm|2|Smx |dx+ ξ

∫
Ω

|Smx ||Smxx|2dx

≤ Cξ
∫

Ω

|Sm|2(η|Smx |3 + Cη)dx+ ξ

∫
Ω

|Smx ||Smxx|2dx

≤ η
∫

Ω

|Sm|2|Smx |3dx+ C

∫
Ω

|Sm|2dx+ ξ

∫
Ω

|Smx ||Smxx|2dx.

(4.15)

�e5?nI2 Ü©,

I2 = cr

∫
Ω

|Smx |κSmdx = cr

∫
Ω

|Smx |κ(Sm)
2
3 (Sm)

1
3 dx

≤ crγ
∫

Ω

|Smx |3κ|Sm|2dx+ crCγ

∫
Ω

(Sm)
1
2 dx

≤ crγ
∫

Ω

|Smx |3κ|Sm|2dx+ crCγ

∫
Ω

(ζ|Sm|2 + Cζ)dx

≤ γ
∫

Ω

|Smx |3κ|Sm|2dx+ ζ

∫
Ω

|Sm|2dx+ rC

≤ γ
∫

Ω

(|Smx |3 + C)|Sm|2dx+ ζ

∫
Ω

|Sm|2dx+ rC

≤ γ
∫

Ω

|Smx |3|Sm|2dx+ (γ + ζ)

∫
Ω

|Sm|2dx+ rC,

(4.16)

ÏL(4.13) – (4.16), �±��

1

2

d

dt
‖Sm‖2L2(Ω) + 12c

∫
Ω

(Sm)2|Smx |2|Smx |κdx+ 2c

∫
Ω

|Smx |2|Smx |κdx

+ cν

∫
Ω

(Smxx)2|Smx |κdx+ cν

∫
Ω

(Smxx)2(Smx )2(|Smx |κ)−1dx

≤(ε+ η + γ)

∫
Ω

(Sm)2|Smx |3dx+ (ε+ C + γ + ζ)

∫
Ω

|Sm|2dx+ ξ

∫
Ω

|Smx ||Smxx|2dx+ rC,

(4.17)

-ε, ξ, η, γ, ζ �v
�, ¦�

(ε+ η + γ) ≤ c,

(ε+ C + γ + ζ) ≤ 2C,

ξ ≤ cν

2
.

(4.18)
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,�ÏL(4.17) Ú(4.18), ��

1

2

d

dt
‖Sm‖2L2(Ω) + 11c

∫
Ω

(Sm)2|Smx |2|Smx |κdx+ 2c

∫
Ω

|Smx |2|Smx |κdx

+
cν

2

∫
Ω

(Smxx)2|Smx |κdx+ cν

∫
Ω

(Smxx)2(Smx )2(|Smx |κ)−1dx

≤2C

∫
Ω

|Sm|2dx+ Cr.

(4.19)

é(4.19) 'u�mt �È©, ÏLA^Gronwall Ø�ª, ��

1

2
‖Sm‖2L2(Ω) + 11c

∫ t

o

∫
Ω

(Sm)2|Smx |2|Smx |κdxdτ + 2c

∫ t

o

∫
Ω

|Smx |2|Smx |κdxdτ

+
cν

2

∫ t

o

∫
Ω

(Smxx)2|Smx |κdxdτ + cν

∫ t

o

∫
Ω

(Smxx)2(Smx )2(|Smx |κ)−1dxdτ

≤Ct + Ct ‖Sm(0)‖2L2 ≤ CTe .

(4.20)

ÏL(4.20), (2.11) Ú(2.12), ���Ún4.1 �(Ø.

Ún 4.2 é?¿�t ∈ [0, Te]

Smx ∈ L∞(0, Te;L
2(Ω)), (4.21)

Sm ∈ L∞(0, Te;H
1(Ω)), (4.22)∫

Qt
(Smxxx)2|Smx |κdxdτ ≤ C, (4.23)

κ
∫
QTe
|Smxxx|2dxdτ ≤ C. (4.24)

y². ò(3.3) �1j ��§¦±λjgjm(t), ,�éj l0 �m ¦Ú

((Sm)′,−Smxx)− c(((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ)x,−Smxx)− c(r|Smx |κ,−Smxx) = 0, (4.25)

=

((Sm)′,−Smxx)− c((ψ̂′′(Sm)Smx − νSmxxx)|Smx |κ, Smxxx) + c(r|Smx |κ, Smxx) = 0. (4.26)

dut ∈ [0, Te], �±�� (
(Sm)′,−Smxx

)
=

1

2

d

dt
‖Smx ‖2L2(Ω), (4.27)

�

ψ̂′′(Sm) = 12(Sm)2 − 12Sm + 2. (4.28)
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r(4.27) �\(4.26), �±��

1

2

d

dt
‖Smx ‖2L2(Ω) + cν

∫
Ω

(Smxxx)2|Smx |κdx

=c

∫
Ω

ψ̂′′(Sm)Smx S
m
xxx|Smx |κdx− cr

∫
Ω

|Smx |κSmxxdx

=0,

(4.29)

,�, ÏL(4.28) �±��

1

2

d

dt
‖Smx ‖2L2(Ω) + cν

∫
Ω

(Smxxx)2|Smx |κdx

=12c

∫
Ω

(Sm)2Smx S
m
xxx|Smx |κdx− 12c

∫
Ω

SmSmx S
m
xxx|Smx |κdx

+ 2c

∫
Ω

Smx S
m
xxx|Smx |κdx− cr

∫
Ω

|Smx |κSmxxdx

≤12c

∫
Ω

(Sm)2Smx S
m
xxx|Smx |κdx+ 12c

∫
Ω

|Sm||Smx |2κ|Smxxx|dx

+ 2c

∫
Ω

Smx S
m
xxx|Smx |κdx+ cr

∫
Ω

|Smx |κ|Smxx|dx

=:I3 + I4 + I5 + I6.

(4.30)

(Ü(2.11), |^Y oung Ø�ª, ��

I3 = 12c

∫
Ω

(Sm)2Smx S
m
xxx|Smx |κdx

= 12c

∫
Ω

(Sm)2Smx |Smx |
1
2
κ · |Smx |

1
2
κS

m
xxxdx

≤ C
∫

Ω

(Sm)4|Smx |3κdx+ ε

∫
Ω

|Smx |κ|Smxxx|2dx.

(4.31)

d®��Sobolev i\½nÚÚn4.1 �(Ø, ��∫
Ω

(Sm)4|Smx |3κdx ≤
∫

Ω

(Sm)2|Smx |3κdx · ‖Sm‖2L∞

≤
∫

Ω

(Sm)2|Smx |3κdx(‖Smx ‖2L2 + ‖Sm‖2L2) ≤
∫

Ω

(Sm)2|Smx |3κdx(‖Smx ‖2L2 + C)

≤‖Smx ‖2L2

∫
Ω

(Sm)2|Smx |3κdx+ C

∫
Ω

(Sm)2|Smx |3κdx.

≤‖Smx ‖2L2

∫
Ω

(Sm)2(|Smx |3 + C)dx+ C

∫
Ω

(Sm)2(|Smx |3 + C)dx.

≤‖Smx ‖2L2

∫
Ω

(Sm)2|Smx |3dx+ C‖Smx ‖2L2

∫
Ω

(Sm)2dx+ C

∫
Ω

(Sm)2|Smx |3dx+ C

∫
Ω

(Sm)2dx,

(4.32)
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I4 = 12c

∫
Ω

|Sm||Smx |2κ|Smxxx|dx = 12c

∫
Ω

|Sm||Smx |
3
2
κ · |Smx |

1
2
κ |Smxxx|dx

≤ C
∫

Ω

(Sm)2|Smx |3κdx+ ξ

∫
Ω

|Smx |κ|Smxxx|2dx,

≤ C
∫

Ω

(Sm)2|Smx |3dx+ C

∫
Ω

(Sm)2dx+ ξ

∫
Ω

|Smx |κ|Smxxx|2dx,

(4.33)

I5 = 2c

∫
Ω

Smx S
m
xxx|Smx |κdx = 2c

∫
Ω

|Smx ||Smx |
1
2
κ · |Smx |

1
2
κ |Smxxx|dx

≤ C
∫

Ω

|Smx |3κdx+ η

∫
Ω

|Smx |κ|Smxxx|2dx

≤ C
∫

Ω

|Smx |3dx+ η

∫
Ω

|Smx |κ|Smxxx|2dx+ C,

(4.34)

�

I6 = cr

∫
Ω

|Smx |κ|Smxx|dx = cr

∫
Ω

|Smx |
1
2
κ |Smx |

1
2
κ |Smxx|dx

≤ crCγ
∫

Ω

|Smx |κdx+ crγ

∫
Ω

|Smx |κ|Smxx|2dx

≤ crCγ
∫

Ω

(µ|Smx |2κ + Cµ)dx+ crγ

∫
Ω

|Smx |κ|Smxx|2dx

≤ crµCγ
∫

Ω

|Smx |2κdx+ crCγ

∫
Ω

Cµdx+ crγ

∫
Ω

|Smx |κ|Smxx|2dx

≤ µ
∫

Ω

|Smx |2κdx+ γ

∫
Ω

|Smx |κ|Smxx|2dx+ rC

≤ µ
∫

Ω

(|Smx |2 + C)dx+ γ

∫
Ω

|Smx |κ|Smxx|2dx+ rC.

≤ µ
∫

Ω

|Smx |2dx+ γ

∫
Ω

|Smx |κ|Smxx|2dx+ rC.

(4.35)

(Ü(4.31) – (4.35), ��

1

2

d

dt
‖Smx ‖2L2(Ω) + cν

∫
Ω

(Smxxx)2|Smx |κdx

≤(ε+ ξ + η)

∫
Ω

|Smx |κ|Smxxx|2dx+ C‖Smx ‖2L2

∫
Ω

(Sm)2|Smx |3dx

+ C

∫
Ω

(Sm)2|Smx |3dx+ C

∫
Ω

|Smx |3dx+ C‖Smx ‖2L2

∫
Ω

(Sm)2dx+ C

∫
Ω

(Sm)2dx

+ µ

∫
Ω

|Smx |2dx+ γ

∫
Ω

|Smx |κ|Smxx|2dx+ rC.

(4.36)
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-ε, ξ, η, µ, γ v
�, ¿�0 < ε+ ξ + η < cν
2

, (ÜÚn4.1, ·�k

1

2

d

dt
‖Smx ‖2L2(Ω) +

cν

2

∫
Ω

(Smxxx)2|Smx |κdx

≤C‖Smx ‖2L2

∫
Ω

(Sm)2|Smx |3dx+ C

∫
Ω

(Sm)2|Smx |3dx

+ C

∫
Ω

|Smx |3dx+ C‖Smx ‖2L2

∫
Ω

(Sm)2dx+ C

∫
Ω

(Sm)2dx+ rC.

(4.37)

,�, �â�©/ª�Gronwall Ø�ª, ±9(4.1)–(4.24), �±��

1

2
‖Smx (t)‖2L2(Ω) ≤ C + C‖Smx (0)‖2L2(Ω) ≤ CTe . (4.38)

é(4.37) 'u�mt È©, �â(4.38), ±9Ún4.1 �±��

1

2
‖Smx ‖

2
L2(Ω) +

cν

2

∫ t

0

∫
Ω

(Smxxx)2|Smx |κdxdτ ≤ CTe . (4.39)

�dÚn4.2 y²�..

Ún 4.3 é?¿�t ∈ [0, Te], ∫ t

0

∫
Ω

(|Smx |κ|Smxxx|)
4
3 dxdτ ≤ C, (4.40)

‖|Smx |κSmxxx‖L 4
3 (QTe )

≤ C, (4.41)

‖((ψ̂Sm)x|Smx |κ‖L 3
2 (QTe )

≤ C. (4.42)

y². ÏLHölderØ�ª, éu1 ≤ p < 2, q = 2
p
, � 1

q
+ 1

q′
= 1, ��

∫ t

0

∫
Ω

(|Smx |κ|Smxxx|)pdxdτ

=

∫ t

0

∫
Ω

|Smx |
p
2
κ (|Smx |

p
2
κ |Smxxx|p)dxdτ

≤
(∫ t

0

∫
Ω

|Smx |
pq′
2
κ dxdτ

) 1
q′
(∫ t

0

∫
Ω

|Smx |
pq
2
κ |Smxxx|pqdxdτ

) 1
q

≤
(∫ t

0

∫
Ω

|Smx |
p

2−p
κ dxdτ

) 2−p
2
(∫ t

0

∫
Ω

|Smx |κ|Smxxx|pqdxdτ
) p

2

.

(4.43)

Ø�ª(4.43) ¿�Xé p
2−p ≤ 2, =p ≤ 4

3
, Ø�ª�m>´k.�, �p = 4

3
�, ��

∫ t

0

∫
Ω

(|Smx |κ|Smxxx|)
4
3 dxdτ

≤
(∫ t

0

∫
Ω

|Smx |2κdxdτ
) 1

3
(∫ t

0

∫
Ω

|Smx |κ|Smxxx|2dxdτ
) 2

3

.

(4.44)
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dÚn4.1 ÚÚn4.2 �(Ø��(4.40), (4.41) �y.

ÏLHölderØ�ª, -p = 3
2
, ±9dÚn4.1 ÚÚn4.2 �(Ø�±�Ñ∫ t

0

∫
Ω

((ψ̂Sm)x|Smx |κ)pdxdτ

=

∫ t

0

∫
Ω

((ψ̂′′Smx |Smx |κ)pdxdτ

≤C
∫ t

0

∫
Ω

(|Smx |κ)2pdxdτ ≤ C.

(4.45)

nþÚn4.3 y²�¤.

Ún 4.4 �3��~êC, ¦�

‖Smt ‖L 4
3 (0,Te;W

−1, 4
3 (Ω))

≤ C. (4.46)

y². (ÜÚn4.1 ÚÚn4.3 �(Ø, ·��±��, é?¿�ϕ ∈ C∞0 (QTe),

|(Smt , ϕ)QTe | = | − c((ψ̂Sm − νSmxx)x|Smx |κ, ϕx)QTe + c(r|Smx |, ϕ)QTe |

≤ c‖(ψ̂Sm − νSmxx)x|Smx |κ‖L 4
3 (QTe )

‖ϕx‖L4(QTe )

+cr̄‖|Smx |‖L 4
3 (QTe )

‖ϕ‖L4(QTe )

≤ C‖ϕ‖L4(0,Te;W
1,4
0 (Ω)). (4.47)

Ún4.4 �y.

5. 4�L§

3þ�Ü©¥, ïá
�X��k��O. 3�!¥, |^þ�!¥ïá�k��O5ïÄS

�Sm �m→∞ ��Âñ5. �!òy²�3ÂñuÐ>�¯Kf)�fS�.

Ún 5.1 (Aubin− Lions) [29] �B0 ÚB1 ´g��, b�B ´��Banach �m, ¦�B0 ;i\

�B ¥, B �i\�B1 ¥. éu1 ≤ p0, p1 ≤ +∞, ½Â

W = {f | f ∈ Lp0(0, T ;B0), f ′ =
df

dt
∈ Lp1(0, T ;B1)}.

(i) XJp0 < +∞, KW ;i\�Lp0(0, T ;B) ¥.

(ii) XJp0 = +∞ Úp1 > 1, KW ;i\�C([0, T ];B) ¥.

ù�Ún�y², ë� [30]¥�157�. ±e´�!�Ì�(J.
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½n2.1�y²: 3ù�Ü©,·�y²�m→∞�, S ´¯K(2.13) – (2.16)�f). d�O(4.22),

(4.24), (4.46) 9f;5½n, ·����3fS�Smn , ùp�^Sm L«, ÷vµ

Sm ⇀ S, f ∗ÂñuL∞(0, Te;H
1(Ω)), (5.1)

Sm ⇀ S, fÂñuL2(0, Te;H
3(Ω)), (5.2)

Smt ⇀ St, fÂñuL
4
3 (0, Te;W

−1, 43 (Ω)). (5.3)

Ïd, d(5.1), (5.2) �íÑ(2.19), �(5.3) �y�(Ø(2.20) ¤á. ��, ·�ïÄ(2.18) �Âñ5.

�âAubin− Lions Ún, ·��µ

p0 = 2, p1 = 4
3
,

B0 = H2(Ω), B = C1+α(Ω̄), B1 = W−1, 43 (Ω),

K�3S�Sm, ¦�

‖Sm − S‖L2(0,Te;C1+α(Ω̄)) → 0, m→∞. (5.4)

d(5.4) ·�N´�Ñµ

‖Smx − Sx‖L2(0,Te;Cα(Ω̄)) → 0, m→∞. (5.5)

‖|Sx|mκ − |Sx|κ‖L2(0,Te;L2(Ω)) → 0, m→∞. (5.6)

l, ·��ÏL(5.2), (5.6) ��

|Smx |κSmxxx ⇀ |Sx|κSxxx, fÂñuL1(QTe). (5.7)

d	, ÏL(4.22), (5.4) Ú(5.5) ØJ��

(ψ̂Sm)x = ψ̂′′(Sm)Smx ⇀ ψ̂′′(S)Sx, fÂñuL
2(QTe). (5.8)

=

(ψ̂Sm)x|Smx |κ ⇀ (ψ̂S)x|Sx|κ, fÂñuL1(QTe). (5.9)

ÏL(5.6) – (5.9) ��é?¿�ϕ ∈ C∞0 ((−∞, Te)× R) ¤á

(Sm, ϕt)QTe → (S, ϕt)QTe , (5.10)

c(r|Smx |κ, ϕ)QTe → c(r|Sx|κ, ϕ)QTe , (5.11)

(|Smx |κSmxxx, ϕx)QTe → (|Sx|κSxxx, ϕx)QTe , (5.12)

((ψ̂Sm)x|Smx |κ, ϕx)QTe → ((ψ̂S)x|Sx|κ, ϕx)QTe . (5.13)
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=�S ÷vf/ª(2.18). ù¿�XS ´¯K(2.13) – (2.16) ���f), ½n2.1 �y.

6. o(

�©ïÄ�´�aSëêÅð��|�.�f)�35, 3Alber-ZhuSëêÅð�.�Ä:

þ, �Ñ�5�A, z����m�òz�ü��§. $^Galerkin�{�E
TÐ>�¯K���

Cq)¿y²ÙÛÜf)�3, ÏL��k��O9IO�4�L§, ��T�z¯K�Nf)�

�35.
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