
Pure Mathematics nØêÆ, 2021, 11(6), 1121-1129

Published Online June 2021 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2021.116126

p-Laplacian·Ü>�¯K»�à)��35

ëëëæææwww§§§���UUU===∗

Ü����ÆêÆ�ÚOÆ�§[� =²

ÂvFÏµ2021c5�8F¶¹^FÏµ2021c6�10F¶uÙFÏµ2021c6�17F

Á �

$^ KrasnoselskiiØÄ:½n,�©�Ä p-Laplacian·Ü>�¯K div(ϕp(∇u)) = f(|x|,−u) x ∈ B1,

u = 0 x ∈ ∂B1

K�»�à)��35, Ù¥ B1 = {x ∈ RN : |x| < 1}, N ≥ 1, ϕp(s) = |s|p−2s, p > 1,

f : [0, 1]× [0,∞)→ [0,∞) ëY.
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Abstract

In this paper, by using Krasnoselskii fixed point throrem, we consider the existence of

negative radial convex solutions for mixed boundary value problem of p-Laplacian div(ϕp(∇u)) = f(|x|,−u) x ∈ B1,

u = 0 x ∈ ∂B1,

where B1 = {x ∈ RN : |x| < 1}, N ≥ 1, ϕp(s) = |s|p−2s, p > 1, f : [0, 1] × [0,∞) → [0,∞) is

continuous.
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1. 0�

p-Laplacian¯K5
uÔnÆ, 36NåÆ!>^Æ!UNÔnÆ!��5�5åÆÚ��5

 �©�§»�)+�kX2��A^, ë�© [1–3], Ù)��35Úõ­5É�
NõÆö�'

5, ¿��
�X�ïÄ¤J, ë�© [4–7]. 8c�õê©z$^�Ì�óäkþe)�{!ØÄ

:�ênØ!SchauderØÄ:½n!Leray-Schauder��5öJ�n!üNS�{±9'�½n

��{.

© [1]$^ Leray-Schauder�nÚþe)�{ïÄ
 p-Laplacianü:>�¯K

[ϕp(u
′(t))]′ + f(t, u(t)) = 0, t ∈ (0, 1),

u(0) = u(1) = 0
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�)�3�¿�^�,Ù¥ f : [0, 1]× [0,∞)→ [0,∞)ëY.

© [7]$^©ÜnØïÄ
 p-Laplacian�§ Robin>�¯K

div(ϕp(∇u)) + λh(x)f(u) = 0 x ∈ B,

u = 0 x ∈ ∂B

n�)��35,Ù¥ f : [0,∞)→ [0,∞)ëY,ëê λ > 0,� h´C�¼ê.

© [8]$^Iþ�ØÄ:½nïÄ
�aMinkowski�m¥�k²þ­Ç�f�ÛÉ Dirichlet

¯K 
div

(
∇υ√

1−|∇υ|2

)
= f(|x|,−υ) x ∈ B1,

υ = 0 x ∈ ∂B1

�²�»�à)��35,Ù¥ f : [0, 1]× [0, 1)→ [0,∞)ëY,�3 u = 1?#NäkÛÉ5.

É±þ©z�éu,�©Ì�$^ KrasnoselskiiØÄ:½nïÄ p-Laplacian�§ Dirichlet>

�¯K  div(ϕp(∇u)) = f(|x|,−u) x ∈ B1,

u = 0 x ∈ ∂B1

(1)

»�à)��35.�
¦»�é¡),Ø�- u(x) = ω(r)� r = |x|,K¯K (1)�du Robin>

�¯K  (rN−1ϕp(ω
′))′ = rN−1f(r,−ω), r ∈ (0, 1),

ω′(0) = 0, ω(1) = 0.
(2)

e ω(r)÷v¯K (2),�é?¿ r ∈ [0, 1],k ω(r) ≤ 0, ω
′′
(r) ≥ 0,K ω(r)´¯K (2)K�»�à).

$^Cþ�� υ(r) = −ω(r),K¯K (2)=z� Robin>�¯K (rN−1ϕp(−υ′))′ = rN−1f(r, υ), r ∈ (0, 1),

υ′(0) = 0, υ(1) = 0.
(3)

w,,¯K (3)�])éA¯K (2)�»�à),Ïd,·��IïÄ¯K (3)�])��35,?


¼�¯K (1)K�»�à)��35.

�©ob½µ

(H0) f : [0, 1]× [0,∞)→ [0,∞)ëY.

(H1)�3�~¼ê ψ1 ∈ C([0,∞), [0,∞))Ú~ê c > 0, α > 0,¦�

f(r, υ) ≤ αψ1(υ), (r, υ) ∈ [0, 1]× [0, c],
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� αψ1(c) ≤ Nϕp(c).
(H2)�3�~¼ê ψ2 ∈ C([0,∞), [0,∞))Ú~ê d > 0, β > 0,¦�

f(r, υ) ≥ βψ2(υ), (r, υ) ∈ [0, 1]× [σd, d],

� ϕ−1p (ψ2(σd)) · ( β
N

)
1

p−1 (1− 1
p
)(1− (1− σ)

p
p−1 ) ≥ σd.Ù¥ 0 < σ < 1

2
.

(H3)�3¼ê l1, l2 : [0, 1]→ [0,+∞),÷v

lim sup
υ→0

f(r, υ)

ϕp(υ)
= l1(r), lim inf

υ→∞

f(r, υ)

ϕp(υ)
= l2(r), 3 [0, 1]þ��¤á,

(H4)�3¼ê l3, l4 : [0, 1]→ [0,+∞),÷v

lim sup
υ→∞

f(r, υ)

ϕp(υ)
= l3(r), lim inf

υ→0

f(r, υ)

ϕp(υ)
= l4(r), 3 [0, 1]þ��¤á.

�©�Ì�(JXe.

½n 1 b½ (H0), (H1)Ú (H2)¤á.K±e(Ø¤á.

(i)e c < σd,K¯K (3)���3���]) υ�÷v

d ≥ ‖υ‖ ≥ c, σd ≥ min
r∈[σ,1−σ]

υ(r) ≥ σc. (4)

(ii)e c > d,K¯K (3)���3���]) υ�÷v

c ≥ ‖υ‖ ≥ σd, min
r∈[σ,1−σ]

υ(r) ≥ σd. (5)

½n 2 b½ (H0)Ú (H3)¤á,�

0 ≤ l1(r) < N, Nρ < l2(r) ≤ +∞,

Ù¥ ρ > 0´��~ê,�÷v (ρ)
1

p−1 · (1− 1
p
)(1− (1− σ)

p
p−1 ) ≥ 1.K¯K (1)���3��K�

»�à).

½n 3 b½ (H0)Ú (H4)¤á,�

0 ≤ l3(r) < N, Nρ < l4(r) ≤ +∞,

Ù¥ ρ > 0´��~ê,�÷v (ρ)
1

p−1 · (1− 1
p
)(1− (1− σ)

p
p−1 ) ≥ 1.K¯K (1)���3��K�

»�à).
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2. ý��£

�©¦^�Ì�óäXe.

Ún 1 [9] � X ´ Banach�m, K ´ X ���4f8, Ω´ X ���f8,P

ΩK = Ω ∩K, ∂KΩ = (∂Ω) ∩K,

K´X ¥���I, ΩaÚ Ωb´X �k.mf8, Ωa
K ⊂ Ωb

K , Ωa
K 6= ∅.e�ëY�f T : Ωb

K → K

÷v

(i) ‖Tυ‖ ≤ ‖υ‖, υ ∈ ∂KΩa;

(ii)�3 e ∈ K\{0},¦� υ 6= Tυ + λe, υ ∈ ∂KΩb� λ > 0,

K T 3 Ωb
K \ Ωa

K þ��k��ØÄ:.

e¡�Ñ�©¦^��m.P

X = C[0, 1],

Ù�ê� ‖υ‖ = max
r∈[0,1]

|υ(r)|.½ÂIK,

K = {υ ∈ X : υ(r) ≥ 0, r ∈ [0, 1] � min
r∈[σ,1−σ]

υ(r) ≥ σ‖υ‖},

Ù¥ 0 < σ < 1
2
.P

Ωa = {υ ∈ X : min
r∈[σ,1−σ]

υ(r) < σa}, Ba = {υ ∈ X : ‖υ‖ < a}.

Ún 2 [10, 11] ΩaÚ Baäk±e5�µ

(i) Ωa
K Ú Ba

K �éK ´m8;

(ii) Bσa
K ⊂ Ωa

K ⊂ Ba
K ;

(iii) υ ∈ ∂KΩa��=� min
r∈[σ,1−σ]

υ(r) = σa;

(iv)e υ ∈ ∂KΩa,K a ≥ υ(r) ≥ σa, r ∈ [σ, 1− σ].

w,,éz� a > 0,8Ü Ωa´Ã.�,¤±ØUé Ωa��A^Ún 1.Ïd,é?¿ b > a,-

Ωa
K = (Ωa ∩Bb)K , Ωa

K = (Ωa ∩Bb)K ,

dÚn 2�5� (ii)��,1���ª¤á.ØJwÑ, (Ωa ∩Bb)K ⊆ Ωa
K .dÚn 2�5� (iii)�

�,é?¿ υ ∈ Ωa
K ,k

σ‖υ‖ ≤ min
r∈[σ,1−σ]

υ(r) ≤ σa < σb,
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ùÒ¿�X υ ∈ (Ωa ∩Bb)K ,du ΩaÚ Bb´m8,¤±, Ωa ∩Bb ⊂ Ωa ∩Bb,l
 υ ∈ (Ωa ∩Bb)K ,

Ωa
K ⊆ (Ωa ∩Bb)K .Ïd, Ωa

K = (Ωa ∩Bb)K .

Ún 3 [12] �¼ê υ ∈ C([0, 1], [0,∞)), υ′(r)3 [0, 1]þ4~,K

min
r∈[σ,1−σ]

υ(r) ≥ σ‖υ‖.

Ún 4 � ϕp : R→ R, ϕp(s) = |s|p−2s, p > 1,K

ϕ−1p (s1s2) = ϕ−1p (s1)ϕ
−1
p (s2), s1, s2 ∈ [0,∞). (6)

y². d ϕp�½ÂN´��TÚn¤á,�y²�Ñ.

3. Ì�(J�y²

½ÂK þ���5�f T ,

Tυ(r) =

∫ 1

r

ϕ−1p

(
1

tN−1

∫ t

0

sN−1f(s, υ(s))ds

)
dt, υ ∈ K.

w,,e υ ∈ K´ T ���ØÄ:,K υ´¯K (3)����]),´y Tυ ∈ X.é?¿ υ ∈ K,

(Tυ)
′
(r) = −ϕ−1p

(
1

rN−1

∫ r

0

sN−1f(s, υ(s))ds

)
≤ 0,

� Tυ(r)3 [0, 1]þ4~,K

Tυ(r) ≥ Tυ(1) = 0, r ∈ [0, 1]. (7)

5¿�

rN−1ϕp((Tυ)
′
(r)) = −

∫ r

0

sN−1f(s, υ(s))ds

3 [0, 1]þ´4~�,qÏ ϕp´4O�,� (Tυ)
′
(r)3 [0, 1]þ4~.dÚn 3��,

min
r∈[σ,1−σ]

Tυ(r) ≥ σ‖Tυ‖. (8)

l
d (7)Ú (8)��, T (K) ⊂ K.w,, T ´�ëY�f.

½n 1�y². d (6)Ú (H1)��,� υ ∈ ∂KBc,é?¿ r ∈ [0, 1],·�k
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Tυ(r) =

∫ 1

0

ϕ−1p

(
1

tN−1

∫ t

0

sN−1f(s, υ(s))ds

)
dt

≤
∫ 1

0

ϕ−1p

(
1

tN−1

∫ t

0

sN−1αψ1(c)ds

)
dt

=

∫ 1

0

ϕ−1p

(
αψ1(c)

N
t

)
dt =

∫ 1

0

ϕ−1p

(
αψ1(c)

N

)
· ϕ−1p (t)dt

≤ ϕ−1p

(
αψ1(c)

N

)
≤ c = ‖υ‖,

� ‖Tυ‖ ≤ ‖υ‖.Ïd,Ún 1¥ (i)¤á.

- e ≡ 1 ∈ K\{0},ey
υ 6= Tυ + λ, υ ∈ ∂KΩd� λ > 0.

���3 υ0 ∈ ∂KΩd� λ0 > 0,¦� υ0 = Tυ0 + λ0,dÚn 2�5� (iv)��,

σd = σ‖υ0‖ ≤ υ0(r) ≤ d, r ∈ [σ, 1− σ].

d (6)Ú (H2)��,é?¿ r ∈ [σ, 1− σ],·�k

υ0(r) = Tυ0(r) + λ0

=

∫ 1

r

ϕ−1p

(
1

tN−1

∫ t

0

sN−1f(s, υ(s))ds

)
dt+ λ0

≥
∫ 1

1−σ
ϕ−1p

(
1

tN−1

∫ t

0

sN−1βψ2(σd)ds

)
dt+ λ0

=

∫ 1

1−σ
ϕ−1p

(
βψ2(σd)

N
t

)
dt+ λ0

=

∫ 1

1−σ
ϕ−1p (ψ2(σd)) · ϕ−1p (

βt

N
)dt+ λ0

= ϕ−1p (ψ2(σd)) ·
∫ 1

1−σ
ϕ−1p

(
βt

N

)
dt+ λ0

= ϕ−1p (ψ2(σd)) · ( β
N

)
1

p−1 (1− 1

p
)(1− (1− σ)

p
p−1 ) + λ0

≥ σd+ λ0,

ùÒ¿�X

min
r∈[σ,1−σ]

υ0(r) ≥ σd+ λ0 > σd,

ù�Ún 2�5� (iii)gñ,�Ún 1¥ (ii)¤á.
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e c < σd,dÚn 2�5� (ii)��,

Bc
K ⊂ Bσd

K ⊂ Ωd
K ,

dÚn 1��, T ��k��ØÄ: υ ∈ Ωd
K \ Bc

K ,÷v σd ≥ min
r∈[σ,1−σ]

υ(r) ≥ σc� ‖υ‖ ≥ c,Ïd,

σd ≥ min
r∈[σ,1−σ]

υ(r) ≥ σ‖υ‖, ‖υ‖ ≤ d. � (4)¤á.

e d < c,K Ωd
K ⊂ Bc

K ,dÚn 1��, T ��k��ØÄ: υ ∈ Bc
K \Ωd

K .Ïd, c ≥ ‖υ‖ ≥ σd,

min
r∈[σ,1−σ]

υ(r) ≥ σd.� (5)¤á.

½n 2�y². d 0 ≤ l1(r) < N ��,�3��~ê c > 0,¦�

f(r, υ) ≤ Nϕp(υ), (r, υ) ∈ [0, 1]× [0, c],

� α = N , ψ1(υ) = ϕp(υ),K

f(r, υ) ≤ αψ1(υ), (r, υ) ∈ [0, 1]× [0, c],

�

αψ1(c) ≤ Nϕp(c).

� (H1)¤á.

d Nρ < l2(r) ≤ +∞��,�3��~ê d > 0,¦� σd > c,

f(r, υ) ≥ Nρϕp(υ), r ∈ [0, 1], υ ≥ σd,

� β = Nρ, ψ2(υ) = ϕp(υ),K

f(r, υ) ≥ βψ2(υ), r ∈ [0, 1], υ ≥ σd,

�

ϕ−1p (ψ2(σd)) ·
(
β

N

) 1
p−1

(1− 1

p
)(1− (1− σ)

p
p−1 ) ≥ σd.

� (H2)¤á.d½n 1��,¯K (3)���3���]),K¯K (1)���3��K�»�à).

½n 3�y². aÓ½n 2�y².

Ä7�8

I[g,�ÆÄ7�cÄ7]Ï�8(11801453, 11901464), [���c�EÄ7Oy]

Ï(20JR10RA100).
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