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Abstract

Based on the monotone iterative method, we obtain the existence of positive radial so-
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1. 0�

k-Hessian ¯KuAÛÆ, 6NåÆÚÙ¦A^Æ� [1]. ��/, ·�½ÂXe� k-Hessian

�f:

Sk(λ(D2u)) =
∑

1≤j1<...<jk≤N

λj1λj2 . . . λjk , k = 1, 2, · · · , N,

Ù¥ u ∈ C2(RN ), D2u ´��ëY�©¼ê u � Hessian Ý
, λ1, λ2, . . . , λN ´ D2u �A�

�, λ(D2u) = (λ1, λ2, . . . , λN ) ´ D2u �A���þ, Sk(λ(D2u)) ´1 k �Ð�é¡õ�ª, ´

Hessian Ý
 D2u �¤k k× k �Ìfª�Ú. AO/, � k = 1 �, k-Hessian �fòz� Laplace

�f S1(λ(D2u)) =
N∑
i=1

λi = ∆u, �� [2–4]; � k = N �, k-Hessian �fòz� Monge-Ampère

�f SN (λ(D2u)) =
N∏
i=1

= det(λ(D2u)), �� [5–7].

Cc5, k-Hessian ¯KÚå
NõÆö�2�'5, ¿��
´L��¤J [2–13]. Caffarelli

[8]�<�kïÄ
 k-Hessian�§ Sk(λ(D2u)) = f 1w)��35Úk��O;d�, Wei [9]$^

üN©l�{¼�
 k-Hessian �§ Sk(λ(D2u)) = f(−u) »�)���5(J; 2015c, Zhang Ú

Zhou [10] $^üNS��{Ú Arzelà-Ascoli ½n¼�
 k-Hessian �§ σk(λ(D2u)) = p(|x|)f(u)

�»�)��35(J, ¿ïá
�»�)���3�^�; 2020 c, Zhang [11] ?�Ú$^ØÄ

:½n¼�
ÛÉ��5 k-Hessian �§ Sk(λ(D2u)) = λH(x)f(−u) �²�»�)��35, ù

p�Ä�´�¼ê H(x) 3>. ∂Ω NCÛÉ��¹, f �U3 0 :?ÛÉ½ö3 ∞ ? k-��5

O�. ��5¿�´, þã©z¤?Ø��f¥þØ¹FÝ� η|Ou|I, @o� k-Hessian �f¥�¹

FÝ��´Ä�,�±��)��35, ù´�����Ä�¯K.

É±þ©z�éu, �©ò}Á$^üNS��{�Ä k-Hessian �§

Sk(λ(D2u+ η|Ou|I)) = h(|x|)f(u), x ∈ RN (1.1)
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�»�)��35, Ù¥ η ∈ [0,+∞), h ∈ C([0,+∞), [0,+∞)) üN4O. ��©z [10] Ú [11] 

ó, du�f¥ η|Ou|I �Ñy¦¯K�\E,.

2. ý��£

�
¼��§ (1.1) »�)��35, �!�Ñ�
7��Ún. - r = |x| =

√
N∑
i=1

x2i ,

BR := {x ∈ RN : |x| < R}, KkXe5�¤á.

Ún 2.1 [13] � v(r) ∈ C2[0, R) ´��»�é¡¼ê� v
′
(0) = 0, K¼ê u(|x|) = v(r) ´

C2(BR) �, �

λ(D2u+ η|Ou|I) =


(v
′′
(r) + ηv

′
(r), (

1

r
+ η)v

′
(r), . . . , (

1

r
+ η)v

′
(r)), r ∈ (0, R),

(v
′′
(0), v

′′
(0), . . . , v

′′
(0)), r = 0;

Sk(λ(D2u+η|Ou|I)) =


Ck−1N−1(v

′′
(r) + ηv

′
(r))((

1

r
+ η)v

′
(r))k−1 + CkN−1((

1

r
+ η)v

′
(r))k, r ∈ (0, R),

CkN (v
′′
(0))k, r = 0,

Ù¥ CkN = N !
k!(N−k)! .

Ún 2.2 e v(r) ∈ C[0, R] ∩ C1(0, R) ´ Cauchy ¯K
v
′
(r) =

(
k

Ck−1
N−1

e−ψk(r)
∫ r
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

) 1
k

, r ∈ (0, R),

v(0) = γ, γ > 0

(2.1)

�), K v(r) ∈ C2[0, R) ´~�©�§

Ck−1N−1(v
′′
(r))(v

′
(r))k−1r + r(Ck−1N−1η + CkN−1(

1

r
+ η))(v

′
(r))k =

rk

(1 + ηr)k−1
h(r)f(v(r)), r > 0

(2.2)

�)� v
′
(0) = 0.

y²: w,, v(r) ∈ C2[0, R), d (2.1) ��

(v
′
(r))k =

k

Ck−1N−1
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds, r ≥ 0. (2.3)

K [
Ck−1N−1

k
eψk(r)(v

′
(r))k

]′
= eψk(r)

(
r

1 + ηr

)k−1
h(r)f(v(r)), r ≥ 0. (2.4)
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é (2.4) 'u r ¦�, �

Ck−1N−1(v
′′
(r))(v

′
(r))k−1r + r(Ck−1N−1η + CkN−1(

1

r
+ η))(v

′
(r))k =

rk

(1 + ηr)k−1
h(r)f(v(r)), r > 0

� v
′
(0) = 0.

-

T (r) =

∫ r

0

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)ds

) 1
k

dt, r ≥ 0, T (∞) := lim
r→∞

T (r).

F (r) =

∫ r

γ

1

f(t)
dt, r ≥ γ > 0, F (∞) := lim

r→∞
F (r),

Ù¥

ψk(r) =
k

Ck−1N−1

(
Ck−1N−1ηr + CkN−1 ln r + CkN−1ηr

)
.

3�©¥, ·�ob�±e^�¤á:

(H1) F (∞) =∞, T (∞) <∞;

(H2) f ∈ C([0,+∞), [0,+∞)) ´üN4O��� t > 0 �, f(t) > 0.

dÚn (2.2) �, �§ (1.1) �du~�©�§ (2.2). Ïd, �¼��§ (1.1) ��»�)��

35, �Iy²~�©�§ (2.2) k�)=�.

3. �»�)��35

½n 3.1 e (H1) Ú (H2) ¤á, K k-Hessian �§ (1) kÃ¡õ��»�) u ∈ C2[0,+∞).

y²: é�§ (2.4) È©, �

v(r) = v(0) +

∫ r

0

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

dt, r ≥ 0. (3.1)

(ÜÚn 2.2, �Ð� v0(r) = v(0) = γ > 0, 3 [0,+∞) þ½ÂS� {vm(r)}m≥0, ?1XeS�:
v0(r) = γ,

vm(r) = γ +
∫ r
0

(
k

Ck−1
N−1

e−ψk(t)
∫ t
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(vm−1(s))ds

) 1
k

dt, r ≥ 0.

(3.2)

Äky² {vm(r)}m≥0 3 [0,+∞) þ´�~�. w,, � m = 0 �, vm(r) = v0(r) < v1(r),

b� vm−1(r) ≤ vm(r) ¤á, �y {vm(r)}m≥0 �~, �Iy vm(r) ≤ vm+1(r) =�. ´�é

∀m ≥ 0, r ∈ [0,+∞) k
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vm(r) = γ +

∫ r

0

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(vm(s))ds

) 1
k

dt

≤ γ +

∫ r

0

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(vm(s))ds

) 1
k

dt

= vm+1(r),

(3.3)

�S� {vm(r)}m≥0 3 [0,+∞) þ´�~�. d (H2) Ú {vm(r)}m≥0 �üN5�[
Ck−1N−1

k
eψk(r)

(
(vm(r))

′
)k]′

= eψk(r)

(
r

1 + ηr

)k−1
h(r)f(vm−1(r))

≤ eψk(r)

(
r

1 + ηr

)k−1
h(r)f(vm(r)),

(3.4)

�

(vm(r))
′
≤

(
k

Ck−1N−1
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)ds

) 1
k

f(vm(r)). (3.5)

du vm(r) ≥ 0, K

∫ r

0

(vm(t))
′

f(vm(t))
dt ≤

∫ r

0

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)ds

) 1
k

dt = T (r),

?�

∫ vm(r)

γ

1

f(τ)
dτ ≤ T (r).

Ïd

F (vm(r)) ≤ T (r), ∀r ≥ 0. (3.6)

w,, F ´V�� F
′
(r) = 1

f(v(r))
> 0 (r > 0), ¤± F−1 (F �_N�) 3 [0, F (∞)) þî�

4O. q F (∞) =∞ � T (∞) <∞, K F−1(∞) =∞ �

v(m)(r) ≤ F−1T (r) ≤ F−1T (∞) <∞, ∀r ≥ 0. (3.7)

d	, du h ∈ C([0,+∞), [0,+∞)) üN4O, @oé�½�~ê c0 > 0, ∀ ε > 0, r1, r2 ∈ [0, c0],
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|vm(r2)− vm(r1) =

∣∣∣∣∣∣
∫ r2

r1

(
k

Ck−1N−1
e−ψk(t)

∫ t

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(vm−1(s))ds

) 1
k

dt

∣∣∣∣∣∣
≤

(
k

Ck−1N−1

) 1
k
∣∣∣∣∣
∫ r2

r1

(
tk(

1

1 + ηt
)k−1h(t)f(vm−1(t))

) 1
k

dt

∣∣∣∣∣
≤

(
k

Ck−1N−1

) 1
k (

ck0(
1

1 + ηc0
)k−1h(c0)f(vm−1(c0))

) 1
k

|r2 − r1|.

- D := ( k

Ck−1
N−1

)
1
k

(
ck0( 1

1+ηc0
)k−1h(c0)f(vm−1(c0))

) 1
k

, � δ = ε
D

, � |r2 − r1| < δ �, k

|vm(r2)− vm(r1) < ε,

�S� {vm(r)}m≥0 3 [0, c0] þk.��ÝëY. �â Arzelà-Ascoli ½n, {vm(r)}m≥0 3 [0, c0] þ

��Âñ� v(r). d r > 0 � v(r) ´~�©�§ (2.2) ����). d γ ∈ (0,∞) �?¿5��,

�§ (2.2) kÃ¡õ��).

ey v ∈ C2[0,+∞). w,, v ∈ C2(0,+∞), �Iy v
′
(r) Ú v

′′
(r) 3 r = 0 ?ëY. ¢Sþ,

v
′
(0) = lim

r→0

v(r)− v(0)

r

= lim
r→0

∫ r
0

(
k

Ck−1
N−1

e−ψk(t)
∫ t
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

) 1
k

dt

r

= lim
r→0

(
k

Ck−1N−1
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

=

(
k

Ck−1N−1

) 1
k

lim
r→0


∫ r
0
reψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

reψk(r)


1
k

=

(
k

Ck−1N−1

) 1
k

lim
r→0

r
(

r
1+ηr

)k−1
h(r)f(v(r))

1 + rψ
′

k


1
k

=

(
k

Ck−1N−1

) 1
k

lim
r→0

(
rkh(r)f(v(r))

(1− k)(1 + ηr)k−1 +N(1 + ηr)k

) 1
k

= 0
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�

v
′
(r) =

(
k

Ck−1N−1
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

,

lim
r→0

v
′
(r) = lim

r→0

(
k

Ck−1N−1
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

= 0,

�

lim
r→0

v
′
(r) = v

′
(0) = 0.

Ïd, v
′
(r) 3 r = 0 ?ëY. aq/,

v
′′
(0) = lim

r→0

v
′
(r)− v′(0)

r

= lim
r→0

(
k

Ck−1
N−1

e−ψk(r)
∫ r
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

) 1
k

r

=

(
k

Ck−1N−1

) 1
k

lim
r→0


∫ r
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

rkeψk(r)


1
k

=

(
k

Ck−1N−1

) 1
k

lim
r→0


(

r
1+ηr

)k−1
h(r)f(v(r))

krk−1 + rkψ
′

k(r)


1
k

=

(
k

Ck−1N−1

) 1
k

lim
r→0

(
h(r)f(v(r)

N(1 + ηr)k

) 1
k

=

(
k

Ck−1N−1

) 1
k (

h(0)f(v(0))

N

) 1
k

.

ÏLO�, �

v
′′
(r) =

1

k

(
k

Ck−1N−1

) 1
k

−ψ′k(r)
(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

+

(
r

1 + ηr

)k−1
h(r)f(v(r))

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k−1
 .

-

V1(r) = −ψ
′

k(r)

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

,

V2(r) =

(
r

1 + ηr

)k−1
h(r)f(v(r))

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k−1

.
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K

lim
r→0

V1(r) = − lim
r→0

ψ
′

k(r)

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

= − lim
r→0

ψ
′

k(r) lim
r→0

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k

= lim
r→0

(−rψ
′

k(r)) lim
r→0


∫ r
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

rkeψk(r)


1
k

= lim
r→0

(k −N(1 + ηr)) lim
r→0

(
h(r)f(v(r))

N(1 + ηr)k

) 1
k

= (k −N)

(
h(0)f(v(0))

N

) 1
k

,

lim
r→0

V2(r) = lim
r→0

(
r

1 + ηr

)k−1
h(r)f(v(r))

(
e−ψk(r)

∫ r

0

eψk(s)

(
s

1 + ηs

)k−1
h(s)f(v(s))ds

) 1
k−1

= lim
r→0

(
1

1 + ηr

)k−1
lim
r→0

h(r)f(r, v(r)) lim
r→0


∫ r
0
eψk(s)

(
s

1+ηs

)k−1
h(s)f(v(s))ds

rkeψk(r)


1
k−1

= N

(
h(0)f(v(0))

N

) 1
k

,

�

lim
r→0

v
′′
(r) =

1

k

(
k

Ck−1N−1

) 1
k (

lim
r→0

V1(r) + lim
r→0

V2(r)
)

=

(
k

Ck−1N−1

) 1
k (

h(0)f(v(0))

N

) 1
k

= v
′′
(0).

Ïd v ∈ C2[0,+∞).

nþ, �§ (2.2) kÃ¡õ��) v ∈ C2[0,+∞), = k-Hessian �§ (1.1) kÃ¡õ��»�

) u ∈ C2[0,+∞).

4. A^Þ~

�Ä 5-Hessian �§

S5(λ(D2u+ η|Ou|I)) = h(|x|)f(u), x ∈ R6. (4.1)

Ù¥ η = 1
6
, H(r) = (1+r

r
)4e−r−ln r, f(u) = u+ 1. w,, f(u) ÷v (H2) �

ψ5(r) =
5

C4
5

(
C4

5r

6
+ C5

5 ln r +
C5

5r

6

)
= r + ln r.
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d	,

T (∞) =

∫ ∞
0

(
5

C4
5

e−t−ln t
∫ t

0

es+ln s

(
s

1 + s

)4(
1 + s

s

)4

e−s−ln sds

) 1
5

dt

=

∫ ∞
0

(
e−t−ln t

∫ t

0

1ds

) 1
5

dt

=

∫ ∞
0

(
t

et+ln t

) 1
5

dt

<

∫ ∞
0

(
t+ ln t

et+ln t

) 1
5

dt <∞,

F (∞) =

∫ ∞
γ

1

f(t)
dt =

∫ ∞
γ

1

t+ 1
dt =∞,

= (H1) ¤á. Ïd 5-Hessian�§ (4.1) kÃ¡õ��»�) u ∈ C2[0,+∞).
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