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Abstract

This paper is devoted to studying the global well-posedness of Cauchy problem for

the two-dimensional dispersive quasi-geostrophic equations. By introducing a kind

of Hybrid-Besov spaces with different regularity indices at high frequency and low

frequency, and by establishing the uniformly bounded estimations of the corresponding

dispersive operator semigroup on these new function spaces, the global well-posedness

of the 2D dispersive quasi-geostrophic equations is obtained for uniformly small initial

values in the critical functional framework.
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1. có

�©ïÄXe�ÚÑ	å���� quasi-geostrophic�§| Cauchy¯K��N·½5
∂tθ + u · ∇θ + ν|D|αθ +Au2 = 0, (x, t) ∈ R2 × (0,∞),

u = R⊥θ = (−R2θ,R1θ), (x, t) ∈ R2 × (0,∞),

θ(0, x) = θ0(x), x ∈ R2,

(1.1)

Ù¥ 0 < α ≤ 2,��¼ê θ(t, x)L«6N�§Ý,¼ê u = (u1, u2)L«6N��Ý|; θ0 ��½

�Ð©�;�~ê ν L«*ÑXê,�~ê AL«ÚÑëê; Ri = −∂i|D|−1, i = 1, 2 � RieszC�,

©ê��©�f |D|α ½Â�: ̂|D|αf(ξ) = |ξ|αf̂(ξ),Ù¥ f̂ L« f � FourierC�.T�§|Jø


����µeeÅ�ë6$Ä�p�^��..du α = 1���ÚÑ quasi-geostrophic�§|�

n�^=Ø�Ø  Navier-Stokes�§|��q5,Ïd§�±À�n� Navier-Stokes�§���

$��.,'u�§| (1.1)�õÔn�µ0��ë�©z [1].
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� A = 0�,�§| (1.1)òz�²;�� quasi-geostrophic�§|
∂tθ + u · ∇θ + ν|D|αθ = 0, (x, t) ∈ R2 × (0,∞),

u = R⊥θ = (−R2θ,R1θ), (x, t) ∈ R2 × (0,∞),

θ(0, x) = θ0(x), x ∈ R2.

(1.2)

�âºÝC�Ú L∞4���n, α > 1, α = 1, α < 1©O¡�g�.�/,�.�/Ú��.�/,

�©z [2, 3]. 3g�.��/e, ConstantinÚWu [4–6]y²
Ð�¯K (1.2)1w)��N�3

5. Wu [7–9]©O33 Lebesgue�m, Morrey�m±9àg Sobolev�m¥y²
Ð�¯K (1.2)

��N·½5.3�.�/e, Kiselev, NazarovÚ Volberg [11]JÑ
�«#��ÛÜ4���n

�{,y²
'u�m±Ï1wÐ���N·½5.�dÓ�, CaffarelliÚ Vasseur [12]l����

ØÓ���,ÏL¿©$^ DeGiorgiS��{,ïá
f)��Û�K5.���J�´,3��.

��/e,Ð�¯K (1.2)'u��Ð���N·½5½ö)´Ä�Û�KE,´úm�. éuÐ�

¯K (1.2)'u�.�m¥�Ð���N·½5±9�Nf)�^��K5��õïÄ(J,�ë

�©z [13–19].

�8c��, éu��ÚÑ quasi-geostrophic �§|Ð�¯K (1.1) �ïÄ(J�é��.

KiselevÚ Nazarov [20]$^ [11]¥��{y²
� α = 1�Ð�¯K (1.1)'u?¿�m±Ï1w

Ð�´�N�K�.���J�´,¦��ó�ØUí2���m��/. ��, Cannone, MiaoÚ

Xue [21]y²
� A¿©��,Ð�¯K (1.1)��Û�K5. WanÚ Chen [22]y²
� A¿©�,

� ν ¿©��,Ð�¯K (1.1)1w)��N·½5. ElgindiÚWidmayer [23]|^�mP~�O,

y²
� ν = 0�,Ð�¯K (1.1))��m��35.

��ég,�¯K´UÄ3�.�m¥¼���ÚÑ quasi-geostrophic�§| (1.2)'uÚÑ

ëê A���Ð���N·½5.�d,É©z [24]�éu,�©ÏL¿©mu�§|�(�A:,

Ú?�ap$ªäkØÓ�K5�I�·Ü. Besov�m,ÏLïá�AÚÑ�+3Ùþ���k

.5�O,¿ÏL$^ Littlewood-PaleynØÚ Bony�È©)�NÚ©Û�nØÚ�{±9(Ü

ØÄ:nØ,y²
��ÚÑ quasi-geostrophic�§| (1.1)'u�.·Ü. Besov�m¥���

Ð���N·½5.�©Ì�(JäNXe:

½n 1.1 � p ∈ [2, 4], α ∈ (2− 2
p
, 2],K�3� AÃ'��~ê c,¦�e ‖θ0‖

Ḃ
2−α, 2

p
+1−α

2,p

≤ c,

¯K (1.1)�3����N)

θ ∈ C
(
[0,∞; Ḃ

2−α, 2p+1−α
2,p

)
∩ L̃∞(0,∞; Ḃ

2−α, 2p+1−α
2,p ) ∩ L̃1(0,∞; Ḃ

2, 2p+1

2,p ).

�©��{Ü©|¤Xe: 1�!¥,·�ò�Ñ Littlewood-PaleynØ��
Ä�¯¢,¿�

ÑÚÑ�+ GA(t)�äNL�ª±9k.5�O;1n!¥,·�ò$^ Bony�È©)nØ�ïá

ÚÑ�+3·Ü. Besov�mþ��5ÚV�5�O;��,·��Ñ
Ì�(J�y².

3�©¥, Fg Ú ĝ þL« g 'u�mCþ�Fp�C�, F−1 L«�A�Fp�_C�.

i =
√

1.·�^ C L«��ýé~ê,§���U�X ��CzCz.
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2. ý��£

Äk,·�ò{ü0� Littlewood-PaleynØ, ¿�Ñ·Ü. Besov �m±9�A� Chemin-

Lerner�m�½Â.�õ'u Littlewood-PaleynØÚ²; Besov �m�?Ø, �ë�;Í [24].

� S (R2)� Schwartz�m, S ′(R2)��O2Â¼ê�m.ÀJ»�¼ê ϕ,ψ ∈ S (R2)¦�

ϕ̂, ψ̂÷ve�5�:

supp ϕ̂ ⊂ C := {ξ ∈ R2 :
3

4
≤ |ξ| ≤ 8

3
},

supp ψ̂ ⊂ B := {ξ ∈ R2 : |ξ| ≤ 4

3
},

� ∑
j∈Z

ϕ̂(2−jξ) = 1 ∀ξ ∈ R2 \ {0}.

é?¿� j ∈ Z,- ϕj(x) := 22jϕ(2jx), ψj(x) := 22jψ(2jx), ½ÂªÇÛÜz�f ∆j Ú$ª�ä�

f Sj :

∆jf := ϕj ∗ f, Sjf = ψj ∗ f, ∀j ∈ Z, f ∈ S ′(R2).

- S ′
h(R2) := S ′(R2)/P[R2],Ù¥ P[R2]�½Â3 R2 þ��Nõ�ª¤�¤��5�m.¯¤±

�,3S ′
h(R2)¥¤áXe©):

f =
∑
j∈Z

∆jf, Sjf =

j−1∑
k=−∞

∆kf.

d	, d ϕ̂Ú ψ̂�|85�,N´�yªÇÛÜz�f∆j Ú$ª�ä�f Sj ÷vXe�[��5:

∆j∆kf = 0, |j − k| ≥ 2;

∆j(Sk−1f∆kf) = 0, |j − k| ≥ 5.

$^ Bony�È©) [25],��

fg = Tfg + Tgf +R(f, g),

Ù¥

Tfg =
∑
j∈Z

Sj−1f∆jg, R(f, g) =
∑
j∈Z

∆jf∆̃jg, ∆̃jg =
∑

|j′−j|≤1

∆j̃′g.

½Â 2.1 � s, σ ∈ R, 1 ≤ p ≤ ∞,½Â·Ü. Besov�m :

Ḃs,σ
2,p :=

{
f ∈ S ′

h(R2) : ‖f‖Ḃs,σ
2,p

:= sup
2j≤A

2js‖∆jf‖L2 + sup
2j>A

2jσ‖∆jf‖Lp <∞
}
.
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½Â 2.2 � s, σ ∈ R, 1 ≤ p, r ≤ +∞,½Â Chemin-Lerner�m :

L̃r(0,∞; Ḃs,σ
2,p ) :=

{
f ∈ S ′((0,∞)× R2) : lim

j→−∞
Sjf = 0,

‖f‖L̃r(0,∞;Ḃs,σ2,p )
= sup

2j≤A
2js‖∆jf‖Lr(0,∞;L2) + sup

2j>A

2jσ‖∆jf‖Lr(0,∞;Lp) <∞
}
.

Ún 2.3 (BernsteinØ�ª) [24] � 1 ≤ p ≤ q ≤ +∞,é?¿� β, γ ∈ N3,¤á

1) suppf̂ ⊆ {|ξ| ≤ A02
j} =⇒ ‖∂γf‖Lq ≤ C2j|γ|+jn(

1
p−

1
q )‖f‖Lp ,

2) suppf̂ ⊆ {A12
j ≤ |ξ| ≤ A22

j} =⇒ ‖f‖Lp ≤ C2−j|γ| sup
|β|=|γ|

‖∂βf‖Lp .

e¡, ·��Ñ¯K (1.1)��dÈ©�§.

θ(t) = GA(t)θ0 +

∫ t

0

GA(t− τ)∇(R⊥θ(τ) · θ(τ)). (2.1)

Ù¥ {GA(t)}t≥0�ÚÑ�+,ÙäNL�ª�

GA(t)f := eiAt
D1
|D| eνt|D|

α

f = F−1
[

cos
(
A
|ξ1|
|ξ|

t
)
e−ν|ξ|

αtf̂(ξ) + i sin
(
A
|ξ1|
|ξ|

t
)
e−ν|ξ|

αtf̂(ξ)
]
.

��, ·��ÑÚÑ�+ {GA(t)}t≥0� Lp − Lp�O.

Ún 2.5 � C ´ R2 ¥± 0�¥%��,� α ∈ [0, 2],K�3� ν k'�c > 0, C > 0,¦�

e supp θ̂0 ⊂ λC ,¤á

1)é?¿� λ>0,

‖GA(t)θ0‖L2 ≤ Ce−cλ
αt‖θ0‖L2 ; (2.2)

2)é?¿� λ & AÚ 1 ≤ p ≤ ∞,

‖GA(t)θ0‖Lp ≤ Ce−cλ
αt‖θ0‖Lp . (2.3)

y² 1)(Ü GA�L�ª±9 Plancherel½n,��

∥∥GA(t)θ0
∥∥
L2 =

∥∥ĜA(t, ξ)θ̂0(ξ)
∥∥
L2 ≤ C

∥∥e−c|ξ|αtθ̂0(ξ)∥∥L2 ≤ Ce−cλ
αt‖θ0‖L2 .

2)(Ü GA�L�ª±9 Fourier�5�,��

GA(t)f = F−1
[

cos
(
A
|ξ1|
|ξ|

t
)
e−ν|ξ|

αtf̂(ξ) + i sin
(
A
|ξ1|
|ξ|

t
)
e−ν|ξ|

αtf̂(ξ)
]

= F−1
[(

cos
(
A
|ξ1|
|ξ|

t
)

+ i sin
(
A
|ξ1|
|ξ|

t
))
e−ν|ξ|

αt
]
∗ f̂(ξ)
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e¡,·�y² GA(t)�k.5.� φ ∈ D(R2\0), �3 C NC�u1.(Ü θ0 �|85�, ½Â

g(t, x) := F−1
[
φ(λ−1ξ)ĜA(t, ξ)

]
(t, x)

= (2π)−2
∫
R2

eixξφ(λ−1ξ)ĜA(t, ξ)dξ.

Ïd, �I�y²

∥∥g(t, ·)
∥∥
L1 ≤ Ce−cλ

αt. (2.4)

�
���O (2.3),·�òÈ©«�©�: |x| ≤ λ−1Ú |x| ≥ λ−1 5©O?Ø.

Äk, �3 C > 0 ¦�¤á∫
|x|≤λ−1

∣∣g(x, t)
∣∣dx ≤ C ∫

|x|≤λ−1

∫
R2

|φ(λ−1ξ)||ĜA(t, ξ)|dξdx ≤ Ce−cλ
αt. (2.5)

d	, ½Â�f L := x · ∇ξ
i|x|2 ,=¤á L(eixξ) = eixξ.d©ÜÈ©úª, ��

g(x, t) =

∫
R2

LN (eixξ)φ(λ−1ξ)ĜA(t, ξ)dξ

=

∫
R2

eixξ(L∗)N [φ(λ−1ξ)ĜA(t, ξ)]dξ.

$^IO�¦�$�±9êÆ8B{, N´y²�3 C > 0 ¦�¤á

|∂γ(eiAt
ξ1
|ξ| )| ≤ C|ξ|−|γ|(1 +At)|γ|

Ú

|∂γ(e−ν|ξ|
αt)| ≤ C|ξ|−|γ|e−ν|ξ|

αt.

?, ��∣∣∣(L∗)N[φ(λ−1ξ)ĜA(t, ξ)
]∣∣∣

≤ C|x|−N
∑

|α1| + |α2| = |α|
|α| ≤ N

λ−N+|α|
∣∣∣(∇N−|α|φ)(λ−1ξ)∂α1(eiAt

ξ1
|ξ| )

× ∂α2(e−ν|ξ|
αt)

≤ C|λx|−N
∑

|α1| + |α2| = |α|
|α| ≤ N

λ|α|
∣∣(∇N−|α|φ)(λ−1ξ)

∣∣|ξ|−|α1|−|α2|e−ν|ξ|
αt(1 +At)|α1|.
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� N = 3,é?¿� λ & A,¤á

∣∣(L∗)3(φ(λ−1ξ)ĜA(t, ξ))
∣∣ ≤ C|λx|−3e−ν|ξ|αt.

Ïd,¤á ∫
|x|≥λ−1

|g(x, t)|dx ≤ Ce−cλ
αtλ2

∫
|x|≥λ−1

|λx|−3dx ≤ Ce−cλ
αt. (2.6)

(Ü (2.5)Ú (2.6)=�� (2.4)¤á.ùÒ�¤
 (2.3)ª�y².

3. �5�OÚ¦È{K

Ún 3.1 � s, σ ∈ R, α ∈ [0, 2], (p, q) ∈ [1,∞].K¤á

1)é?¿� θ ∈ Ḃ
s−αq ,σ−

α
q

2,p , ‖GA(t)θ‖L̃q(0,∞;Ḃs,σ
2,p )
≤ C‖θ‖

Ḃ
s−α

q
,σ−α

q
2,p

,

2)é?¿� f ∈ L̃1(0,∞; Ḃs,σ
2,p ),¤á

∥∥∥∫ t

0

GA(t− τ)f(τ)dτ
∥∥∥
L̃q(0,∞;Ḃ

s+α
q
,σ+α

q
2,p )

≤ C‖f‖L̃1(0,∞;Ḃs,σ
2,p )

.

y² 1)d½Â 2.2,��

‖GA(t)θ‖L̃q(0,∞;Ḃs,σ
2,p )

= sup
2j≤A

2js‖∆j(GA(t)θ)‖Lq(0,∞;L2)

+ sup
2j>A

2jσ‖∆j(GA(t)θ)‖Lq(0,∞;Lp). (3.1)

Äk,$^Ún 2.5,��

∥∥∆j(GA(t)(t)θ)
∥∥
Lq(0,∞;L2)

≤ C
∥∥e−cλαt‖∆jθ‖L2

∥∥
Lq(0,∞)

≤ C2−
α
q j‖∆jθ‖L2 . (3.2)

Ùg,Ón��

∥∥∆j(GA(t)θ)
∥∥
Lq(0,∞;Lp)

≤ C
∥∥e−cλαt‖∆jθ‖Lp

∥∥
Lq(0,∞)

≤ C2−
α
q j‖∆jθ‖Lp . (3.3)

ò (3.2)Ú (3.3)�\ (3.1),=�

∥∥GA(t)θ
∥∥
L̃q(0,∞;Bs,σ

2,p )
≤ C‖θ‖

Ḃ
s−α

q
,σ−α

q
2,p

.
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2)d½Â 2.2,��

∥∥∥∫ t

0

GA(t− τ)f(τ)dτ
∥∥∥
L̃q(0,∞;Ḃ

s+α
q
,σ+α

q
2,p )

= sup
2j≤A

2j(s+
α
q )
∥∥∥∆j(

∫ t

0

GA(t− τ)f(τ)dτ)
∥∥∥
Lq(0,∞;L2)

+ sup
2j>A

2j(σ+
α
q )
∥∥∥∆j(

∫ t

0

GA(t− τ)f(τ)dτ)
∥∥∥
Lq(0,∞;Lp)

.

(3.4)

Äk,$^MinkowskiØ�ª,Ún 2.5 (2)±9 YoungØ�ª,��

∥∥∥∆j

(∫ t

0

GA(t− τ)f(τ)dτ
)∥∥∥

Lq(0,∞;L2)
≤ C

∥∥∥∫ t

0

∥∥GA(t− τ)∆jf(τ)
∥∥
L2dτ

∥∥∥
Lq(0,∞)

≤ C
∥∥∥∫ t

0

e−2
αj(t−τ)∥∥∆jf(τ)

∥∥
L2dτ

∥∥∥
Lq(0,∞)

≤ C
∥∥∥e−2αjt∥∥∥

Lq(0,∞)

∥∥∥∆jf(τ)
∥∥∥
L1(0,∞;L2)

≤ C2−
α
q j
∥∥∥∆jf

∥∥∥
L1(0,∞;L2)

. (3.5)

Ùg,Ón��

∥∥∥∆j

(∫ t

0

GA(t− τ)f(τ)dτ
)∥∥∥

Lq(0,∞;Lp)
≤ C

∥∥∥∫ t

0

∥∥GA(t− τ)∆jf(τ)
∥∥
Lp
dτ
∥∥∥
Lq(0,∞)

≤ C
∥∥∥∫ t

0

e−c2
αj(t−τ)∥∥∆jf(τ)

∥∥
Lp
dτ
∥∥∥
Lq(0,∞)

≤ C
∥∥∥e−2αjt∥∥∥

Lq(0,∞)

∥∥∥∆jf(τ)
∥∥∥
L1(0,∞;Lp)

≤ C2−
α
q j
∥∥∥∆jf

∥∥∥
L1(0,∞;Lp)

. (3.6)

ò (3.5)Ú (3.6)�\ (3.4),=�y(Ø¤á.

Ún 3.2 � p ∈ [2, 4] , α ∈ (2 − 2
p
, 2], R⊥θ, θ ∈ L̃∞(0,∞; Ḃ

2−α, 2p+1−α
2,p ) ∩ L̃1(0,∞; Ḃ

2, 2p+1

2,p ),

K�3� A,R⊥θ, θÃ'�~ê C,¦�

‖R⊥θ · θ‖
L̃1(0,∞;Ḃ

3−α, 2
p
+2−α

2,p )
≤C
(
‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

+ ‖θ‖
L̃∞(0,∞;Ḃ

2, 2
p
+1

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

)
. (3.7)

y² d Bony �È��,

∆j

(
(R⊥θ)θ

)
=

∑
|k−j|≤4

∆j(Sk−1(R⊥θ)∆kθ) +
∑
|k−j|≤4

∆j(Sk−1θ∆k(R⊥θ)) +
∑
k≥j−2

∆j(∆k(R⊥θ)∆̃kθ)

:= Ij + IIj + IIIj .
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Ú\�I8 Jj :=
{

(k′, k) : |k − j| ≤ 4, k′ ≤ k − 2
}
.Ké 2j > A,N´wÑ∥∥∥Ij∥∥∥

L1(0,∞;Lp)
≤
∑
Jj

∥∥∥∆j(∆k′(R⊥θ)∆kθ)
∥∥∥
L1(0,∞;Lp)

≤
(∑
Jj,ll

+
∑
Jj,lh

+
∑
Jj,hh

)∥∥∥∆j(∆k′(R⊥θ)∆kθ)
∥∥∥
L1(0,∞;Lp)

:= Ij,1 + Ij,2 + Ij,3,

Ù¥

Jj,ll =
{

(k′, k) ∈ Jj : 2k
′
≤ A, 2k ≤ A

}
,

Jj,lh =
{

(k′, k) ∈ Jj : 2k
′
≤ A, 2k > A

}
,

Jj,hh =
{

(k′, k) ∈ Jj : 2k
′
> A, 2k > A

}
.

|^ BernsteinØ�ª!HölderØ�ª±9�fR⊥ 3 Lp(R2)(1 < p <∞) þk.��

Ij,1 ≤ C
∑

(k′,k)∈Jj,ll

2k
′∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L∞)

22k( 1
2−

1
p )
∥∥∆kθ

∥∥
L1(0,∞;L2)

≤ C
∑

(k′,k)∈Jj,ll

2k
′(2−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L2)

22k
∥∥∆kθ

∥∥
L1(0,∞;L2)

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(
2
p+2−α)

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

Ó��ín,��

Ij,2 ≤ C
∑

(k′,k)∈Jj,lh

2k
′∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L∞)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

≤ C
∑

(k′,k)∈Jj,lh

2k
′(2−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L2)

2k(
2
p+1)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
(k′,k)∈Jj,lh

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(
2
p+2−α)

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.
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Ij,3 ≤ C
∑

(k′,k)∈Jj,hh

2
2
pk
′∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;Lp)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

≤ C
∑

(k′,k)∈Jj,hh

2k
′( 2
p+1−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;Lp)

2k(
2
p+1)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
(k′,k)∈Jj,hh

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(α−1)(k′−k)2−k(
2
p+2−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(
2
p+2−α)

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

éu2j ≤ A��/,|^��5��

∥∥Ij∥∥L1(0,∞;L2)
≤
∑
Jj

∥∥∆j(∆k′(R⊥θ)∆kθ)
∥∥
L1(0,∞;L2)

≤
(∑
Jj,ll

+
∑
Jj,lh

+
∑
Jj,hh

)∥∥∆j(∆k′(R⊥θ)∆kθ)
∥∥
L1(0,∞;L2)

:= Ij,4 + Ij,5 + Ij,6.

|^ BernsteinØ�ª! HölderØ�ª±9�fR⊥ 3 Lp(R2) (1 < p <∞) þk.��

Ij,4 ≤ C
∑

(k′,k)∈Jj,ll

2k
′∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L2)

∥∥∆kθ
∥∥
L1(0,∞;L2)

≤ C
∑

(k′,k)∈Jj,ll

2k
′(2−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L2)

22k
∥∥∆kθ

∥∥
L1(0,∞;L2)

2(α−1)(k′−k)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(α−1)(k′−k)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(3−α)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.
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5¿�� p ≤ 4� 2
p

+ 2− α > 0�, ¤á

Ij,5 ≤ C
∑

(k′,k)∈Jj,lh

∥∥∆k′(R⊥θ)
∥∥
L∞(0,∞;L

2p
p−2 )

∥∥∆kθ
∥∥
L1(0,∞;Lp)

≤ C
∑

(k′,k)∈Jj,lh

2
2k′
p

∥∥∆k′(R⊥θ)
∥∥
L∞(0,∞;L2)

∥∥∆kθ
∥∥
L1(0,∞;L2)

≤ C
∑

(k′,k)∈Jj,lh

2k
′(2−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;L2)

2k(
2
p+1)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

2(k′−k)( 2
p+α−2)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(k′−k)( 2
p+α−2)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(3−α)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

Ú

Ij,6 ≤ C
∑

(k′,k)∈Jj,hh

∥∥∆k′(R⊥θ)
∥∥
L∞(0,∞;L

2p
p−2 )

∥∥∆kθ
∥∥
L1(0,∞;Lp)

≤ C
∑

(k′,k)∈Jj,hh

22k′( 2
p−

1
2 )
∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;Lp)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

≤ C
∑

(k′,k)∈Jj,hh

2k
′( 2
p+1−α)∥∥∆k′(R⊥θ)

∥∥
L∞(0,∞;Lp)

2k(
2
p+1)

∥∥∆kθ
∥∥
L1(0,∞;Lp)

2(k′−k)( 2
p+α−2)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

∑
k′≤k−2

2(k′−k)( 2
p+α−2)2−k(3−α)

≤ C
∥∥R⊥θ∥∥

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )

∥∥θ∥∥
L̃1(0,∞;Ḃ

2, 2
p
+1

2,p )

∑
|k−j|≤4

2−k(3−α)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

Ïd,(Ü Ij,1 ∼ Ij,6��O,��

sup
2j≤1

2j(3−α)‖Ij‖L1(0,∞;L2) + sup
2j>1

2( 2
p+2−α)j‖Ij‖L1(0,∞;Lp)

≤ C‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
. (3.8)

aq��

sup
2j≤1

2j(3−α)‖IIj‖L1(0,∞;L2) + sup
2j>1

2( 2
p+2−α)j‖IIj‖L1(0,∞;Lp)

≤ C‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
. (3.9)
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-Kj := {(k, k′) : k ≥ j − 3, |k′ − k| ≤ 1}.

IIIj =
(∑
Kj,ll

+
∑
Kj,lh

+
∑
Kj,hl

+
∑
Kj,hh

)
∆j(∆k(R⊥θ)∆k′θ)

:= IIIj,1 + IIIj,2 + IIIj,3 + IIIj,4,

Ù¥

Kj,ll =
{

(k, k′) ∈ Kj : 2k ≤ A, 2k
′
≤ A

}
,

Kj,lh =
{

(k, k′) ∈ Kj : 2k ≤ A, 2k
′
> A

}
,

Kj,hl =
{

(k, k′) ∈ Kj : 2k > A, 2k
′
≤ A

}
,

Kj,hh =
{

(k, k′) ∈ Kj : 2k > A, 2k
′
> A

}
.

|^ BernsteinØ�ª! HölderØ�ª±9�fR⊥ 3 Lp(R2) (1 < p <∞) þk.��

∥∥IIIj,1∥∥L1(0,∞;Lp)
≤ C22j(1− 1

p )
∑

(k,k′)∈Kj,ll

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L1)

≤ C22j(1− 1
p )‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
(k,k′)∈Kj,ll

2−k(2−α)2−2k
′

≤ C22j(1− 1
p )‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)
∑
|k−j|≤1

2−2k
′

≤ C22j(1− 1
p )‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)2−2k

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

9

∥∥IIIj,1∥∥L1(0,∞;L2)
≤ C22j(1− 1

2 )
∑

(k,k′)∈Kj,ll

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L1)

≤ C2j
∑

(k,k′)∈Kj,ll

2k(2−α)
∥∥∆k(R⊥θ)

∥∥
L∞(0,∞;L2)

22k′
∥∥∆k′θ

∥∥
L1(0,∞;L2)

2−k(2−α)2−2k
′

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)
∑

|k−k′|≤1

2−2k
′

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)2−2k

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.
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aq/,��íÑ

∥∥IIIj,2∥∥L1(0,∞;Lp)
≤ C2j

∑
(k,k′)∈Kj,lh∪Kj,hl

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

2p
2+p )

≤ C2j
∑
Kj,lh

2k(2−α)
∥∥∆k(R⊥θ)

∥∥
L∞(0,∞;L2)

2k
′( 2
p+1)

∥∥∆k′θ
∥∥
L1(0,∞;Lp)

2−k(2−α)2−k
′( 2
p+1)

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)
∑

|k−k′|≤1

2−k
′( 2
p+1)

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)2−k(
2
p+1)

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

9

∥∥IIIj,2∥∥L1(0,∞;L2)
≤ C2

2
p j

∑
(k,k′)∈Kj,lh

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

2p
2+p )

≤ C2
2
p j‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)
∑

|k−k′|≤1

2−k
′( 2
p+1)

≤ C2
2
p j‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(2−α)2−k(
2
p+1)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

|^ BernsteinØ�ª! HölderØ�ª±9�fR⊥ 3 Lp(R2) (1 < p <∞) þk.��

∥∥IIIj,3∥∥L1(0,∞;Lp)
≤ C2j

∑
(k,k′)∈Kj,hl

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

2p
2+p )

≤ C2j
∑
Kj,hl

2k(
2
p+1−α)∥∥∆k(R⊥θ)

∥∥
L∞(0,∞;Lp)

22k′
∥∥∆k′θ

∥∥
L1(0,∞;L2)

2−k(
2
p+1−α)2−2k

′

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(
2
p+1−α)

∑
|k−k′|≤1

2−2k
′

≤ C2j‖R⊥θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−2k2−k(
2
p+1−α)

≤ C2−j(
2
p+2−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.
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Ú

∥∥IIIj,3∥∥L1(0,∞;L2)
≤ C2

2
p j

∑
(k,k′)∈Kj,hl

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

2p
2+p )

≤ C2
2
p j‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(
2
p+1−α)

∑
|k−k′|≤1

2−2k
′

≤ C2
2
p j‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−2k2−k(
2
p+1−α)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

5¿� 2 ≤ p ≤ 4,��

∥∥IIIj,4∥∥L1(0,∞;Lp)
≤ C

∑
(k,k′)∈Kj,hh

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

p
2 )

≤ C2
2
p j

∑
(k,k′)∈Kj,hh

∥∥∆k(R⊥θ)
∥∥
L∞(0,∞;Lp)

∥∥∆k′v
∥∥
L1(0,∞;Lp)

≤ C2
2
p j‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(
2
p+1−α)2−k(

2
p+1)

≤ C2−j(
2
p+1−α)‖θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

∥∥IIIj,4∥∥L1(0,∞;L2)
≤ C22j( 2

p−
1
2 )

∑
(k,k′)∈Kj,hh

∥∥∆k(R⊥θ)∆k′θ
∥∥
L1(0,∞;L

p
2 )

≤ C22j( 2
p−

1
2 )

∑
(k,k′)∈Kj,hh

∥∥∆k(R⊥θ)
∥∥
L∞(0,∞;Lp)

∥∥∆k′θ
∥∥
L1(0,∞;Lp)

≤ C2j(
4
p−1)‖R⊥θ‖

L̃∞(0,∞;Ḃ
2−α, 2

p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )

∑
k≥j−3

2−k(
2
p+1−α)2−k(

2
p+1)

≤ C2−j(3−α)‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

nÜ IIIj,1 ∼ IIIj,4��O,��

sup
2j≤1

2j(3−α)‖IIIj‖L1(0,∞;L2) + sup
2j>1

2( 2
p+2−α)j‖IIIj‖L1(0,∞;Lp)

≤ C‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
. (3.10)
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(Ü (3.8) ∼ (3.10)=� (3.7)¤á.

4. ½n 1.1�y²

Ún 4.1 ( [26])� (X, ‖ · ‖X)� Banach�m. � B : X ×X → X �V�5�f, �÷vé

?¿� x1, x2 ∈ X,�3~ê η > 0,¦� ‖B(x1, x2)‖X ≤ η‖x1‖X‖x2‖X .XJ 0 < ε < 1
4η
� y ∈ X

÷v ‖y‖X ≤ ε,K�§ x = y +B(x, x)3 X ¥�3��),�÷v ‖x‖X ≤ 2ε.

½n 1.1 �y².½Â Banach�m X �

X = L̃∞(0,∞; Ḃ
2−α, 2p+1−α
2,p (R2)) ∩ L̃1(0,∞; Ḃ

2, 2p+1

2,p (R2)),

¿3ÙþD��ê

‖θ‖X := ‖θ‖
L̃∞(0,∞;Ḃ

2−α, 2
p
+1−α

2,p )
+ ‖θ‖

L̃1(0,∞;Ḃ
2, 2
p
+1

2,p )
.

½Â

B(θ, θ)(t) :=

∫ t

0

GA(t− τ)∇[R⊥θ(τ) · θ(τ)]dτ.

dÚn 3.1 (2)ÚÚn 3.2��, é?¿� θ ∈ X,�3~ê C1 ≥ 0,��

∥∥B(θ, θ)
∥∥
X

=
∥∥∥∫ t

0

GA(t− τ)∇[R⊥θ(τ) · θ(τ)]dτ
∥∥∥
X

≤ C1

∥∥[R⊥θ(τ) · θ(τ)]
∥∥
L̃1(0,∞;Ḃ

3−α, 2
p
+2−α

2,p )

≤ C1‖θ‖X‖θ‖X .

¿�, dÚn 3.1 (1)q��, é?¿� θ0 ∈ Ḃ
2−α, 2p+1−α
2,p ,�3~ê C0 > 0¦�

‖GA(t)θ0‖X ≤ C0‖θ0‖
Ḃ

2−α, 2
p
+1−α

2,p

.

Ïd, dÚn 4.1 ��, é?¿� 0 ≤ ε ≤ 1
4C1
±9?¿÷v ‖θ0‖

Ḃ
2−α, 2

p
+1−α

2,p

≤ ε
C0
� θ0 ∈

Ḃ
2−α, 2p+1−α
2,p , �§ (2.1) 3 X ¥�3����) θ ∈ L̃∞(0,∞; Ḃ

2−α, 2p+1−α
2,p ) ∩ L̃1(0,∞; Ḃ

2, 2p+1

2,p )

� ‖θ‖X ≤ 2ε. d	,dIO�È�5?Ø,�?�Úy² θ ∈ C
(
0,∞; Ḃ

2−α, 2p+1−α
2,p

)
. ùÒ�¤
½

n 1.1 �y².
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