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Abstract

In the research of social networks, social structure decomposition has always been a

valuable research topic. For security reasons, we study a new social structure decom-

position problem, which can be decomposed into a problem of minimization in graph

theory. The vertex arboricity of a graph G, denoted by va(G), is the minimum number

of subsets such that the vertices of G can be colored and every color class induces an

acyclic graph such as a forest of G. Normally, va(G) ≤ 3 for every planar graph G and

va(G) ≥ 1 for every nonempty graph G. There is no doubt that va(G) = 1 if and only if

G is an acyclic graph. For some special cases, it is known that va(G) ≤ 2 if G is a planar

graph without 3-cycles. Recently, Raspaud and Wang et al. proved that va(G) ≤ 2 if

G is a planar graph without 4-cycles or without 5-cycles. In addition, Huang, Shiu,

and Wang showed that if G is a planar graph without 7-cycles, then va(G) ≤ 2. In this

paper, we prove that if G is a planar graph without adjacent 3-cycles and 5-cycles, or

without adjacent 4-cycles and 5-cycles, then va(G) ≤ 2.
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1. Úó

�ì(�y©¯K3�ì�äïÄ¥äk�¿Â"~X©z [1–9] ®²éÙ?1
Nõ�ï

Ä"�©�Ä
��#��ì(�y©¯K"·�ò¤k�ìë�öy©�Ø���+|§ù�

z�|Ñ¬>u��ë��Ã�f�ä"du,
S�Ï�§·�I��ÄÃ�5§Ã�(��

±éN´/£O"Ã�(�¥�!:�m�3ér��'5(�"lãØ��Ý§·��±rù
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��ì(�y©¯KLã�����z¯K"

�©=�Äk�!{üã"�G�²¡ã"·�¦^ÎÒ V (G)!E(G)ÚF (G) 5©OL«

ãG�:8!ãG�>8ÚãG�¡8"�4(G)Úδ(G)©OL«ãG���ÝÚãG ���Ý"�

Ý�k��¡�k-�"·�¡ü��´���§XJùü����k��ú�º:¶¡ùü���

��§XJ§���k�^ú�>"

ãG�Ã�k/Ú´�lV (G)�kÚ8Ü�N�ψ§¦�/Ó�«ôÚ�>��Ñfã´Ã

��"XJk´¦�G k��Ã�k /Ú����ê§@o·�¡k�G�:ÎÝ§3�©¥

^va(G)L«"ã�:ÎÝ�Vg´1968cÄkdChartrand�<Ú\ [10]�§¦�y²?¿ãG�

:ÎÝva(G) ≤ d1+∆(G)
2
e§�é?¿��ãG§va(G) ≥ 1§��=�ãG´Ã�ã§va(G) = 1"

Chartrand ÚKronk [11]31969cy²
é?¿²¡ãG§va(G) ≤ 3"��/§XJãG´��

Ø¹3-��²¡ã§Kva(G) ≤ 2"3©z [12–15] ¥y²
§XJãG´��Ø¹4-�!5-�!

6-�Ú7-��²¡ã§Kva(G) ≤ 2"2012c§Chen [16]�<ïÄ
Ø¹3-��²¡ãG �:Î

Ýva(G) ≤ 2"3�e5��cp§Huang ÚWang [17]y²
éuvk¹u6- ��²¡ãG�:

ÎÝva(G) ≤ 2"Cai [18]�<y²
éuØ¹��5-��²¡ãG �:ÎÝva(G) ≤ 2"3Ó�c§

©z [19]`²
Ø¹��5-��6-��²¡ãG�:ÎÝva(G) ≤ 2"©z [20]L²éu²¡ãG§

Ø¹3-��4-�½ö3-��5-���§Kva(G) ≤ 2",	§�kÜ©�'�(J�l©z [21–25]

¥�w"

·�í2
©z [12, 13]Ú [15]�(J§��±e(Ø"

½n 1.1 XJG´��Ø¹��3-��5-��²¡ã§@ova(G) ≤ 2"

½n 1.2 XJG´��Ø¹��4-��5-��²¡ã§@ova(G) ≤ 2"

2. 5º

�
£ã�B§·�Äk�Ñ�©¥ò�¦^��
ÎÒ"�ãG�²¡ã§éuãG¥�º

:v§·�^d(v)L«v�Ý§=�v���>ê"÷vd(v) = k�º:¡�k-:§÷vd(v) ≥ k�º
:¡�k+-:§÷vd(v) ≤ k �º:¡�k−-:"Ó�§éuG¥�¡f§·�¦^d(f)L«f�Ý§

=f�>.�Ý"d(f) = k§¡¡f�k- ¡¶d(f) ≥ k§¡Ù�k+-¡¶d(f) ≤ k§¡Ù�k−-¡"

��k-¡§÷Ù>.^����\�ëYº:v1,v2,· · ·,vk¡(v1, v2, · · · , vk)-¡½

(d(v1), d(v2), · · · , d(vk))-¡"éu¡f§·�¦^fk(f)L«�f���k¡ê§^nk(f)±L«�f�

��k-:\��ê8"éuº:v§�v���k-º:ê^ nk(v)L«§�v���i-¡ê^fi(v)L

«"éu¡(v1, v2, · · · , vk)§^fiL«�fkú�>vivi+1 �¡§(i = 1,2,· · ·,k − 1)§·�^fkL«

�fkú�>vkv1�¡"éuk-º:v§·�¦^v1, v2, · · · , vkL«�v^�����k�ëYº:"
,�^fiL«vvi Úvvi+1 (i = 1,2,· · ·,k − 1)�\�¡§^fkL«vvk Úvv1�\�¡"éu4-º:§

·�¡v´AÏ�§XJf3(v) = 1Úf5+(v) = 3"éu4-º:v§·�¡��f1�f33v ?��§

f2�f43v?��"

3�©�e�ã/¥§�±�ÑÙ¤k>�§º:^•L«§��Uvk±�Ñ¤k>�§º
:^◦L«"
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3. ���~�5�

y3·�ÏL�y{?1½n 0.1 Ú½n 0.2 �y²"Äkb�½n 0.1 Ú½n 0.2 ´��"

éu½n 0.1§�ãG´��º:Ú>�Ú���4��~§Kva(G) = 3"w,§ãG´��2ë

Ïã§=ãG�?¿ü^>Ñ u��ú��þ"y3·��ÑãG�(�5�Xeµ

Ún 3.1 [15] δ(G) ≥ 4"

Ún 3.2 [15, 17] b� 3-¡(v1, v2, v3) Ú 3-¡(v4, v3, v2) ��§§�k���Ó�>v2v3"X

Jd(v2) + d(v3) ≤ 9§@od(v1) + d(v4) ≥ 9"

Ún 3.3 [12] � f� 3-¡§n4(f) = 3"XJk�� k-� (v1, v2, · · · , vk)§Ù¥k ≥ 4§éuz

�i ∈ {1, 2, · · · , k}÷vd(vi) = 4§K(v1, v2, · · · , vk) Ø�f��"

Ó�§éu½n 0.2§�ãG´��º:Ú>�Ú���4��~§ãG�(�5��½n 0.1

�ãG �(�5��Ó"

4. D�

�y²½n 0.1 Ú½n 0.2§·�3�!¥0�D�5K"�ãG�²¡ã§éuãG�¤

kº:ÚãG�¤k¡§·�½Â
����¼êc"Äk§·��ãG�z�º:v ���

�c(v) = 2d(v)− 6§±9z�¡f��c(f) = d(f)− 6"¯¤±�µ

|V (G)| − |E(G)|+ |F (G)| = 2 (1)

∑
v∈V (G)

d(v) =
∑

f∈F (G)

d(f) = 2|E(G)| (2)

ÏLî.úª��ãG�o��´K�µ

∑
v∈V (G)

c(v) +
∑

f∈F (G)

c(f) = −12 < 0. (3)

éuü�½n�y²§·�Ñ´�âe¡�Ñ�D�5K§�ãG�¤kº:Ú¡)¤��#

�D�¼êc′ §�D��1�§oÚØC"=µ

∑
v∈V (G)

c(v) +
∑

f∈F (G)

c(f) =
∑

v∈V (G)

c′(v) +
∑

f∈F (G)

c′(f). (4)

3e¡§·�òy²ù�:µ

∑
v∈V (G)

c′(v) +
∑

f∈F (G)

c′(f) ≥ 0. (5)
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ù�Ò��gñ�3§�¤
éü�½n�y²"

3�¡�Øã¥§ÎÒ τ(v → f) L«v=£�f��§Ù¥ v ∈ V (G)§f ∈ F (G)"ÎÒ

τ(f → f1) L«f=£�f1���§Ù¥ f ∈ F (G)§f1 ∈ F (G)"

4.1. ½n 0.1 y²

éu½n 0.1 �D�5KXeµ

R1. �½ v ´�¡ f ��� 4-º:"

1) τ(v → f) = 1§XJ d(f) = 3§f3(v) = 2"

2) τ(v → f) = 3
2
§XJ d(f) = 3§f3(v) = 1"

3) τ(v → f) = 1
2
§XJ d(f) = 4"

4) τ(v → f) = 1
5
§XJ d(f) = 5"

R2. �½ v ´�¡ f ��� 5-º:"

1) τ(v → f) = 4
3
§XJ d(f) = 3§f3(v) = 3"

2) τ(v → f) = 3
2
§XJ d(f) = 3§f3(v) ≤ 2"

3) τ(v → f) = 1
2
§XJ d(f) = 4"

4) τ(v → f) = 1
5
§XJ d(f) = 5"

R3. �½ v ´�¡ f ��� 6+-º:"

1) τ(v → f) = 3
2
§XJ d(f) = 3"

2) τ(v → f) = 1
2
§XJ d(f) = 4"

3) τ(v → f) = 1
5
§XJ d(f) = 5"

y3·�òy²ãG�z�¡fÑk���K��"Äkéw,§ãG�z�6+-¡Ñk�

��K��"b� d(f) = 5§Kd R1(4)§R2(4)ÚR3(3) � c′(f) = −1 + 5 × 1
5

= 0"b�

d(f) = 4§Kd R1(3)§R2(3)ÚR3(2) � c′(f) = −2 + 4× 1
2

= 0"b� d(f) = 3§Kd R1(1)-(2)§

R2(1)-(2)ÚR3(1) � c′(f) ≥ −3 + 3× 1 ≥ 0"

�e5·�òy²ãG�z�º:vÑk���K��"b� d(v) = 4"XJf3(v) = 2§KÏL

R1(1)�� c′(v) = 2−2×1 = 0"XJf3(v) = 1§KÏLR1(2)-(4)�� c′(v) ≥ 2− 3
2
−max{ 1

2
, 1

5
} ≥

0"XJf3(v) = 0, KÏL R1(3)-(4) �� c′(v) ≥ 2 − 4 × 1
2
≥ 0" d(v) = 5. XJf3(v) = 3, KÏ

L R2(1) �� c′(v) = 4 − 4
3
× 3 = 0"XJf3(v) = 2, KÏL R2(2)-(4) �� c′(v) ≥ 4 − 2 × 3

2
−

max{ 1
2
, 1

5
} ≥ 0"XJf3(v) = 1,KÏLR2(2)-(4)�� c′(v) ≥ 4− 3

2
−max{2× 1

2
, 1

2
+ 1

5
, 2× 1

5
} ≥ 0"

XJf3(v) = 0, KÏLR2(3)-(4) ��c′(v) ≥ 4 − max{f4(v) × 1
2

+ f5(v) × 1
5
} ≥ 0"b�d(v) =

k+(k ≥ 6)"XJk ≥ 7§KÏLR3·���c′(v) > (2k−6)−max{f3(v)× 3
2

+(k−f3(v))× 1
2
} ≥ 0"

Ïd§·���Äk = 6"b� d(v) = 6"XJf3(v) = 4, KÏL R3(1) �� c′(v) = 6− 4× 3
2

= 0"

XJf3(v) = 3, KÏL R3(1) �� c′(v) = 6 − 3 × 3
2
> 0"XJf3(v) ≤ 2, KÏL R3(1)-(3) ��

c′(v) ≥ 6−max{f3(v)× 3
2

+ f4(v)× 1
2

+ f5(v)× 1
5
} ≥ 0"
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nþ§·�y²
é¤k v ∈ V (G) Ú f ∈ F (G)µ
∑
c′(v) +

∑
c′(f) ≥ 0" ù�ÏLî.ú

ª���o��´K�gñ§�½n�y"

4.2. ½n 0.2 y²

3�Ñ½n 0.2 �D�5K�c§k0���AÏ�(�§d(�ò3 Rv2(5)-(7)¥¦^"

Xã 1 ¤«µ d(v) = 5, f5+(v) = 3§f3(v) = 2§�ü�3-¡Ø��"Ø���5§b�f1, f3§

Úf4´5+-¡§f2Úf5´3-¡"XJf5(v) = 3§v4´��4- º:§f3(v4) = 1§=�v4\��3-¡7

�f3½f4��§Ø���5§b�3-¡�f4��"

Figure 1. The discharging rules icon in Theorem 0.1

ã 1. ½n0.2��
D�5Kã«

½n0.2�D�5KXeµ

Rv1. � v ´� f ��� 4-º:"

1) τ(v → f) = 5
6
§XJ d(f) = 3§f3(v) = 2§f5(v) = 0"

2) τ(v → f) = 4
5
§XJ d(f) = 3§f3(v) = 2§f5(v) ≥ 1"

3) τ(v → f) = 7
6
§XJ d(f) = 3§f3(v) = 1§f4(v) = 1"

4) τ(v → f) = 7
5
§XJ d(f) = 3§f3(v) = 1§f4(v) = 0"

5) τ(v → f) = 1
2
§XJ d(f) = 4"

6) τ(v → f) = 1
5
§XJ d(f) = 5"

7) τ(v → f) = 1
6
§XJ d(f) = 6+"

Rv2. � v ´� f ��� 5-º:"

1) τ(v → f1) = 17
15
§τ(v → f2) = 17

15
§τ(v → f3) = 7

5
§XJd(f1) = d(f2) = d(f3) = 3§

f3(v) = 3§f1 � f2 ��§f3 � f1 Ø��§f3 � f2 Ø��"

2) τ(v → f) = 7
5
§XJ d(f) = 3§f3(v) ≤ 2"

3) τ(v → f) = 1
2
§XJ d(f) = 4"

4) τ(v → f) = 3
5
§XJ d(f) = 5, f3(v) = 2, �ü� 3-¡��"

5) τ(v → f1) = 3
5
, XJ d(f1) = d(f3) = d(f4) = 5, f5(v) = 3, f3(v) = 2, ü� 3-¡Ø��"

a) τ(v → f3) = 1
5
§τ(v → f4) = 2

5
§XJ f ´��AÏ� 4-¡"

b) τ(v → f3) = 3
10
§τ(v → f4) = 3

10
§XJ v4 ´� 5+-º:½ v4 ´�AÏ 4-º:"
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6) τ(v → f1) = 3
5
§τ(v → f3) = 2

5
§XJ d(f1) = d(f3) = 5§f3(v) = 2§ü� 3-¡Ø��§

f5(v) = 2§f6+(v) = 1§d(f4) = 6+§f1 �f3 Ø��"

7) τ(v → f3) = 2
5
§τ(v → f4) = 2

5
§XJ d(f3) = d(f4) = 5§f3(v) = 2§ü� 3-¡Ø��§

f5(v) = 2, f6+(v) = 1, d(f1) = 6+§f3 � f4 ��"

8) τ(v → f) = 3
5
§XJ d(f) = 5, f3(v) = 2§ü� 3-¡Ø��§f5(v) = 1"

9) τ(v → f) = 3
5
§XJ d(f) = 5 � f3(v) ≤ 1"

10) τ(v → f) = 1
6
§XJ d(f) = 6+"

Rv3. � v ´� f ��� 6+-º:"

1) τ(v → f) = 7
5
§XJ d(f) = 3"

2) τ(v → f) = 1
2
§XJ d(f) = 4"

3) τ(v → f) = 3
5
§XJ d(f) = 5"

4) τ(v → f) = 1
6
§XJ d(f) = 6+"

Rf1. b½f1´(4, 4, 4)-¡§f3(f1) = 0§ d(f) = 3§f�f13v:éá§f1¥Ø
v±	�ü�º:Ø

´AÏ�4-º:§f¥Ø
v±	ü�º:´5+-º:§½öü�Ñ´AÏ�4-º:§½ö��

´AÏ�4 -º:,��´5+-º:"

1) τ(f → f1) = 1
10
§XJf3(f) = 1§f¥Ø
v±	ü�º:��´5- º:§��n�3-¡�

�§,�º:�5+-º:"

2) τ(f → f1) = 3
5
§Ù¦"

éu 3 -¡ f ( v1,v2,v3)"^ f1§f2Ú f35L«©O� f äkú�> v1v2§v2v3Ú v3v1�¡"

3 -¡ f ´Ð�§XJ÷vµ−3 + τ(v1 → f) + τ(v2 → f) + τ(v3 → f) ≥ 0 ½ −3 + τ(v1 →
f) + τ(v2 → f) + τ(v3 → f) + 1

10
≥ 0 (�f ÷vRf1(1) �) ½ −3 + τ(v1 → f) + τ(v2 →

f)+τ(v3 → f)+ 3
5
≥ 0(�f ÷vRf1(2)�)½−3+τ(v1 → f)+τ(v2 → f)+τ(v3 → f)+τ(fi →

f) ≥ 0(i ∈ 1, 2, 3) ½−3 + τ(v1 → f) + τ(v2 → f) + τ(v3 → f) + τ(fi → f) + τ(fj → f) ≥ 0

(i 6= j §ij ∈ 1, 2, 3)"^ n3
g(f) 5L«�f���Ð�3¡�ê8"^ n′f L«²\�º:D�

�f�o��ê"

Rf2. τ(f → f1) =
n′
f

f3(f)−n3
g(f)
§XJf´��6+-¡§�f�f1 ��§�f1 Ø´��Ð� 3-¡"

Rf3. �f´5¡§f3(f)− n3
g(f) > 0§n′f > 0

1) τ(f → f ′) = n′f§XJf3(f)− n3
g(f) = 1§�f�f ′��"�f ′Ø´��Ð�3-¡"

2) τ(f → f ′) =
n′
f

f3(f)−n3
g(f)
§XJf3(f)− n3

g(f) ≥ 2§�f �f ′��§f ′Ø´��Ð� 3-¡"

ÏL±þD�5K§·�í�Ñe¡Ún"

Ún 4.1 �5+-º:���k+-¡�õkk − 2 (k ≥ 6)�ØÐ�3-¡"

y²µ�f´ãG¥�k-¡(k ≥ 6)"w,n5+(f) = 1"éuk-¡f k ≥ 6§^ vi (i ∈ {1, 2, · · · k})L
«÷f ^��\��k�º:"^ fi (i ∈ {1, 2, · · · k})L«�f kú�>vivi+1§^ fkL«�fkú

�>vkv1"- v1´5+-º:"e¡�Än«�U5µ
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�/1. b�f4+(f) ≥ 2"w,§f�õ�k − 2�Ø´Ð�3-¡��"

�/2. b�f4+(f) = 1"é���f���Ð�3-¡"XJf1´�4+-¡§KÏLRv2(2)ÚRv3(1)

��µτ(v1 → fk) = 7
5
"fk´��Ð�3-¡"Ó�/,XJfk´��4+-¡§Kf1´��Ð�3-¡"X

Jfi´4+-¡§(i ∈ {2, 3, · · · , k−1})§KÏLRv2(1)-(2)ÚRv3(1)��f1Úfk¥k��´Ð�3-¡"

�/3. b�f4+(f) = 0"éü��f���3-¡"XJv1´6+-º:§KÏL Rv3(1) - τ(v1 →
f1) = 7

5
Úτ(v1 → fk) = 7

5
"w,§f1Úfk´Ð�3-¡"XJv1´5-º:§K?Ø±eü«�¹µ

• f3(v1) = 2"KÏL Rv2(2) - τ(v1 → f1) = 7
5
Úτ(v1 → fk) = 7

5
"f1Úfk Ñ´Ð�3¡"

• f3(v1) = 3"Ø���5§ÏL Rv2(1) -τ(v1 → fk) = 7
5
Úτ(v1 → f1) = 17

15
"w,§fk´Ð

�3-¡§f6+(f1) = 2§f3(f1) = 1"�f1���6+-¡Øf±	D��f1���
1
4
"Ïd§ÏL�f1�

��:D�ÚØf±	�6+-¡D��f1´Ð�"

nþ§�5+-º:���k+-¡�õkk − 2 (k ≥ 6)�ØÐ�3-¡"

Ún 4.2 XJ d(f) = 5§K f3(f)− n3
g(f) ≤ 5n′f"

y²µ - d(f) = 5"éu5-¡f , ·�^ v1§v2§v3§v4Úv5 L«^���f���º:"fi

L«�fkú�>vivi+1 (i ∈ {1, 2, 3, 4})§f5L«�fkú�>v5v1"dÚn 2.3��§XJfi´3-

¡(i ∈ {1, 2, 3, 4, 5}) §Kf3(fi) = 0"w,§�n5+(f) ≥ 3 �§5n′f ≥ 1 ≥ f3(f) − n3
g(f)"b

�n4(f) = 5"KÏL Rv1(6) ��n′f = 0"�f3(f) > 0 �§�âÚn 2.2��§�f���3-¡¥

k��5+-º:"Ïd§ÏL Rv1(2)§Rv1(4)§Rv2(2)ÚRv3(1)§XJfi´3-¡(i ∈ {1, 2, 3, 4, 5})§
Kfi´Ð�"Ïdf3(f)− n3

g(f) = 0"�e5�Ä±eü«�/µ

�/ 1. b�n5+(f) = 1"Ø���5§-v1��f���5+-º:"�Äo«�Uµ

(1.1) f5+(f) ≥ 3"f3(f)− n3
g(f) = 0§n′f ≥ 0"

(1.2) f5+(f) = 2"dé¡5§·���Ä8«�/"w,§f3(f) − n3
g(f) = 0"�d(f1) =

d(fi) ≥ 5½ d(f1) = d(fi) ≥ 5§i ∈ {3, 4}"Ó�n′f ≥ 0"Ïd§·��Ä±eü«�Uµ

1) d(f1) = d(f5) ≥ 5"ÏL Rv2(9)ÚRv3(3) �� τ(v1 → f) = 3
5
§f3(f) − n3

g(f) ≤ 1"Ïd

f3(f)− n3
g(f) ≤ 1 < 5n′f"

2) d(f1) = d(f2) ≥ 5"ÏL Rv2(5)-(9)ÚRv3(3) - τ(v1 → f) ≥ 1
5
"Ïd n′f ≥ 0"w,§

f3Úf5Ñ´Ð�3-¡"XJf4´��Ð�3- ¡§Kf3(f)− n3
g(f) = 0 ≤ n′f"y3·��Iy²f4´

Ð�"-fi´(vi, wi, vi+1)-¡(i ∈ {3, 4}) §f5´(v5, w3, v1)-¡"-si5L«�f3vi (i ∈ {3, 4, 5}) :
?éá�¡"b�w3, w4Úw5¥��k��5+-º:"ÏL Rv2(2)ÚRf1(2) �� f4 ´Ð�"b�

w3, w4 Úw5Ñ´4- º:"K n5+(s4) ≥ 1 §n5+(s5) ≥ 1"s1�õ�(d(s1) − 3)�ØÐ�3-¡��§

s2�õ�(d(s2)− 3)�ØÐ�3-¡��"é²w§�w3§w4Úw5¥����´AÏ�f4´Ð�"Ï

d·��Äw1§w2Úw3ÑØ´AÏ�"-h1L«�f43w4:éá�¡"�Ä±eü«�U:

•XJd(s4) = d(s5) ≥ 6§KÏLRv1(1)-(3)ÚRf1-2�−3+τ(v4 → f4)+τ(v5 → f4)+τ(w4 →
f4) + τ(h1 → f4) ≥ 4

5
+ 4

5
+ 5

6
+ 3

5
≥ 0 ½ −3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 →

f4) + τ(s5 → f4) ≥ 4
5

+ 4
5

+ 5
6

+ 2
3
≥ 0"Ïd§f4´Ð�"
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• Øw4	, s4Ús5��k��´5-¡§XJh1¥kü�5+-º:½kü�AÏ4-º:½k�A

Ï4- º:Ú�5+-º:§ÏL Rf3 �f4´Ð�"y3·�=�Äh1¥�õk��5+-º:½�

õk��AÏ4-º:"XJs4Ús5¥��´5-¡§,��´6+-¡, KÏL Rv1(1)-(2) ÚRf2-3 �

�−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 → f4) + τ(s5 → f4) ≥ 4
5

+ 4
5

+ 4
5

+ 1
5

+ 1
2
> 0"

XJd(s4) = d(s5) = 5§�f3(s4) − n3
g(s4) ≤ 2 � f3(s5) − n3

g(s5) ≤ 1 ½�f3(s5) − n3
g(s5) ≤ 2�

f3(s4) − n3
g(s4) ≤ 1"Ïd§ÏL Rv1(1)-(2)ÚRf3��−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 →

f4) + τ(s4 → f4) + τ(s5 → f4) ≥ 0"

(1.3) f5+(f) = 1. dé¡5§·�=�Än«�/µd(f1) ≥ 5§d(f2) ≥ 5 Úd(f3) ≥ 5"

1) b�d(f2) ≥ 5 ½d(f3) ≥ 5"ÏL Rv2(5)-(9) ÚRv3(3) �� τ(v1 → f) ≥ 3
5
§=µ5n′f ≥ 1"

ÏL Rv1(4)§Rv2(2)ÚRv3(1) �� f3(f)− n3
g(f) ≤ 1"Ïd f3(f)− n3

g(f) ≤ 1 ≤ 5n′f"

2)b�d(f1) ≥ 5"ÏLRv2(5)-(9)ÚRv3(3)�� τ(v1 → f) ≥ 2
5
§=µ5n′f ≥ 1"w,f2Úf5Ñ

´Ð�3-¡"XJf3Úf4��k��Ð�3-¡§K f3(f) − n3
g(f) ≤ n′f"y3·�y²f3Úf4��

��´Ð�3-¡"-fi ´(vi, wi, vi+1)-¡(i ∈ {2, 3, 4})§f5´(v5, w5, v1)-¡"si L«�f3vi (i ∈
{2, 3, 4, 5}):?�éá¡"b� w2§w3§w4Úw5����´5+-º:§ÏL Rv2(2)ÚRf1(2)§�

�f3Úf4��k��´Ð�3-¡"b�w2§w3§w4Úw5Ñ´4-º:§Ks3§s4Ús5¥Ñ��k�

�5+-º:"�w2§w3§w4Úw5¥��k��´AÏ�§f3Úf4 ����´Ð�"y3�Äw2§

w3§w4Úw5 ÑØ´AÏ�"hiL«�fi3wi (i ∈ {3, 4}) :?�éá¡"�s3§s4Ús5 ��ü�

´5- ¡§Øwi (i ∈ {3, 4})	§XJhi¥kü�5+-º:½ü�AÏ�4-º:½��AÏ�4-º:

Ú��5+-º:, Kfi´Ð�"Ïd§XJs1§s2Ús3¥��ü�´5-¡"K��Äh3Úh4¥�õ�

�5+-º:½�õ��AÏ4-º:§k±e8«�Uµ

XJd(s3) = d(s4) = 5§s5 ≥ 6§KÏL Rf2-3 - τ(s3 → f3) ≥ 2
5
§τ(s4 → f3) ≥ 1

5
½

τ(s5 → f4) ≥ 1
2
§τ(s4 → f4) ≥ 1

5
"Ó�/§XJd(s4) = d(s5) = 5§s3 ≥ 6§KÏL Rf2-3 -

τ(s5 → f4) ≥ 2
5
§τ(s4 → f4) ≥ 1

5
½ τ(s3 → f3) ≥ 1

2
§τ(s4 → f3) ≥ 1

5
"XJd(s3) = d(s5) = 5§

s4 ≥ 6§KÏL Rf2 - τ(s4 → f3) ≥ 1
2
§τ(s4 → f4) ≥ 1

2
§ÏL Rf3 - τ(s3 → f3) ≥ 1

5
§

τ(s5 → f4) ≥ 1
5
"Ïd§ÏL Rv1(2)ÚRf2–3 �� −3 + τ(v3 → f3) + τ(v4 → f3) + τ(w3 →

f3) + τ(s3 → f3) + τ(s4 → f3) ≥ 0 §−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 →
f4) + τ(s5 → f4) ≥ 0§=µf3Úf4Ñ´Ð�"XJd(s3) = d(s4) = d(s5) = 5§Ks3Ús4 ¥���

�©OD��f3Úf4��
2
5
"KÏL Rv1(2)ÚRf3 �� −3 + τ(v3 → f3) + τ(v4 → f3) + τ(w3 →

f3) + τ(s3 → f3) + τ(s4 → f3) ≥ 0 ½ −3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 →
f4) + τ(s5 → f4) ≥ 0"XJd(s3) = d(s5) ≥ 6§s4 = 5§Øwi (i ∈ {3, 4})	§�hi¥ü�5+-

º:½ ü�AÏ4-º:½ ��AÏ4-º:Ú��5+-º:�§Kfi´Ð�"�h3Úh4¥�õ�

�5+-º:½�õ��AÏ�4-º:�§s3Ús5¥����©OD��f3Úf4��
1
2
"ÏL Rf2 �

� τ(s4 → f3) ≥ 1
5
½ τ(s4 → f4) ≥ 1

5
"XJd(s3) = d(s4) ≥ 6 ½ d(s4) = d(s5) ≥ 6§KÏL

Rf2 �� τ(s4 → f3) ≥ 1
4
Úτ(s3 → f3) ≥ 1

3
½ τ(s4 → f4) ≥ 1

4
Úτ(s5 → f4) ≥ 1

3
"ÏL Rv1(1)-

(2)ÚRf2 �� −3 + τ(v3 → f3) + τ(v4 → f3) + τ(w3 → f3) + τ(s3 → f3) + τ(s4 → f3) ≥ 0 ½

−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 → f4) + τ(s5 → f4) ≥ 0"nþ§f3Úf4���

�´Ð�"
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(1.4) f5+(f) = 0. ÏL Rv2(4)-(5)§v2(9)§Rv2(11)-(12)ÚRv3(3) �� τ(v1 → f) = 3
5
§

=µ5n′f = 2"ÏL Rv1(1)-(4)§Rv2(2)ÚRv3(1) �� f1Úf5Ñ´Ð�3-¡"XJf2, f3Úf4�

���´Ð�3-¡§K f3(f) − n3
g(f) ≤ n′f"y3·��Iy²f2,f3Úf4����´Ð�3-¡"

-fi´(vi, wi, vi+1)-¡(i ∈ {1, 2, 3, 4})§f5 ´(v5, w5, v1)-¡"-si 5L«�f3vi (i ∈ {2, 3, 4, 5}):
?�éá¡"b� w1§w2§ w3§w4Úw5¥��k��´5+-º:"ÏL Rv2(2)ÚRf1(2)��f2,

f3Úf4����´Ð�3-¡"b�w1§w2§w3§w4Úw5Ñ´4-º:"�âÚn 2.3§s2§s3§s4Ús5

¥Ñ��k��5+-º:"w,§�w1§w2§w3§w4Úw5¥����´AÏ�§Kf2§f3Úf4¥

����´Ð�3-¡"y3·�=�Äw1§w2§ w3§w4Úw5ÑØ´AÏ�"-hi5L«�fi3wi

(i ∈ {2, 3, 4}) :?�éá¡k±en«�Uµ

1) s2§s3§s4 Ús5 �õ��6+-¡"Øwi (i ∈ {2, 3, 4})	§XJhi ¥kü�5+-º:½ü�A

Ï4-º:½��AÏ4-º:Ú��5+-º:§Kfi´Ð�"Ïd·�=�Ähi ¥�õ��5+-º:½

�õ��AÏ4-º:, i ∈ {2, 3, 4}"k±eü«�Uµ

•b�s2§s3§s4Ús5Ñ´5-¡§s2Ús5����©OD��f2Úf4 ��
2
5
"ÏLRf2- τ(s3 →

f2) ≥ 1
5
§τ(s4 → f4) ≥ 1

5
"Ïd§ÏL Rv1(2)ÚRf3 �� −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 →

f2) + τ(s2 → f2) + τ(s3 → f2) ≥ 0 ½ −3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 →
f4) + τ(s5 → f4) ≥ 0§=f2§f3Úf4����´Ð�3-¡"

• b�s2§s3§s4Ús5 ��´6+-¡"dé¡5§=�Äü«�/µd(s2) ≥ 6Ú d(s3) ≥ 6"X

Jd(s2) ≥ 6§ÏL Rf2-3§�τ(s2 → f2) ≥ 1
2
�§- τ(s3 → f2) ≥ 1

5
¶�τ(s2 → f2) ≥ 1

3
�§-

τ(s5 → f4) geq 2
5
"ÏLRv1(2)ÚRf2–3§��−3+τ(v2 → f2)+τ(v3 → f2)+τ(w2 → f2)+τ(s2 →

f2)+ τ(s3 → f2) ≥ 0 or −3+ τ(v4 → f4)+ τ(v5 → f4)+ τ(w4 → f4)+ τ(s4 → f4)+ τ(s5 → f4) ≥ 0§

=µf2 ´Ð�½ f4´Ð�"Ïd§f2§f3Úf4����´Ð�3-¡"XJd(s3) ≥ 6§ÏL Rf2-

3§�τ(s3 → f2) ≥ 1
2
�§- τ(s2 → f2) ≥ 1

5
½ �τ(s2 → f2) ≥ 2

5
�§- τ(s3 → f2) ≥ 1

5
½

�τ(s5 → f4) ≥ 2
5
�§- τ(s4 → f4) ≥ 1

5
"Ïdf2§f3Úf4����´Ð�3-¡"

2) s2§s3§s4Ús5 ¥ü�´6+-¡"Ó�/§·�=�Ähi (i ∈ {2, 3, 4})¥�õ��5+-º:

½�õ��AÏ4-º:"dé¡5§·�=�Äo«�/µd(s2) = d(s3) ≥ 6¶d(s2) = d(s4) ≥ 6¶

d(s2) = d(s5) ≥ 6¶d(s3) = d(s4) ≥ 6"

• b�d(s2) = d(s3) ≥ 6"XJ −3 + τ(v2 → f2) + τ(v3 → f2) + τ < 0§K- τ(s2 → f2) ≥ 1
3
§

τ(s3 → f2) ≥ 1
4
"ÏL Rv1(1)-(3)§Rv2(1)-(2)ÚRf2 �� −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 →

f2) ≥ 0 ½ −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 → f2) + τ(s2 → f2) + τ(s3 → f2) ≥ 0 §=µf2´

Ð�"

• b�d(s2) = d(s4) ≥ 6"ÏL Rf2-3§�τ(s2 → f2) ≥ 1
2
�§- τ(s3 → f2) ≥ 1

5
§�τ(s5 →

f4) = 2
5
�§- τ(s4 → f4) ≥ 1

4
§�τ(s5 → f4) = 1

5
�§- τ(s4 → f4) ≥ 1

2
"Ïd§ÏL

Rv1(2)ÚRf2-3�� −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 → f2) + τ(s2 → f2) + τ(s3 → f2) ≥ 0 ½

−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 → f4) + τ(s5 → f4) ≥ 0§=µf2§f3Úf4��

��´Ð�3-¡"

• Ó�/§b�d(s2) = d(s5) ≥ 6"ÏL Rf2-3 - τ(s2 → f2) ≥ 1
2
½ τ(s5 → f4) ≥ 1

2
"ÏL

Rv1(2)ÚRf2–3 �� −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 → f2) + τ(s2f2) + τ(s3 → f2) ≥ 0 ½
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−3 + τ(v4 → f4) + τ(v5 → f4) + τ(w4 → f4) + τ(s4 → f4) + τ(s5 → f4) ≥ 0"Ïd§f2§f3Úf4�

���´Ð�3-¡"

• ��§b�d(s3) = d(s4) ≥ 6"ÏL Rf2§�τ(s4 → f3) = 1
4
�§- τ(s3 → f3) ≥ 1

3
"

�τ(s3 → f3) = 1
4
�§- τ(s4 → f3) ≥ 1

3
"KÏL Rv1(1)-(3)ÚRf2�� −3 + τ(v3 → f3) + τ(v4 →

f3) + τ(w3 → f3) + τ(s3 → f3) + τ(s4 → f3) ≥ 0§=µf3´Ð�3-¡"

3) s2§s3§s4Ús5 ¥��n�´6+-¡"�Äü«�/µd(s2) = d(s3) ≥ 6Úd(s4) = d(s5) ≥ 6"

b�d(s2) = d(s3) ≥ 6"XJ−3+τ(v2 → f2)+τ(v3 → f2)+τ(w2 → f2) < 0§K- τ(s2 → f2) ≥ 1
3
§

τ(s3 → f2) ≥ 1
4
"ÏL Rv1(1)–(3)§Rv2(1)-(2)ÚRf2�� −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 →

f2) ≥ 0 ½ −3 + τ(v2 → f2) + τ(v3 → f2) + τ(w2 → f2) + τ(s2 → f2) + τ(s3 → f2) ≥ 0§=µf2´

Ð�"Ó�/§b�d(s4) = d(s5) ≥ 6§Kf4´Ð�"

�/ 2. b�n5+(f) = 2"dé¡5§=�Äü«�/µü�5+-º:3Ó�^>§ü�5+-º

:Ø3Ó�^>"Ø���5§�ü�5+-º:3Ó�^>�§-d(v1) = d(v2) ≥ 5¶�ü�5+-º

:Ø3Ó�^>�§-d(v1) = d(v3) ≥ 5"

(2.1) d(v1) = d(v2) ≥ 5"é²w§�f5+(f) ≥ 3�§f3(f)− n3
g(f) = 0§n′f ≥ 0"?Ø±en

«�U:

1)b�f5+(f) = 2"dé¡5§?Ø8«�/µd(f1) = d(f5) ≥ 5¶d(f1) = d(f4) ≥ 5¶d(f2) =

d(f3) ≥ 5¶d(f2) = d(f4) ≥ 5¶d(f2) = d(f5) ≥ 5¶d(f3) = d(f4) ≥ 5"XJd(f1) = d(f5) ≥ 5¶K

ÏLRv2(4)-(9)ÚRv3(3)- τ(v1 → f) ≥ 3
10
§τ(v2 → f) = 3

5
"ÏLRv1(1)-(4)§Rv2(2)ÚRv3(1)�

� f3(f)− n3
g(f) ≤ 1"Ïd f3(f)− n3

g(f) ≤ 1 < 5n′f"ÄK§ÏL Rv1(1)-(4)§Rv2(2)ÚRv3(1)�

� f3(f)− n3
g(f) = 0"�f3(f)− n3

g(f) = 0 ≤ 5n′f"

2) b�f5+(f) = 1"dé¡5§?Øn«�/µXJd(f3) ≥ 5§K- τ(v1 → f) = 3
5
§

τ(v2 → f) = 3
5
§f3(f)− n3

g(f) = 0"XJd(f2) ≥ 5§ÏL Rv2(4)–(9)ÚRv3(3) - τ(v1 → f) ≥ 2
5
§

τ(v2 → f) = 3
5
§=µ5n′f ≥ 3"ÏL Rv1(1)-(4)§Rv2(2)ÚRv3(1) � f3(f) − n3

g(f) ≤ 1 "X

Jd(f1) ≥ 5§KÏL Rv2(4)-(9) ÚRv3(3) - τ(v1 → f) ≥ 3
10
§τ(v2 → f) ≥ 3

10
§=µ5n′f ≥ 1"·

���f2Úf5 Ñ´Ð�3-¡"XJf3Úf4����´Ð�3-¡�§f3(f)− n3
g(f) ≤ n′f"y3·�=

I�y²f3Úf4����Ð�3-¡"ù�y²(1.3) 2)��/1´aq�"Ón��§f3Úf4���

�´Ð�3-¡"nþ¤ã§f3(f)− n3
g(f) < 5n′f"

3) b�f5+(f) = 0"ÏL Rv1(1)-(4)§Rv2(2)§Rv2(4)-(6)§Rv2(8)-(9)ÚR v3(1) kτ(v1 →
f) = 3

5
§τ(v2 → f) = 3

5
§f3(f)− n3

g(f) ≤ 2"�f3(f)− n3
g(f) < 5n′f"

(2.2) v1Úv3´5+Ýº:"Ó�/§�f5+(f) ≥ 3�§kf3(f)− n3
g(f) = 0§n′f ≥ 0"?Ø±e

n«�Uµ

1) b�f5+(f) = 2"dé¡5k8«�/µd(f1) = d(f2) ≥ 5¶d(f2) = d(f3) ≥ 5¶d(f2) =

d(f4) ≥ 5¶d(f2) = d(f5) ≥ 5¶d(f3) = d(f4) ≥ 5¶d(f3) = d(f5) ≥ 5"XJd(f2) = d(fi) ≥ 5(i ∈
{3, 4, 5})§½ d(f3) = d(fj) ≥ 5(j ∈ {4, 5})§KÏLRv1(1)-(4)§Rv2(2)ÚRv3(1)� f3(f)−n3

g(f) =

0"ÏL Rv1(6)§Rv2(4)-(9)ÚRv3(3) k τ(vi → f) ≥ 1
5

(i ∈ {1, 2, 3, 4, 5})"Ïd§f3(f)− n3
g(f) =

0 ≤ 5n′f"y3=�Äd(f1) = d(f2) ≥ 5"ÏL Rv2(4)-(12)ÚRv3(3)k τ(v1 → f) ≥ 1
5
§τ(v2 →
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f) ≥ 1
5
"ÏL Rv1(1)-(4)§Rv2(2)ÚRv3(1) k f3(f)− n3

g(f) ≤ 1"e¡òy²f4´Ð�3- ¡"

-f3´(v3, w1, v4)-¡"f4´(v4, w2, v5)-¡§f5´(v5, w3, v1)-¡"-s1L«�f3 v4:?éá¡"

s2L«�f3v5:?éá¡"b�w1, w2Úw3����5+-º:"ÏLRv1(1)-(2)§Rv2(2)ÚRf1(2)�

�f4´Ð�3-¡"b�w1§w2Úw3Ñ´4-º:"s1 Ús2¥Ñ��k��5+-º:"�w1§w2Úw3�

���´AÏ�§f4´Ð�"y3=�Äw1§w2Úw3ÑØ´AÏ�"-h1L«�f43w2:?�é

á¡"Øw2	§�s1Ús2����´5-¡�§XJh1¥k5+-º:§½öü�AÏ�4-º:§½ö

��AÏ4-º:Ú��5+-º:§Kf4´Ð�"Ïd§�s1Ús2����5-¡�§=�Äh1¥�õ�

�5+-º:½4-º:"

XJs1Ús2Ù¥��´5-¡§,��´6+-¡§KÏLRv1(1)-(2)ÚRf2-3 �� −3 + τ(v4 →
f4) + τ(v5 → f4) + τ(w2 → f4) + τ(s1 → f4) + τ(s2 → f4) ≥ 4

5
+ 4

5
+ 4

5
+ 1

5
+ 1

2
> 0§=µf4´

Ð�"XJd(s1) = d(s2) = 5§dÚn 2.3�§�τ(s2 → f4) ≥ 1
5
�§k τ(s1 → f4) ≥ 2

5
¶½ö

�τ(s1 → f4) ≥ 1
5
�§k τ(s2 → f4) ≥ 2

5
"ÏL Rv1(1)-(2)ÚRf3§k −3 + τ(v4 → f4) + τ(v5 →

f4) + τ(w2 → f4) + τ(s1 → f4) + τ(s2 → f4) ≥ 0§=µf4´Ð�"XJd(s1) = d(s2) ≥ 6§ÏL

Rf2 k τ(s1 → f4) ≥ 1
3
§τ(s2 → f4) ≥ 1

3
"ÏL Rv1(1)-(3)ÚRf2§k −3 + τ(v4 → f4) + τ(v5 →

f4) + τ(w2 → f4) + τ(s1 → f4) + τ(s2 → f4) ≥ 0§=µf4´Ð�"

2) b�f5+(f) = 1"dé¡5kn«�/µd(f2) ≥ 5¶d(f3) ≥ 5¶d(f4) ≥ 5"XJd(f3) ≥ 5

½ d(f4) ≥ 5§ÏL Rv1(1)-(4)§Rv2(2)ÚRv3(1) �� f3(f) − n3
g(f) = 0"Ïd§f3(f) − n3

g(f) =

0 ≤ 5n′f"XJd(f2) ≥ 5§KÏL Rv1(1)-(4)§Rv2(2)§Rv2(4)-(9)ÚRv3(1)§�� f3(f)− n3
g(f) ≤

1§τ(v1 → f) = 3
5
§τ(v2 → f) ≥ 2

5
" 3) b�f5+(f) = 0"ÏLRv1(1)-(4)§Rv2(2)§Rv2(4)–

(9)ÚRv3(1)§kf3(f)−n3
g(f) ≤ 1§τ(v1 → f) = 3

5
§τ(v2 → f) = 3

5
"Ïd§f3(f)−n3

g(f) ≤ 5n′f"

nþ¤ã§XJ f ´ G � 5-¡§K f3(f)− n3
g(f) ≤ 5n′f"

y3·�y²G�z�¡fÑk�K���"-d(f) ≥ 6"ÏLRv1(7)§R v2(10)§Rv3(4)

ÚRf2§k c′(f) ≥ 0"-d(f) = 5§d Rv1(6)§Rv2(4)–(9)§Rv3(3)ÚÚn 2.3 �§d:D�5 ¡

������ 1
5
§�f3(f)− n3

g(f) ≤ 5n′f"Ïd§c
′(f) ≥ −1 + 5× 1

5
≥ 0"-f´G�4-¡§KÏL

Rv1(5)§Rv2(3)ÚRv3(2)§k c′(f) = −2 + 1
2

+ 1
2

+ 1
2

+ 1
2

= 0"

-d(f) = 3"éu3-¡f§^v1§v2Úv3^��L«f�n�º:"^f1§f2 Úf3©OL«�fk

ú�>v1v2§v2v3Úv3v1�¡"

�/ 1. n4(f) = 3"Xã 2 ¤«§s1�f3v1:?éá§s2�f3v2:?éá§s3�f3v3:?

éá"�âÚn 2.3§f3(f) ≤ 1"f1§f2Úf3 ¥Ñ��k��5+-º:"

(1.1) f3(f) = 0"b�f�����4+-¡éá"KÏL Rv1(1)-(4)ÚRf2-3 k c′(f) ≥ −3 +

min{ 4
5

+ 4
5

+ 7
5
, 4

5
+ 4

5
+ 7

6
+ 1

4
, 5

6
+ 7

6
+ 7

6
, 4

5
+ 7

5
+ 7

6
, 7

6
+ 7

6
+ 7

6
} ≥ 0 b�f�n�3-¡éá§=µs1§

s2Ús3Ñ´Ð�3-¡"dÚn 2.3 �f3(f) = 0 §f4(f) = 0"?Ø±en«�Uµ

• b�f5(f) ≥ 2"w,§f3(s1) = 0§f3(s2) = 0§f3(s3) = 0"XJs1§s2Ús3¥����

kü�5+-º:§½ö��5+-º:Ú��AÏ�4-º:§½öü�AÏ�4-º:§KÏL Rv1(2)§

Rf1(2)ÚRf3 k c′(f) ≥ −3 + 4
5

+ 4
5

+ 4
5

+ 3
5
≥ 0"ÄK§f1§f2Úf3��kü�I��fD�"Ø

���5§-d(f1) = d(f2) = 5§d(f3) ≥ 5"�âÚn 3.1 ÚÚn 3.2§��5+¡������3-
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¡D���� 1
5
"XJ−3 + 4

5
+ 4

5
+ 4

5
+ τ(f2 → f) + τ(f3 → f) ≥ 0§Kféuf1´Ð�¶XJ

−3 + 4
5

+ 4
5

+ 4
5

+ τ(f2 → f) + τ(f3 → f) < 0§Kf éuf1´��"�âÚn 3.2k τ(f1 → f) ≥ 1
5
"

Ïd§−3 + 4
5

+ 4
5

+ 4
5

+ τ(f2 → f) + τ(f3 → f) + τ(f1 → f) ≥ 0"

•b�f5(f) = 1§f6+(f) = 2"Ø���5§-d(f1) = d(f3) ≥ 6§d(f2) = 5"®�f3(s1) ≤ 1"

XJf3(s1) = 1§KÏLRv1(1)-(2)ÚRf1-3�� c′(f) ≥ −3+ 5
6

+ 4
5

+ 4
5

+min{ 3
5
, 1

4
+ 1

4
+ 1

10
, 1

4
+ 1

4
+

1
5
, 1

4
+ 1

3
} ≥ 0"XJf3(s1) = 0§�s1§s2Ús3¥����kü�5+-º:§½ö��5+-º:Ú��

AÏ4-º:§½öü�AÏ4-º:�§ÏLRv1(2)§Rf1(2)ÚRf3k c′(f) ≥ −3+ 4
5

+ 4
5

+ 4
5

+ 3
5
≥ 0"

�s1§s2Ús3¥k�õ��5+- º:½�õ��AÏ4-º:�§fi (i ∈ {1, 2, 3})I��fD�"Ï
d§ÏLÚn 3.1§Ún 3.2§Rv1(1)-(2)ÚRf2-3§��−3+ 4

5
+ 4

5
+ 4

5
+τ(f1 → f)+τ(f3 → f) ≥ 0

½ö −3 + 4
5

+ 4
5

+ 4
5

+ τ(f2 → f) + τ(f3 → f) + τ(f1 → f) ≥ 0"

• b�f6+(f) = 3"ÏLÚn 3.1ÚRf1 �� τ(fi → f) ≥ 1
4
i ∈ {1, 2, 3}"�ÏL Rv1(1)ÚRf2

�� c′(f) ≥ −3 + 5
6

+ 5
6

+ 5
6

+ 1
4

+ 1
4

+ 1
4
≥ 0"

(1.2) f3(f) = 1"Xã 2(b) ¤«§b�d(f3) = 3§d(s1) = d(s3) = d(f1) = d(f2) ≥ 6"X

Jd(s2) = 3§ÏLRv1(1)ÚRf2kc′(f) ≥ −3+ 5
6

+ 5
6

+ 5
6

+ 1
4

+ 1
4
≥ 0"XJd(s2) = 4§ÏLRv1(1)§

Rv1(3)ÚRf2 kc′(f) ≥ −3 + 5
6

+ 5
6

+ 7
6

+ 1
4
≥ 0"XJd(s2) ≥ 5§ÏL Rv1(1)ÚRv1(4)kc′(f) ≥

−3 + 5
6

+ 5
6

+ 7
5
≥ 0"

�/ 2. n4(f) = 2§n5+(f) = 1"Ø���5§-d(v3) ≥ 5"b�f3(f) = 0§�â Rv2ÚRv3§

÷v^��5+-º:�3-¡D�� 7
5
"Ïd§ÏL Rv1(1)-(4)§Rv2(1)-(2)ÚRv3(1) kc′(f) ≥ −3 +

4
5

+ 4
5

+ 7
5
≥ 0"b�f3(f) = 1§-f3´3-¡§Xã 2(c) ¤«§�âÚn 2.3§d(f1) = d(f2) ≥ 6"

XJd(v3) = 5§v3�n�3-¡��§ÏL Rv1(1)§Rv1(3)-(4)§Rv2(1)ÚRf2 ��c′(f) ≥ −3 + 5
6

+
17
15

+ 5
6

+ 1
4
≥ 0"ÄK§ÏL Rv1(1)-(4)§Rv2(1)-(2)ÚRv3 ��c′(f) ≥ −3 + 4

5
+ 4

5
+ 7

5
≥ 0"dé

¡5§d(f2) = 3�d(f3) = 3 ��"y3=�Äd(f1) = 3§Xã 2(d) ¤«§d(f2) = d(f2) ≥ 6§Ï

L Rv1(1)§Rv2(1)-(2)ÚRv3(1) ��c′(f) ≥ −3 + 7
5

+ 5
6

+ 5
6
≥ 0"

Figure 2. The configurations used in Theorem 0.2

ã 2. ½n0.2��
ã

�/ 3. n4(f) = 1§n5+(f) = 2"Ø���5§-d(v2) = 4"b�f3(f) = 0§ÏL Rv1(1)-(4)§

Rv2(1)-(2)§Rv3(1)ÚRf1(2)§kc′(f) ≥ −3+ 7
5
+ 4

5
+ 7

5
− 3

5
≥ 0"b�f3(f) = 1§-d(f1) = 3§Xã

2(e)¤«§d(f2) = d(f3) ≥ 6"ÏLRv1(1)§Rv2(1)-(2)ÚRv1(1)kc′(f) ≥ −3+ 17
15

+ 7
5

+ 5
6
≥ 0"d

é¡5§d(f2) = 3�d(f1) = 3��"b�d(f3) = 3"XJv1Úv3Ù¥��´5-º:§��n�3-¡

��§,�:´5+-º:§Ø���5§-v3´Xã 2(f) ¤«�5-¡§ÏL Rv1(1)§Rv1(3)-(4)§

Rv2(1)-(2)§Rv3(1)ÚRf1(1)kc′(f) ≥ −3+ 17
15

+ 17
15

+ 5
6
− 1

10
≥ 0"ÄK§ÏLRv1(1)§Rv1(3)-(4)§
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Rv2(1)-(2)§Rv3(1)ÚRf1(2) kc′(f) ≥ −3 + 7
5

+ 5
6

+ 7
5
− 3

5
≥ 0"

�/ 4. n5+(f) = 3"ÏL Rv2(1)-(2)ÚRv3(1) kc′(f) ≥ −3 + 17
15

+ 17
15

+ 7
5
≥ 0"

y3·�y²G�z�:vk�K���"

-d(v) = 4"ÏLÚn 2.2k f3(v) ≤ 2"XJf3(v) = 2§ÏLRv1(1)-(2)ÚRv1(6)-(7)kc′(v) ≥
2 − max{2 × 4

5
+ 2 × 1

5
, 2 × 5

6
+ 2 × 1

6
, 2 × 4

5
+ 1

6
+ 1

5
} ≥ 0"XJf3(v) = 1§ÏL Rv1(3)-(7)

kc′(v) ≥ 2−max{ 1
2

+ 7
6

+ 2× 1
6
, 7

5
+f5(v)× 1

5
+f6+(v)× 1

6
} ≥ 0"XJf3(v) = 0§ÏL Rv1(5)-(7)§

kc′(v) ≥ 2−max{f4(v)× 1
2

+ f5(v)× 1
5

+ f6+(v)× 1
6
} ≥ 0"

-d(v) = 5"ÏLÚn 2.2 k f3(v) ≤ 3"XJf3(v) = 3"ÏL Rv2(1) kc′(v) ≥ 4 − 17
15
−

17
15
− 7

5
− 2 × 1

6
≥ 0"XJf3(v) = 2§�ü�3-¡��§ÏL Rv2(4) kc′(v) ≥ 4 − max{2 ×

7
5

+ 2 × 1
6

+ 1
2
, 2 × 7

5
+ 2 × 1

6
+ 3

5
, 2 × 7

5
+ 3 × 1

6
} ≥ 0"XJü�3-¡Ø��§�â Rv2(5)-

(8) ?Ø±eA«�/µÏL Rv2(2) ÚRv2(5)1§c′(v) = 4 − 3
5
− 1

5
− 2

5
− 2 × 7

5
= 0¶ÏL

Rv2(2) ÚRv2(5)2§c′(v) = 4 − 3
5
− 3

10
− 3

10
− 2 × 7

5
= 0¶ÏL Rv2(2) ÚRv2(6)§k c′(v) ≥

4 − 3
5
− 2

5
− 1

6
− 2 × 7

5
≥ 0¶ÏL Rv2(2) ÚRv2(7)§k c′(v) ≥ 4 − 2

5
− 2

5
− 1

6
− 2 × 7

5
≥ 0¶ÏL

Rv2(2) ÚRv2(8)§k c′(v) ≥ 4− 3
5
− 2× 1

6
− 2× 7

5
≥ 0"XJf3(v) = 1§ÏL Rv2(2)-(3)ÚRv2(9)-

(10)§kc′(v) ≥ 4 − 7
5
− max{f4(v) × 1

2
+ f5(v) × 3

5
+ f6+(v) × 1

6
} ≥ 0"XJf3(v) = 0"ÏL

Rv2(3)ÚRv2(9)-(10)§kc′(v) ≥ 4−max{f4(v)× 1
2

+ f5(v)× 3
5

+ f6+(v)× 1
6
} ≥ 0"

-d(v) = k(k ≥ 6)"ÏL Rv3 �§XJk ≥ 7 §Kc′(v) > (2k − 6) −max{f3(v) × 7
5

+ (k −
f3(v))× 3

5
} ≥ 0"Ïd=�Äk = 6"XJk = 6§kf3(v) ≤ 4"XJf3(v) = 4§ÏLRv3(1)ÚRv3(4)

c′(v) = 6− 4× 7
5
− 2× 1

6
≥ 0"XJf3(v) ≤ 3§ÏL Rv3 kc′(v) ≥ 6−max{f3(v)× 7

5
+ f4(v)× 1

2
+

f5(v)× 3
5

+ f6+(v)× 1
6
} ≥ 0

�d§·�y²
é¤k� v ∈ V (G) Ú f ∈ F (G) Ñ÷v
∑
c′(v) +

∑
c′(f) ≥ 0"ù�ÏL

î.úª���o��´K�gñ§�½n�y"

nþ§·��¤
é½n 0.1Ú½n 0.2�y²"
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