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Abstract

We consider the boundedness and compactness of Volterra type operators from the

Bergman spaces with exponential weights to the Bloch Space.
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1. Úó

�D´E²¡Cþ�ü ��, H(D)´Dþ)Û¼ê��N. ψ´Dþ�gNÚ¼ê, �0 < p <

∞�,�ê�Bergman�mApψ½Â�µ

Apψ = {f ∈ H(D) : ‖f‖p
Apψ

:=

∫
D
|f(z)e−ψ(z)|pdA(z) <∞}.

-C0 L«D þ÷vlim|z|→1 ρ(z) = 0�¤këY¼êρ�¤��m. PL�

L = {ρ : D→ R+ : ‖ρ‖L = sup
z,w∈D,z 6=w

|ρ(z)− ρ(w)|
|z − w|

<∞, ρ ∈ C0}.

L0´L¥÷v^�µé?¿�ε > 0,�3;8E ⊂ D,¦�|ρ(z) − ρ(w)| < ε|z − w|,Ù¥z, w ∈ D\E.

P�8Ü�

W0 = {ψ ∈ C2 : ∆ψ > 0,�∃ρ ∈ L0¦�
1√
∆ψ
� ρ},

Ù¥∆�Laplace�f, ùpa � bL«�3~êC > 0¦�C−1b ≤ a ≤ Cb. �W0´�CdHu, Lv,

SchusterJÑ�, �'ïÄ� [1]9ÙÚ^©z.
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Bloch�mB´dD þ÷v^�

||f ||B = |f(0)|+ sup
z∈D

(1− |z|2)|f ′(z)| <∞.

�)Û¼êf|¤�8Ü.

�g ∈ H(D),½ÂVolterraÈ©�fTg�

Tgf(z) =

∫ z

0

f(ζ)g′(ζ)dζ, f ∈ H(D).

Pommerenke [2]31977ÄkïÄ
È©�fTg3Hardy�mH2�k.5¯K.3d��,Nõ

ÆöïÄ
Ù¦ØÓ)Û¼ê�mþ�VolterraÈ©�f. Li3 [3]¥�Ñ
lIO�Bergman

�m�Bloch�m�VolterraÈ©�f�k.5Ú;5¯K.�©·�Ì��Äl��êO��

�Bergman�mApψ �Bloch �m�Volterra È©�f�k.5Ú;5¯K. ùp·�I�5¿�

�W0�¹�»���,Ïdõ�ª�U3Bergman �mApψ ¥ØÈ�.ù��·�I�æ�� [3]Ø

�Ó�ïÄ�{.

2. ý��£

Äk, ·��Ñe¡�(Ø.

Ún2.1 �ψ ∈ W0�
1√
∆ψ
� ρ ∈ L0. ef ∈ Apψ,K

|f(z)| ≤ Ceψ(z)ρ(z)−
2
p ‖f‖Apψ .

y² d©z [1]�Ún3.3,��µ

|f(z)| ≤ Ceψ(z)ρ(z)−
2
p ‖f‖Apψ .

éu?¿z ∈ D,A2
ψ�32)Ø¼êKz(·) = K(·, z),�dRieszL«½n

f(z) =

∫
D
f(w)K(w, z)e−2ψ(w)dA(w), f ∈ A2

ψ.

éu2)Ø,·�ke¡(Ø,�©z [1]½n3.2.

Ún2.2 eψ ∈ W0�
1√
∆ψ
� ρ ∈ L0,K

K(z, z)e−2ψ(z) � ρ(z)−2 = ∆ψ(z), z ∈ D.

d [1]íØ3.2±9 [4]·K2.5,·�ke¡(Ø.

Ún2.3 eψ ∈ W0�
1√
∆ψ
� ρ ∈ L0, Pkz(w) := K(w,z)

K(z,z)
,kp,z(w) = ρ(w)1− 2

p kz(w), K

‖kp,z‖Apψ � 1,
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�|z| → 1�,kp,z3Dþ�;f8��Âñu0. Ù¥K(·, z)�Bergman�mA2
ψ�2)Ø.

Ún2.4 �Tg : Apψ → B´k.�f,KTg : Apψ → B´;�f�dué?¿k.S�{fn} ⊂ Apψ�

3Dþ�?¿;f8��Âñu0, K

lim
n→∞

‖Tgfn‖B = 0.

y² ¿©5. �{fn}�Apψ¥�?¿k.S�,dÚn2.1,k

|fn(z)| . eψ(z)ρ(z)−
2
p ‖fn‖Apψ .

Ïd,{fn}3D�?¿;f8þ��Âñ. dMontel½n,�3{fn}�fS�,Ø�EP�{fn},9)Û
¼êf ,¦�{fn}3D�;f8��Âñuf . �âFatouÚn, ´�f ∈ Apψ. l


‖Tgfn − f‖B → 0(n→∞).

�Tg : Apψ → B´;�f.

7�5. �k.S�{fn} ⊂ Apψ÷v3Dþ�?¿;f8��Âñu0. duTg : Apψ → B´;�
f,��3{fn}�fS�,EP�{fn}9f ∈ B, ¦�

lim
n→∞

‖Tgfn − f‖B = 0.

¤±, f(0) = 0 �

sup
z∈D

(1− |z|2)|fn(z)g′(z)− f(z)| → 0(n→∞).

Ï�ψ ∈ W0��gNÚ¼ê,¤±fn(z)g′(z)3Dþ��Âñuf ′(z). 
{fn}3D��Âñu0,

g ∈ H(D), ¤±kf ′(z) = 0.�f(z) ≡ 0.Ïd,·�y²


lim
n→∞

‖Tgfn‖B = 0.

3. Apψ�mþ�VolterraÈ©�f

(Ü±þÚn���©�Ì�½n

½n3.1 b�g ∈ H(D), ψ ∈ W0,KTg : Apψ → B´k.�f��=�

sup
z∈D

(1− |z|)|g′(z)|eψ(z)ρ−
2
p (z) <∞.

y² ¿©5: b�

sup
z∈D

(1− |z|)|g′(z)|eψ(z)ρ−
2
p (z) <∞.
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-f ∈ Apψ, dÚn2.1,k

(1− |z|2)|g′(z)|f(z)| . (1− |z|2)|g′(z)|eψ(z)ρ(z)−
2
p ‖f‖Apψ

. (1− |z|2)|g′(z)|eψ(z)ρ−
2
p (z).

¤±,‖Tgf‖B <∞. �Tg : Apψ → B´k.�f.

7�5: b�Tg : Apψ → B´k.�f. dÚn2.4ÚÚn2.3,·�k

(1− |z|2)|g′(z)|eψ(z)ρ−
2
p (z) . ‖Tgkp,z‖B <∞.

½n3.2 b�g ∈ H(D), ψ ∈ W0,KTg : Apψ → B´k;�f��=�

lim
|z|→1

(1− |z|)|g′(z)|eψ(z)ρ−
2
p (z) = 0.

y² ¿©5: b�Tg : Apψ → B´;�f. Pkp,z(w) := ρ(z)1− 2
p kz(w), K‖kp,z‖Apψ � 1, ¿�

�|z| → 1�,kp,z3Dþ�;f8��Âñu0. �

0 = lim
|z|→1

‖Tgkp,z‖B & lim
|z|→1

sup
w∈D

(1− |z|2)|g′(w)|kp,z(w)|

& lim
|z|→1

(1− |z|2)|g′(z)|kp,z(z)|

& lim
|z|→1

(1− |z|2)|g′(z)|eψ(z)ρ−
2
p .

7�5: b�lim|z|→1(1 − |z|2)|g′(z)|eψ(z)ρ−
2
p (z) = 0, Ké?¿�ε > 0, �3r0 ∈ (0, 1),¦

�|z| > r0�,k

(1− |z|2)|g′(z)|eψ(z)ρ−
2
p (z) < ε.

qÏ�ψ´î�gNÚ¼ê,ρ ∈ C0�ρ > 0,¤±�|z| ≤ r0�,w,k(1 − |z|2)|g′(z)|eψ(z)ρ−
2
p (z) <

∞k..l
d½n3.1, Tg : Apψ → B´.�f.
�·���,�3�êM ,¦�

M := sup
|w|≤r0

(1− |w|2)|g′(w)| <∞.

�{fn}�Apψ¥�k.S�,�3D�;f8þ��Âñu0. K

‖Tgfn‖B = sup
w∈D

(1− |w|2)|g′(w)|fn(w)|

= sup
|w|≤r0

(1− |w|2)|g′(w)|fn(w)|+ sup
|w|>r0

(1− |w|2)|g′(w)|fn(w)|

. M |fn(w)|+ sup
|w|>r0

(1− |w|2)|g′(w)eψ(w)ρ(w)−
2
p ‖fn‖Apψ

. M |fn(w)|+ ε
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Ïd, �n→∞�,‖Tgfn‖B → 0. ¤±Tg : Apψ → B´k;�f.
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