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Abstract

In this paper, we got a Marshall type maximal inequality for demi(sub)martingale
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{Sn, n ≥ 1} by using an elementary inequality. At the same time , we got a Marshall

type maximal inequality for demisubmartingale {g(Sn), n ≥ 1} .
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1. ý��£

3�©¥,� {Sn, n ≥ 1}L«½Â3VÇ�m (Ω,F ,P)þ��ÅCþS�.P S0 = 0, I(A)´

8Ü A�«5¼ê, p > 0 , p 6= 1¿� 1
p
+ 1

q
=1.

½½½ÂÂÂ 1 � {Sn, n ≥ 1}´ L1(Ω,F ,P)þ��ÅCþS�,XJé?¿ 1 ≤ i ≤ j <∞,k

E[(Sj − Si)f(S1, · · · , Sn)] ≥ 0,

K¡�ÅCþS� {Sn, n ≥ 1}´��f� (demimartingale) ,Ù¥ f ´¦þãÏ"�3�©þØ~

�¼ê.?�Ú ,eb� f ´���K¼ê,@o¡ {Sn, n ≥ 1}´��fe� (demisubmartingale).

f��Vg´d NewmanÚWright3©z [1]¥JÑ�,��éõÆöéf�?1
ïÄ ,¿

�Ñ
�
k¿Â�(J [2–12].

� X´"þ��²��È��ÅCþ,@oéu?¿� ε > 0 ,k

P{X ≥ ε} ≤ EX2

ε2 + EX2
,

Marshall [13]òþãØ�ªí2�
Xe/ª

P{ max
1≤k≤n

(X1 +X2 + · · ·+Xk) ≥ ε} ≤
∑n

k=1EX
2
k

ε2 +
∑n

k=1EX
2
k

, (1)

Ù¥, EXk = 0, E(Xk|X1, X2, · · · , Xk−1) = 0 a.e., k ≥ 2,� EX2
k <∞, k ≥ 1.

3þã^�e ,XJ-

Sn =
n∑

k=1

Xk
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@o {Sn, n ≥ 1}Ò´��� . Mu� [14]3E|Xi|p < ∞,i ≥ 1,�p ≥ 2�^�e,ò (1)ªí2 ,�

�Xe/ª�Marshall.Ø�ª

P{ max
1≤k≤n

Sk ≥ ε} ≤
E|Sn|p

α1−pεp + E|Sn|p
,

Ù¥α´e�¼ê����

h(x) = 1− x+ (1− x)2−qxq−1, x ∈ [0, 1].

��, Hu� [15]ò©z [14]¥�eZ(Øí2�f���/e , ��
f�� Marshall .VÇ

Ø�ª .©z [16]ò©z [15]¥'uf� {Sn, n ≥ 1}� Marshall.4��Ø�ªí2�
/X

{g(Sn), n ≥ 1}�fe���/.

É�©z [15]�éu,�©|^��Ð�Ø�ª��'uf� {Sn, n ≥ 1}�,	�aMarshall

.4��Ø�ª ,Ó���/X {g(Sn), n ≥ 1}�fe����Marshall.4��Ø�ª .

2. f(e)���aMarshall.4��Ø�ª

ÚÚÚnnn 1 [17]e E|X|p <∞ , E|Y |q <∞ ,K

E|XY | ≤ (E|X|p)
1
p (E|Y |q)

1
q , p > 1, (2)

E|XY | ≥ (E|X|p)
1
p (E|Y |q)

1
q , 0 < p < 1. (3)

ÚÚÚnnn 2 [15] � {Sn, n ≥ 1}´��fe�,@oéu?¿ ε > 0 ,k

εP ( max
1≤k≤n

Sk ≥ ε) ≤ E(SnI( max
1≤k≤n

Sk ≥ ε)) . (4)

ÚÚÚnnn 3 [2] � {Sn, n ≥ 1}´��f�(½fe�), g(·)´ Rþ��Ø~�à¼ê ,� g(0) = 0 ,

K{g(Sn), n ≥ 1}´��fe�.

ÚÚÚnnn 4 [5] � x , y ≥ 0 ,¿� q ≥ 2,Kk

yq ≥ xq + qxq−1(y − x) + (y − x)q.

ÚÚÚnnn 5� {Sn, n ≥ 1}´��fe� ,�éu?¿ n ≥ 1 ,k ESn ≤ 0 ,b½�3 1 < p ≤ 2 ,¦

�éu¤k n ≥ 1 ,ÑkE|Sn|p <∞ .@oéu?¿ ε > 0 , k

[1− qP (Λ)q−1(1− P (Λ))]
1
q (E|Sn|p)

1
p ≥ εP (Λ) .

ùp Λ = {max1≤k≤n Sk ≥ ε} .

yyy²²² P Y = I(Λ) ,$^Ún 1� (2)ªÚÚn 2 ,�±��
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(E|Y − EY |q)
1
q (E|Sn|p)

1
p ≥ E[(Y − EY )Sn]

= E(Y Sn)− EY ESn

= E[I(Λ)Sn]− EI(Λ)ESn

≥ E[I(Λ)Sn]

≥ E[εI(Λ)]

= εP (Λ).

Ï� 1 < p ≤ 2,� 1
p

+ 1
q

= 1,�� q ≥ 2 .@odÚn 4 ,Kk

(1− P (Λ))q ≤ 1− P (Λ)q − qP (Λ)q−1(1− P (Λ))

=

(1− P (Λ))q + P (Λ)q ≤ 1− qP (Λ)q−1(1− P (Λ))

¤±

P (Λ)(1− P (Λ))q + P (Λ)q(1− P (Λ)) ≤ 1− qP (Λ)q−1(1− P (Λ))

qÏ�

E|Y − EY |q = P (Λ)(1− P (Λ))q + P (Λ)q(1− P (Λ))

l·K�y.

íííØØØ 1� {Sn, n ≥ 1}´��f� , g(·)´Rþ��Ø~�à¼ê , g(0) = 0 ,�éu?¿ n ≥ 1

,k Eg(Sn) ≤ 0 .XJ�3 1 < p ≤ 2 ,¦�éu¤k n ≥ 1 ,ÑkE|g(Sn)|p < ∞ .@oéu?¿

ε > 0 , k

[1− qP (A)q−1(1− P (A))]
1
q [E|g(Sn)|p]

1
p ≥ εP (A) ,

ùp A = {max1≤k≤n g(Sk) ≥ ε} .

yyy²²² dÚn 3��, {g(Sn), n ≥ 1}´��fe� ,2dÚn 5 ,(Ø�y.

ÚÚÚnnn 6� {Sn, n ≥ 1}´��f� ,� ES1 ≤ 0 .XJ�3 1 < p ≤ 2 ,¦�éu¤k n ≥ 1 ,Ñ

kE|Sn|p <∞ ,@oéu?¿ ε > 0 , k

[1− qP (Λ)q−1(1− P (Λ))]
1
q (E|Sn|p)

1
p ≥ εP (Λ) .

ùp Λ = {max1≤k≤n Sk ≥ ε} .

yyy²²² � {Sn, n ≥ 1}´��f��,k ESn = ES1, n ≥ 2,¤±dÚn 5´�.

½½½nnn 1 � {Sn, n ≥ 1}´��fe�, ESn ≤ 0 , n ≥ 1 .e�3 1 < p ≤ 2,¦�éu?¿ n ≥ 1,

þk E|Sn|p <∞ ,@oéu?¿ ε > 0 ,k

P (Λ) ≤ 1

1 +M
.
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Ù¥M´e¡�§��):

(1 + x)q = qx+ β, x ∈ (0,+∞). (6)

Ù¥ β = εq

(E|Sn|p)
q
p

, 1
p

+ 1
q

= 1 , Λ = {max1≤k≤n Sk ≥ ε} .

yyy²²² ´��§ (5)k���). dÚn 5��

[1− qP (Λ)q−1(1− P (Λ))](E|Sn|p)
q
p ≥ εqP (Λ)q .

� P (Λ) = 0� ,(Øw,¤á .

Ø�� P (Λ) 6= 0 ,Kü>Ó�Ø±P (Λ)q��

[
1

P (Λ)q
− q1− P (Λ)

P (Λ)
](E|Sn|p)

q
p ≥ εq

- x0 = 1−P (Λ)
P (Λ)

, β = εq

(E|Sn|p)
q
p

,KkP (Λ) = 1
1+x0

.

Ïd

(1 + x0)q − qx0 ≥ β

=

(1 + x0)q ≥ qx0 + β (7)

-h(x) = (1 +x)q− qx−β , M´�§ (6)��).Ï� h′′(x) = q(q−1)(1 +x)q−2 > 0 , x ∈ (0,+∞)

,´� h(x)3«m (0,+∞)þ´��à¼ê,ù¿�Xéu?¿ x ∈ (0,M) , k

h(x)− h(0)

x− 0
≤ h(M)− h(x)

M − x
,

Ï� h(0) = −β < 0� h(M) = 0 ,¤±éu?¿ x ∈ (0,M)k h(x) < 0 ,=M´¦�§ (7)¤á�

��� ,�·K�y.

½½½nnn 2 � {Sn, n ≥ 1}´��f�, ES1 ≤ 0.e�3 1 < p ≤ 2,¦�éu?¿ n ≥ 1,þk

E|Sn|p <∞ ,@oéu?¿ ε > 0 ,k

P (Λ) ≤ 1

1 +M
.

Ù¥M´e¡�§��)

(1 + x)q = qx+ β, x ∈ (0,+∞).

Ù¥ β = εq

(E|Sn|p)
q
p

, 1
p

+ 1
q

= 1 , Λ = {max1≤k≤n Sk ≥ ε}
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yyy²²² �½n 1�y²L§aq ,(ÜÚn 6 ,=�y�(Ø .

íííØØØ 2 � {Sn, n ≥ 1} ´��f� , g(·) ´ R þ��Ø~�à¼ê , �éu?¿ n ≥ 1 ,

Eg(Sn) ≤ 0 .e�3 1 < p ≤ 2,¦�éu?¿ n ≥ 1,þk E|g(Sn)|p <∞ ,@oéu?¿ ε > 0 ,k

P (A) ≤ 1

1 +M
.

Ù¥M´e¡�§��)

(1 + x)q = qx+ β, x ∈ (0,+∞).

Ù¥ β = εq

(E|g(Sn)|p)
q
p

, 1
p

+ 1
q

= 1 , A = {max1≤k≤n g(Sk) ≥ ε} .

yyy²²² (ÜíØ 1Ú½n 1�y²L§ ,´� .

Ä7�8

I[g,�ÆÄ7]Ï�8(11861057, 11761064), [��p�Æ�M#UåJ,�8(2019A-

003), Ü����ÆïÄ)�ï]Ï�8(2020KYZZ001113),[��`DïÄ)/M#�(0�

8(2021CXZX-262).
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